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GROUP ACTIONS ON SEMIMATROIDS
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EXAMPLE (G = Z2)
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DELETION / CONTRACTION

e %—GEO; Stab(E) = Stab(ei)
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TRANSLATIVE ACTIONS
[D.-Riedel “18]

Recall: if a is translative, then (K, rk, ) is a semimatroid on E,.

Aloop is any e € E, such that rky(e) = 0;
A coloop is any e € E, such that rk, (I \ {e}) < rkq(I) forall I > e.

Theorem. If a is translative, for all e € E, we have the recursion
Tu(x,y) = (x = D)Tpe(x,y) + (v — D)Tase(x,y),
according to whether e is a coloop or a loop, where

a\e:=G0O (K,rk)\e, a/e:=stab(e) O (K, rk)/e.



SIMPLICIAL COMPLEXES AND THEIR FACE RINGS

A simplicial complex A on a finite vertex set V has a poset of faces
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If |V| < oo, the face ring (”Stanley-Reisner Ring”) of A (over a field K) is

TgA)
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R(A):=K[x, |v € V]/(




ARRANGEMENTS AND MATROIDS

Let 27 be a linear arrangement; 7, complex of “independent sets”

A : IA‘;(I.nAePchewJ‘” sefs
f12]  3) [

Algebraic interpretation of some number sequences / polynomials. E.g.,

d
Hilb(R(Zy ), t) = t(Tl(i/tt)dl)

(This really is a “matroid” statement)



GROUP ACTIONS ON SIMPLICIAL POSETS
[D.-d’Ali 21]

Call a chain-finite poset P simplicial if (1) P is bounded below

(2) P<y is Boolean for all x.

Examples. The face poset Pp of a simplicial complex A.

The independence poset Z(L) of a geometric semilattice.

Theorem. Let G act by automorphisms on a simplicial poset P. Then
P/G is a simplicial poset < the action is translative.

Corollary. If « : G O L translative, then 7, is a simplicial poset.

For toric arrangements see also [Martino/Lenz]



STANLEY-REISNER RINGS
[...ala Yuzvinsky]

Let P be a simplicial poset. For @ # M C max P set M" := (,,c s P<m-
M" is the poset of faces of a simplicial complex Ay,
X(P):={Apm | @ #MCP}, Ay <Ay, if My 2O M

Y(P): sheaf on X(P). Y(P)(Apm) := R(Apm), natural projections.

Definition. The Stanley-Reisner ring of P is the ring of global sections

| R(P):=TY(P) |

Theorem If |P| < oo, then R(P) is Stanley’s “face ring” of P.
(In particular, R(Pa) ~ R(A) for every finite simplicial complex A.)

[D.-D’Ali “21, See also: Lii-Panov ‘11, Brun-Romer ‘08]



RINGS OF INVARIANTS

Let P be a simplicial poset.
Every action G O P induces an action G O R(P).

Theorem. If the action G O P is translative, then
g d?‘ — N
Ve e
mawd  TR(P)C ~R(P/G)

[Garsia-Stanton ‘86: finite Coxeter complexes]
[Reiner “92: finite balanced complexes]
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THE COHEN-MACAULAY PROPERTY

A f.d. simplicial complex A is Cohen-Macaulay if, for every o € A,

the link of ¢ in A, 1k(0), is connected through codimension 1.

H[Ih » 74)
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A f1. (simplicial) poset P is Cohen-Macaulay if the simplicial complex A(P)

of all chains in P is Cohen-Macaulay.

Note When saying “Cohen-Macaulay in characterlstlc K " replace by:

H;(Ika(0), K) = 0 for all i < dim(Ika () anc%r\ar



BACK TO GEOMETRIC SEMILATTICES

Let £ be a geometric semilattice, « : G O L a translative action.
T, (4,1
Observation. Hilb(R(Z,)%,t) = (1_“(;)d_)1

Definition an action « : G OO L is refined if it is translative, G is free abelian,

and there is k € IN such that, for every x € L:

stab(x) is a direct summand of G, free of rank k - (o(£) — p(x))

Theorem. If « is refined, then P, and Z, are Cohen-Macaulay in character-

istic 0 and in every characteristic not dividing an explicitly computable 6.

Note. Top Betti numbers: T, (0,0) and —T,(0,1).



"EXPLICITLY COMPUTABLE” ...

Leta : G O L be a refined action on a geometric semilattice with associated

underlying matroid (E,, k).

For every I C E, let
G .= G/ stabg(I).

Then:
0y :=lem{6,(B) | B basis of (E,, rky)},

where, for every basis B,

3:(B) := |GB) : @D staby) (B \ b)
beB



