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ABSTRACT. We extend the notion of face rings of simplicial complexes and sim-
plicial posets to the case of finite-length (possibly infinite) simplicial posets with
a group action. The action on the complex induces an action on the face ring,
and we prove that the ring of invariants is isomorphic to the face ring of the
quotient simplicial poset under a mild condition on the group action. We also
identify a class of actions on simplicial complexes that preserve the homotopical
Cohen-Macaulay property under quotients.

When the acted-upon poset is the independence complex of a semimatroid,
the h-polynomial of the ring of invariants can be read off the Tutte polynomial of
the associated group action. Moreover, in this case an additional condition on the
action ensures that the quotient poset is Cohen-Macaulay in characteristic 0 and
every characteristic that does not divide an explicitly computable number. This
implies the same property for the associated Stanley—Reisner rings. In particular,
this holds for independence posets and rings associated to toric, elliptic and, more
generally, (p, q)-arrangements.

As a byproduct, we prove that posets of connected components (also known
as posets of layers) of such arrangements are Cohen-Macaulay with the same
condition on the characteristic.

1. INTRODUCTION

1.1. Background. A classical construction associates a commutative ring, called
Stanley—Reisner ring, to every finite simplicial complex. In the wake of work by
R. Stanley, M. Hochster and G. Reisner in the 1970s, a rich research activity has
blossomed around this bridge between combinatorics and topology on the one
side and commutative algebra on the other, leading to major advances such as
Stanley’s proof of the Upper Bound Conjecture [53].

A recurring theme in this research area is to investigate properties of the class
of Stanley—Reisner rings associated to special (combinatorially defined) families
of simplicial complexes. A good example is given by simplicial complexes that
arise as the complex of independent sets of a matroid (“matroid complexes” [10]).
Such complexes are defined by abstract properties modeled on the family of
linearly independent subsets of a given collection of vectors in a vector space,
and the associated Stanley—Reisner rings have attracted a large body of work. A
topic of particular interest is a sequence of integers related to the Hilbert series
of the defining ideal, namely the coefficients of the ring’s h-polynomial, which
is strongly related to classical polynomial invariants of matroids. For instance,
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Stanley-Reisner rings of matroids are Cohen—-Macaulay [10], which implies posi-
tivity of said coefficients. The study of the properties of such integer sequences,
especially as it relates to concavity properties, is a topical and active field [2] in
which many questions and conjectures remain open to date.

Simplicial posets are a generalization of posets of faces of simplicial complexes
(see Definition[3.T). Stanley [57] defined a “face ring” associated to any finite sim-
plicial poset which, in the special case of posets of faces of simplicial complexes,
is isomorphic to the classical Stanley—Reisner ring.

1.2. Motivation and context. The study of symmetries in the form of group ac-
tions on simplicial complexes and on posets has classical roots [15] 17] and came
into the focus of growing interest over the last years. Significant results have
been obtained in the combinatorial study of algebraically defined objects [30, [52]
as well as in using symmetries in order to advance in combinatorial problems
[39, 42, 46], a special mention being deserved by the impact of the study of group
actions on topological combinatorics [1, 41].

Moreover, as we will discuss below in more detail, recent developments in the
theory of arrangements lead to the study of structural aspects of group actions on
matroids and posets. A peculiarity of the latter setup is that it does not meet the
standard finiteness (or compactness) assumptions on which most of the extant
literature relies (here, to the above-mentioned references we add some specific
literature on group actions on posets, e.g., [55, 58]).

It is then natural to wonder about the algebraic implications of group actions
on complexes or posets in terms of the associated Stanley—Reisner rings. In fact,
this line of research has been pursued in the literature [32} 50, 54] but, again, al-
ways under finiteness conditions. In particular, Victor Reiner proved that when
a finite group G acts on a balanced simplicial poset P preserving labels then, for
every integer k not dividing the cardinality of G, if P is Cohen-Macaulay in char-
acteristic k then so is the quotient poset P/G [50, Theorem 2.3.2]. Here we study
the preservation of the Cohen-Macaulay property in the case of (possibly infinite)
groups acting on (possibly infinite) complexes without balancing conditions.

1.3. Aim and results. We propose an enrichment of the Stanley—Reisner theory
by considering group actions on finite-dimensional (but possibly infinite) sim-
plicial complexes. In this context we find that the natural framework is that of
finite-length simplicial posets. We associate a face ring R(P) to each such sim-
plicial poset P (Definition and, given an action of a group G on the poset
P, we study the ring R(P)™ of invariants of the induced action on the ring. We
characterize precisely the group actions for which the quotient poset P/G is again
simplicial: these turn out to be the type of actions called translative in [28] (Lemma
B.5). We prove that, given a translative action of a group G on a simplicial poset
P, the ring of invariants R(P)C is isomorphic to the ring R(P/G) associated to the
quotient poset (Theorem [2).

We introduce a class of group actions we call decoupled (a condition strictly
stronger than translativity, see Definition and we prove that quotients of
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posets of faces of finite-dimensional homotopy Cohen-Macaulay simplicial com-
plexes are again homotopy Cohen-Macaulay when the action is decoupled and
the group is Abelian (Theorem [3).

Then we turn to the matroidal case, generalizing some of the properties of
Stanley-Reisner rings of matroids to the case of semimatroids with group ac-
tions. We obtain that, if P is the poset of independent sets of a semimatroid and
the group action is refined (i.e., satisfies a condition stronger than translativity but
that does not imply decoupling), then the (finite) poset P/G (and the associated
ring) is Cohen-Macaulay in characteristic 0 and every characteristic not dividing
an explicitly computable number  (Theorem [#). Such restrictions on the charac-
teristic arise because we rely on a classical lemma by Bredon [15], but they are
not artefacts of the proof: see Example [9.6|and [49), Section 8].

Moreover, the characteristic polynomial of P/G and the h-polynomial of the
ring R(P/G) are evaluations of the Tutte polynomial associated to any translative
action on a semimatroid [28) §3.4].

As a byproduct, we prove that the quotient of any rank-finite geometric semi-
lattice with respect to a translative and refined action is Cohen-Macaulay with
the same conditions on the characteristic as the associated poset of independent
sets (Theorem ).

1.4. Application: Abelian arrangements. Many aspects of the classical theory
of arrangements of hyperplanes are currently being extended to encompass toric
arrangements and elliptic arrangements. The aim is a general topological and com-
binatorial theory of Abelian arrangements. In the following we give a quick primer
in this subject and refer to Section 9| for more.

An Abelian arrangement is a finite set &/ of level sets of group homomor-
phisms G4 — G, where G is a complex algebraic group of dimension one.

In this context, a main combinatorial invariant is the poset of layers, i.e., the set

(1) C(«) := {conn. comp. of " 2" | Z < &}

of (nonempty) connected components of intersections of subsets of A, partially
ordered by reverse inclusion [25, [61]. There is as of yet little understanding of
the structure of such posets beyond linear arrangements, except from the case of
Weyl-type arrangements where the posets are known to be shellable [27] based
on the explicit description given by Bibby [§].

In the case of hyperplanes (G = C) this poset has the structure of a geometric
lattice, and is equivalent to the arrangement’s matroid data. The case of toric
arrangements (G = C*) has recently been in the focus of a considerable amount
of research that was at first motivated by applications to commutative algebra [6]
and partition functions [25], but recently gained momentum as an independent
topic. Research on topological [21} 24} [47] and combinatorial [29} [35] 44] aspects
of toric (and elliptic, G = E, e.g, [7]) arrangements reaffirmed the importance of
the poset C(.«7).

In particular, the theory of arithmetic matroids [14, 23] was developed as a com-
binatorial framework for toric arrangements, but the poset structure is not de-
scribed by the arithmetic matroid (nor by an even more refined invariant, the
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matroid over Z [31]]): Pagaria [48] constructed two toric arrangements with non-
isomorphic posets of layers but isomorphic arithmetic matroid (resp. matroid over
Z).

An attempt at a structural characterization of posets of layers of Abelian ar-
rangements (that distinguishes the examples of [48]) has been carried out in [28]
along the following lines (see Section [J] for a more precise treatment).

The universal covering space of G is C9, and under the universal covering
morphism the arrangement < lifts to a periodic arrangement 7' of affine hy-
perplanes. An affine arrangement such as /! is customarily described by the
associated semimatroid [4, 28, 33] or, equivalently, by the poset €(</!) which in
this case is naturally a geometric semilattice. The periodicity group acts naturally
on this poset, and the quotient poset is isomorphic to C(</) [28, Remark 2.3].
The approach of [28], then, is to study group actions on semimatroids (or, equiv-
alently, on geometric semilattices) and to view the quotients of such actions as
the natural framework for an abstract combinatorial theory of posets of layers of
Abelian arrangements. In this context, our results imply the following.

e To every Abelian arrangement is naturally associated a Stanley—Reisner
ring via the periodic semimatroid defined by «/!. This ring is Cohen-
Macaulay in characteristic 0 and every characteristic not dividing an ex-
plicitly computable number 6./, and its h-polynomial is an evaluation of
the action’s Tutte polynomial.

e The poset of layers of every Abelian arrangement is Cohen-Macaulay in
characteristic 0 and every characteristic not dividing 6., and its (rational)
homotopy type is determined by the Tutte polynomial of the associated
action.

e In the special case of hyperplane arrangements, we recover the classical
theory of matroids and their Stanley—Reisner rings. In the case of (cen-
tral) toric arrangements our rings are isomorphic to constructions that
appeared in previous literature [36}40], and the action’s Tutte polynomial
is the arithmetic Tutte polynomial [44].

We obtain similar results also in the even broader context given by (p, q)-
arrangements, part of a class of arrangements in Abelian Lie groups studied by
Liu, Tran and Yoshinaga [37].

1.5. Structure of the paper. Section [2| has the twofold aim of introducing some
basic material on group actions on posets and presenting an investigation of
translative (Section and refined (Section group actions. The technical
lemmas proved therein are the stepping stone towards our constructions.

Basics on complexes and posets are treated in Section [3| while some back-
ground on topological and algebraic aspects is recalled in Section [4]

In Section 5| we define Stanley—Reisner rings for general finite-length simplicial
posets and prove that we recover the classical theory in the case of trivial actions
on finite posets. The naturality of translative actions with respect to taking in-
variant rings, resp. poset quotients is discussed in Section [f]

Section [/]presents our result about preservation of homotopical Cohen-Macaulayness
under decoupled actions.
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7. GROUP ACTIONS AND THE
COHEN-MACAULAY PROPERTY

2. GROUP ACTIONS ON POSETS

3. SIMPLICIAL STRUCTURES

4. TOPOLOGICAL AND
ALGEBRAIC ASPECTS

8. SEMIMATROIDS AND
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5. STANLEY-REISNER RINGS OF
FINITE-LENGTH SIMPLICIAL
POSETS

6. INDUCED ACTIONS AND
INVARIANT RINGS

9. ABELIAN ARRANGEMENTS

Ficure 1. Dependencies among the sections.

We then turn to the matroidal case in Section |8, where we introduce refined
group actions on (semi)matroids and prove our results on the Cohen-Macaulay
property for quotients of posets of independent sets and of flats. The applica-
tion to the case of Abelian arrangements and (p, q)-arrangements is discussed in
Section [J} after a quick review of the context.
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2. GROUP ACTIONS ON POSETS

This section is devoted to recalling some basics about posets and laying some
groundwork for the rest of the article. As a reference, we can point to the book
[3] for a treatment of finite-length posets as well as the standard reference (for the
finite case) by Stanley [56]].

2.1. Generalities on posets. A partially ordered set, for short poset, is a set P with
a partial order relation < (i.e., a reflexive, antisymmetric and transitive binary
relation). As usual, x < y means x < y,x # y. We write x <y if x < y and
x < z <y implies z = x (in this case we say that “y covers x”). We often only
mention P when the order relation is understood. We write <p instead of < when
clarification is needed. A morphism of posets is an order-preserving function; it
is an isomorphism if it has an order-preserving inverse.

Example 2.1. Let n € IN and let By, denote the poset of all subsets of {1,2,...,n}
partially ordered by inclusion. A Boolean algebra on m elements is any poset iso-
morphic to By,.

Let Aut(P) denote the set of automorphisms of P, i.e., of all isomorphisms from
P to itself; Aut(P) is a group with respect to composition of functions.
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Definition 2.2. An action G O P of a group G on a poset P is a group homomor-
phism G — Aut(P). As is customary, we write gp for the image of any p € P
under the automorphism associated to g € G.

We define the quotient P/G to be the set of all orbits of elements of P with a
binary relation Gp < Gq if gp < q for some g € G.

Remark 2.3.

(i) The binary relation defined on P/G is always reflexive and transitive, but
in general it might fail to be antisymmetric.

(ii) If P/G is a poset then the canonical “quotient” map P — P/G, p — Gp is
a well-defined order-preserving map.

A chain in a poset P is any totally ordered subset X < P. The length of a chain
X is the cardinal number |X| — 1. The length of the poset P is the maximum length
of a chain in P. The length of P is denoted {(P) and in general is allowed to be
infinite. The poset is called of finite length if £(P) < oo. If all maximal chains of a
finite-length poset P have the same length, we call P pure.

Lemma 2.4. Let P be a finite-length poset. Then, for every action G O P the set P/G
with the binary relation of Definition [2.2|is a partially ordered set. Moreover, if P is pure
then so is P/G.

Proof. We prove the first claim by contraposition: as noted in Remark [2.3(i), the
only way in which P/G can fail to be a poset is that there are p,q e Pand g, h € G
such that gp < q and hq < p but Gp # Gq. If gp = q or hq = p then Gp = Ggq,
thus it must be gp < q and hq < p. But then, ...g7'q > p > hq > hgp > hghgq...
is an infinite chain in P. For the second claim, notice that for every maximal
chain Q := {Gpi}ie1 in P/G we can choose g; € G so that gip; < gjp; whenever
Gpi < Gpj, for all i,j € I. Thus w = {gipi}ier is a chain in P of the same length
as {Gpi}ier. For every p € P, if w w {p} is a chain in P then Q w {Gp} is a chain
in P/G. Therefore, maximality of ) implies maximality of w, and so purity of P
implies purity of P/G. O

Given a poset P and an element x € P let P<x := {p € P | p < x} and consider
it as a poset with the partial order induced from P. Given A < P let Pca =
(Naca P<a be the set of lower bounds of A. We define P~y and P> 4, the set of
upper bounds, analogously. A (lower) order ideal of a poset P is a subset a < P
such that x € a and y < x implies y € a. Examples of lower order ideals include
subsets of the type P<x, which we call principal lower order ideals (generated by
x). The lower order ideal generated by A < P is P|y 1= (Jqea P<x. Upper order
ideals, resp. principal upper order ideals, are defined accordingly.

The (closed) interval between two elements x,y € P is the set [x,y] := P>x N

=

P<y with the induced partial order. The corresponding open interval is (x,y) =
b, ul\{x v}

If a poset P has a unique minimal element, this element is commonly denoted
by 0. Then {0} = P<p and we say that P is bounded below. Analogously, P is
bounded above if it has a unique maximal element, usually denoted by 1. A
poset is called bounded if it is bounded below and above. We will often have to
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modify a poset by adding or removing extremal elements, and thus we introduce
the following notation.

Notation 2.5. Given a bounded-below poset P,

P :=P\{0} denotes the poset obtained by removing the minimal element;

P denotes the poset obtained from by removing both 0 and 1 (if the latter exists).
Moreover, we will denote by A(P) the set of atoms of P, i.e., all p € P with 0 < p.

Definition 2.6. We call a bounded-below poset graded if it possesses a rank func-
tion, i.e., a function rk: P — N such that rk(0) = 0 and rk(y) = rk(x) + 1 when-
ever x < y. If such a rank function exists, then it is uniquely determined by
rk(x) = {(P<x).

To every graded, bounded-below poset P of finite length d is associated a
characteristic polynomial

xp(t) = Z up (0, x) 4Tk,

xeP
where up denotes the Mobius function of P, see [56) §3.7].

Lemma 2.7. Let P be a graded poset (possibly of infinite length). Then, for every action
G O P the set P/G with the binary relation of Definition [2.2]is a partially ordered set.

Proof. Automorphisms of graded posets preserve the rank of elements. If P/G
were not a poset, then, as in the proof of Lemma we would find elements
p,q € Pand g, h € G with gp < q < h™!p, in particular hgp < p, implying that
the rank of hgp is strictly smaller than that of p — a contradiction. (]

2.2. Translative actions. We introduce a class of actions on posets that has been
studied in [28] as a natural abstraction of the action induced by linear translations
on the poset of intersections of a periodic hyperplane arrangement, whence the
name (see Example 2.9|below). We refer to Section 0] for a more precise discussion
of this context.

Definition 2.8. An action G O P is called translative if, for every p e P and g € G,
whenever the set {p, gp} has an upper bound (i.e., if P>, 4,1 # &) then p = gp.

Example 2.9. If o/ is any set of affine subspaces of a vector space and G is a
group of translations that permutes the elements of <7, then the induced action
of G on the poset €(<7) (defined as in Equation (1)) is translative. In order to see
this, consider an affine subspace X € €(«#/) and a translation g € G such that the
set {X, gX} is bounded above. This means that the intersection of the subspaces
X and gX is nonempty — but since translated subspaces are parallel, it must be
X =gX.

Remark 2.10. If G O P is a translative action, then

(i) the intersection of any G-orbit X € P/G with any lower interval P<, con-
sists of at most one element (this is a rephrasing of Definition [2.8);
(ii) if y > x, then stab(y) < stab(x) (since g € stab(y) implies x, gx < y).
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Remark 2.11. In particular, translative actions are related to actions on scwols in
the sense of [16, Chapter III.C, Definition 1.11] as follows. A translative action
on a finite length poset P induces an action on the scwol defined on the set P by
putting an arrow x — y whenever x < y.

Lemma 2.12. Let G be a group acting translatively on a poset P. Then P/G is a poset.

Proof. We have to check antisymmetry of the relation from Definition For all
p,q € P, if Gp < Gq then p < gq for some g € G. Similarly, Gq < Gp implies
g < hp for some h € G. But then p < gq < ghp, and so the set {p,ghp} is
bounded above (by ghp). By translativity we have p = ghp and in particular
P = gq, implying Gp = Gg. O
Lemma 2.13. Let G be a group acting translatively on a poset P. Then, for every p € P
the restriction
¢p : P<p — (P/G)$Gp

of the quotient map is an isomorphism of posets.

Proof. By Remark [2.3| the function ¢ is well-defined and order-preserving. The
definition of the ordering among orbits implies that every X < Gp contains a
representative x € X, x < p, and this representative is unique by Remark
Then, the function

Y:(P/Gl<gp = P<p, X—>XnPgp

is well-defined. It is enough to show that { is an order-preserving inverse to
@p. To see that 1\ is order-preserving consider X < Y < Gp in P/G and notice
that X = GY(X) and Y = G{(Y). Then, X < Y implies that there is g € G s.t.
g¥(X) < P(Y). In particular gip(X) < p, and thus with Remark we have
gp(X) =P (X): we conclude P (X) < P(Y) as required.

We are left with proving that \ and ¢, are inverses. For every X € (P/G)<gp
we have @, o P(X) = GY(X) = X, thus @pop = id(P/G)ng. Moreover, for
every q < p we have Gq n P<p 2 {q} and by Remark this inclusion is an
equality. Hence we compute o ¢p(q) = P(Gq) = q. Thus, Yo @p = idpgp as
required. O

Lemma 2.14. Let P be a poset and consider a translative action G O P. Let f: P — P/G
denote the quotient map as above. Then for every X € P/G

D 7 (P/G)sx) =[] Pox
xef—1(X)
Moreover, for every x € P the following hold.
(ii) There is an isomorphism of posets

(P/G)>Gx = P>x/stab(x)

and the action stab(x) O P>y is translative.
(iii) If stab(x) is normal in G we can consider the group H := G/ stab(x). Then, H
acts translatively on P|g, = f1((P/G)<gx), and

(P/G)$Gx = P\GX/H-
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Proof. For part (i) we only need to show that the union on the right-hand side is
disjoint, and this follows immediately by translativity (see Remark[2.10). For part
(ii) write X = Gx and compare the definitions:

P>x/stab(x) = {stab(x)y |y =p x}, (P/G)>x ={Gy |y =p gx for some g}

Now consider the map

P>x/stab(x) — (P/G)>x, stab(x)y — Gy.
It is clearly well-defined and order-preserving. We will provide an order-preserving
inverse. Consider Y € (P/G)>x. By definition, there is y € Y such that y >p x. By
part (i) this y is unique up to the action of stab(x). Thus the function

(P/G)sx — Pxx/stab(x), Y — stab(x)y

is well-defined. A straightforward check proves that this function is also order-
preserving and it is indeed inverse to the previous. Translativity of stab(x) O P>«
follows from translativity of G O P.

Let us now consider part (iii). By definition of the quotient poset, every Y e
(P/G)<gx is of the form Y = Gyy for some yy < x. Translativity of G O P
implies uniqueness of such a yy, thus we have defined an order-preserving map
o : (P/ G)|GX — P<gx/H, Y — Hyy. A straightforward check shows that the
obvious order-preserving map 1 : PiGx /H — (P/G)<cx, Hy — Gy is inverse to
@. An easy check of the definition verifies the translativity claim and concludes
the proof. O

We conclude with a remark that will allow us to ”split” actions of Abelian
groups.

Lemma 2.15. Let G be an Abelian group acting on a poset P. Then, for every subgroup
Hof G,

(a) G/Hactson P/H, and (P/H)/(G/H) =P/G;

(b) If the action G U P is translative, then so is the action of G/H on P/H.

Proof.

(a) That G/H acts on P/H is easy to check, using abelianity of G. Moreover,
the orbit of any Hp € P/Hunder G/His {(g+H) -hp | he H,g € G} = Gp,
the orbit of p under G.

(b) If Hy > (g+ H) - Hx and Hy > Hx for some x,y € P and some g € G, then
we can choose elements h,h’/ € H with hx < y and (h/ + ¢g)x < y, and
both x and (h/ — h+ g)x are below (—h)y in P, whence (h' —h+g)x =x
by translativity of G © P and thus (g 4+ H)Hx = Hx, proving translativity
of the action of G/H.

O

2.3. Refined actions. Let P be a graded poset of (finite) length d, and let G be a
finitely generated free Abelian group. Suppose that G acts on P so that there is
some k € IN satisfying

(*) for all x € P, stab(x) is a direct summand of G of rank k(d — rk(x)),

where rk is the poset’s rank function (see Definition [2.6).
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In P/H: In P: (—h)y

/Hy\ h /U \ i} /

Hx (g+H)Hy x (W +gly x (W —=h+gly

FiGure 2. Figure for the proof of Lemma (b).

Remark 2.16.

(i) Since G is a finitely generated free Abelian group, the condition for a
subgroup H of G to be a direct summand of G is equivalent to H being a
pure subgroup, meaning that G/H has no torsion elements (equivalently,
nh € H implies h € H for every h € G and every n > 0). See [22] §16A].

(ii) For every x € P of maximal rank, (x) implies stab(x) = {0}.

(iii) If P is bounded-below, then stab(0) = G since the action is rank-preserving,
and so (*) implies that G ~ ALY

Definition 2.17 (Refined actions). We call a group action on a graded poset P
refined if it is translative and satisfies () for some k € IN. If we wish to specify the
number k, we will call the action k-refined.

Lemma 2.18. Suppose that the action of G on P is k-refined for some k € IN.

(i) For every x € P the action of the group stab(x) on P is k-refined.
(ii) For every x € P the action of the group G/ stab(x) on P|g, is k-refined.

Proof. By Lemma we know that both actions stab(x) O P> and G/ stab(x) O
P|gx are translative. Thus we only have to check condition (»).

We start with (i). First, notice that P> is graded of length d’ := d — rk(x).
Call rk> the rank function of P>y. Let G’ := stab(x) and consider y € P>y. By
Remark (ii), translativity of the action implies that stabg(y) < G’. Hence
stabg/(y) = stabg(y) and, by assumption, this group has rank k(d —rk(y)) =
k(d — rk>x(y) — rk(x)) = k(d’ — rk>x(y)) as required. Moreover, recall that G’ is
a direct summand of G, say G = G’ @ H. In particular, G’ is free Abelian. Finally,
every torsion element in G’/ stabg/(y) = stabg (x)/ stabg (y) is a torsion element
in G/stabg(y) = (G’ @ H)/stabg(y) = G’/ stabg/(y) @ H. Since by assumption
stabg (y) is pure in G, we conclude that stabg:(y) is pure in G’.

Now let us turn to (ii). Notice that Pgy is graded of length d” := rk(x),
and its rank function rk g is the restriction of the rank function rk of P. Since
the original action satisfies (x) we can write G = H @ stab(x) for some subgroup
H, so G/stab(x) is free Abelian. Write from now K := G/stab(x), fix y € Plax
and consider staby (y). By definition there is g € G with gx > y. Hence, by
commutativity of G and with Remark [2.10}(ii), stabg (x) = stabg (gx) < stabg (y).
Thus

() stabk (y) = stabg (y)/ stabg (x).
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From this we can prove purity of stabk (y) as a subgroup of K. Apply first the

Snake Lemma to get
K G

staby (y) — stabg (v)
and then note that the group on the right-hand side is torsion-free by assumption.
Moreover, using Equation (f) and property (x) for G O P we can compute the
rank of staby (y) to be (d — rk(y)) — (d — rk(x)) = rk(x) — rk(y) = d” — K gx (Y),
as required.

O

3. SIMPLICIAL STRUCTURES
3.1. Simplicial posets.

Definition 3.1 (Compare [56]). A finite-length, countable poset P is called simpli-
cial if it has a unique minimal element, and for all p € P the lower interval P<y, is
a Boolean algebra.

F1Gure 3. A finite simplicial poset P that is not the poset of faces
of a simplicial complex.

Remark 3.2. Every simplicial poset is graded in the sense of Definition In
particular, if P is a simplicial poset and p € P, then rk(p) equals the number of
elements of the Boolean algebra P<yp, i.e., P<p is isomorphic to By ;) (cf. Example

21).

Definition 3.3. We also recall from [57] the definition of the f-vector of a finite
simplicial poset P of length d,

f(P):= (f_1(P),...,fa—1(P)), where fi(P):=|{x € P | rk(x) =i+1}|,
and of the associated h-polynomial
d d—i
1-t
helt) =14 Y fiaP) ()
i=0

Remark 3.4. The h- and the characteristic polynomial of a simplicial poset P are
related as follows:

d
xp(t) = Eofi—l(l’)(—l)itd_i = (t=1)he (11t) '
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This follows using the fact that for every element x of rank r in a simplicial poset
P the Mobius function satisfies pp(0,x) = (—1)", see [56) Example 3.8.3].

The following lemma expresses the fact that focussing on simplicial posets is
natural when considering translative group actions.

Lemma 3.5. Let G be a group acting on a simplicial poset P. Then P/G is a simplicial
poset if and only if the action is translative.

Proof. That quotients of simplicial posets by translative actions are simplicial is
an immediate consequence of Lemma 2.7jand Lemma [2.13}

For the reverse implication, consider a group G acting by automorphisms on a
poset P and suppose that P/G is a simplicial poset. Given y € P, since automor-
phisms preserve poset rank, we know that the rank of y in P equals the rank of
Gy in P/G. Simpliciality of P and P/G then implies that [P<y| = |(P/G)<gy]-

By way of contradiction suppose now that the action is not translative. This
means that we can choose y so that there are x € P, g e G with x <y, gx <y
and gx # x. In particular, the quotient map P<y — (P/G)<gy is not injective.
Since this map is surjective by definition, we conclude [P<y| > [(P/G)<gy| - a
contradiction. O

3.2. Simplicial complexes. Let V be a set. An abstract simplicial complex on the
vertex set V is a family Z of finite subsets of V that is closed under taking subsets
(iie., 0 € X and T < o implies T € ). We will assume that every one-element
subset of V isin X.

Example 3.6. To every finite-length poset P is canonically associated a simplicial
complex A(P), called the order complex of P. The set of vertices of A(P) is the set
P and a subset of P defines a simplex if and only if it is totally ordered.

Elements of X are called faces (or simplices), and every face o € X has a dimen-
sion dim o := |o| — 1. The dimension of I is then the maximum of the dimensions
of its faces: this can be an infinite cardinal, and we call L finite-dimensional if its
dimension is finite. It is customary to call £ pure (or pure-dimensional) if all
maximal faces of I have the same dimension.

The set X partially ordered by inclusion is a simplicial poset Py, graded by
cardinality of its elements. The poset Ps is pure if the complex X is. The atoms of
Ps correspond to the single-element subsets of V. Every action G O Py induces
an action on V and, vice-versa, the action on the whole poset is determined by
the action on V.

Remark 3.7. Given a translative action G O Py, for every x € Pz we have
stab(x) = [,y stab(v). (In fact, translativity implies stab(x) < stab(v) for every
v € x, see Remark (ii). Since I is a simplicial complex, every g € (), stab(v)
fixes x because it fixes all its vertices.)

veEX

In particular, from Remark we conclude that for every translative action
G O Py the associated action on X satisfies Bredon’s condition (A), see [[15} §III.1].

Remark 3.8. Let G O X be a group action on a simplicial complex. In general,
the set of orbits of simplices does not have the structure of a simplicial complex,
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but only a natural partial order Ps /G. If this partially ordered set is in fact of the
form Py, for some simplicial complex I/, then we call £’ the quotient of £ and
write £/G.

Lemma 3.9. Let G O P be a translative group action on a finite-length simplicial poset.
Then the induced action on A(P) is regular in the sense of Bredon [15, §IIL.1]. In
particular, there is an isomorphism of simplicial complexes A(P)/G ~ A(P/G).

Proof. The first part of the claim is based on the following property:

(#g) if both p1 <py < ... <px and g1p1 < g2p2 < ... < gkPk are simplices of
A(P) then there is some g € G with gp; = g;p; for all i.

We prove this for translative group actions by induction on k following [15]
Proposition 1.1]. The claim is trivial for k = 1. Let then k > 1, by induction
hypothesis we can assume that there is g € G with gp; = gipi for all i < k. This
means that p; < py < ... < pr_1 < g~ 'gkpk. Then both py_; and g gypi_1
are below g~ gy px thus by translativity g~'gxpix_1 = px_1. Then g~lgy fixes all
of p1 < ... < pk_1, and therefore gipi = gpi = gxp;i for all 1 < k. Then, gy is the
desired element with gxp; = gipi for all i < k. Now G O A(P) is regular if (#1)
holds for the action of every subgroup H of G. But the action of every subgroup
of a group acting translatively is also translative, thus the first part of the claim is
proved.

Now for the second part of the claim notice first that regularity of an action
implies that the quotient simplicial complex is well-defined [15] p. 117]. Consider
the natural order-preserving map

PA(P)/GHPA(P/G]r G{pl<...<pk}*—>Gp1<...<ka.

Moreover, given Gpy < ... < Gpyk in Po(p /) we can choose representatives of the
orbits g1p1 < gop2 < ... < gkpk and, with (#g), we find g € G with gp; = gipi
for all i. Hence, {Gp1, ..., Gpx} = G{p1,...,px} and the (order-preserving) map

Parp/c) = Pap)/G, Gp1 <...<Gpx+— Gp1 <...<py)

is well-defined and inverse to the previous one, giving an isomorphism of posets
PAap)/G =~ Pa(p/g).- In particular, since A(P/G) is by definition a simplicial
complex, the quotient simplicial complex A(P)/G is well-defined and isomorphic
to A(P/G). O

Remark 3.10. Notice that Bredon’s definition of quotient simplicial complex agrees
with ours in the sense that Py, = Ps/G whenever the action is regular. There-
fore, the previous lemma is a slight extension of the discussion in [15] p.117].

Remark 3.11. Given o € Py, then the poset P is again the poset of faces of a
simplicial complex. More precisely, consider the set V/ := {0’ € Py | 0 < o'}.
Then, P>x ~ Py, where L’ = {X € V' | UX € X}, which is isomorphic to the
link of x in . (Recall, e.g., from [11} §9.9], that the link of a face o in a simplicial
complex X is the simplicial complex k(o) :={te i |Tno=CandTuoel})
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4. TOPOLOGICAL AND ALGEBRAIC ASPECTS

4.1. Topology. Every abstract simplicial complex as defined in the previous sec-
tion has a geometric realization [45, Chapter 1, §2] which is unique up to home-
omorphism. Hence, every abstract simplicial complex has a well-defined homo-
topy type.

Moreover, to every partially ordered set P we can associate the abstract simpli-
cial complex of all finite chains in P. This is called the order complex of P (notice
that its dimension equals the length of P). Thus a well-defined homotopy type
can be associated to every partially ordered set. Order-preserving maps induce
simplicial maps of order complexes and, thus, continuous maps between geo-
metric realizations. When we will discuss topological attributes of a poset we
will always think of them as referred to the order complex. For instance, with
Hi(P), m;i(P) etc. we will mean the homology or homotopy groups of the order
complex. For a more careful introduction and a broader account of the scope of
combinatorial algebraic topology see, e.g., [11} 34].

4.1.1. Connectivity. Given an integer t € IN we call a simplicial complex X t-
connected if it is nonempty, connected and the homotopy groups m; (X) are trivial
foralli =1,...,t. Analogously we call £ t-acyclic over a ring R if the reduced
homology ]fli(Z, R) is trivial for i =0,...,t. We extend these definition by saying
any nonempty P to be “(—1)-acyclic” and “(—1)-connected”.

If a d-dimensional complex £ is (d — 1)-connected or (d — 1)-acyclic, then we
will say that it is “well-connected” or “acyclic through codimension 1”.

Remark 4.1 (On shellability). A simplicial complex X is called shellable if there
exists a well-ordering < on its set M of maximal simplices so that for all o €
M\ min< M, the intersection of o with the subcomplex X induced by the sim-
plices in M« is a pure simplicial complex of dimension dim o — 1.

An alternative, operationally advantageous characterization is the following;:
for all m;, my € M such that m; < my, there is m3 € M with m3z < my and x € m,
such that m; nmy € mg N my = my\{x}, see [12, Lemma 2.3].

If a pure simplicial complex X of dimension d is shellable, then it has the
homotopy type of a wedge of (d — 1)-dimensional spheres, and thus it is well-
connected (see [12, Theorem 4.1]).

We state for later reference the following lemma, summarizing results by Mirzaii
and van der Kallen and by Bjérner, Wachs and Welker.

Lemma 4.2 (cf. Theorem 3.8 of [43] and Corollary 3.2 of [13]). Let f: P — Q be a
poset map. Fix t = 0 and suppose that for all q € Q

(1) Q>qis (t —€(Q<q) — 2)-connected, and

(2) the fiber f‘l(ng) is £(Q < q)-connected.
Then the homotopy groups of P and Q agree up to (and including) degree t. In particular,
P is t-connected if and only if Q is t-connected.

The same holds, when P and Q are finite, replacing t-connectivity by t-acyclicity over

any given field k.
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Remark 4.3. Suppose that P and Q are graded posets of the same length d, Q
is pure and f is rank-preserving. Then Lemma 4.2] with t = d — 1 can be stated
as follows. Suppose that, for all q € Q, (1) Q= q is well-connected and (2) f1(Q< a)
is well-connected. Then Q is well-connected if and only if P is. In order to see that
this claim reduces to Lemma under the stated conditions, notice that (t —
€(Q<q) —2) = (d—€(Q<q) —3) = ({(Q>q) — 1) (the last equality uses purity of
Q) and that £(Q<q) = €(Q<q) —1 = (’,(f_l(qu)) — 1 (the last equality holding
since f is rank-preserving).

4.1.2. Cohen—Macaulay complexes and posets. We will be concerned with a well-
known property of simplicial complexes with strong commutative-algebraic im-
plications.

Definition 4.4. We will call a simplicial complex £ of dimension d homotopy
Cohen—Macaulay if for every face o € L (including the case o = () the link k(o)
of o in X is (dim(Ik(o)) — 1)-connected. For any given ring of coefficients R, we
call £ “Cohen-Macaulay over R” if lk(o) is (dim(lk(o)) — 1)-acyclic over R. For
every k € IN, we will say

“Y is CM(k)”

to signify that X is Cohen—-Macaulay over every ring whose characteristic is either
0 or does not divide k. As usual, we can define the Cohen-Macaulay properties
and notations for any poset P by reference to the associated order complex A(P).

Remark 4.5. We recall from [11} §11.9] the following characterization of Cohen-
Macaulay posets. Let P be a poset of finite length, and denote by P the poset
obtained from P by adding a unique minimal element if P is not bounded below
and a unique maximal element if P is not bounded above. Then, P is homotopy
Cohen-Macaulay (resp. Cohen-Macaulay in a given characteristic k) if and only if
every open interval (x,y) < Pis (£(x,y) — 1)-connected (resp. (£(x,y) — 1)-acyclic).

4.1.3. Euler characteristic. As a last piece of preparation let us consider Euler char-
acteristics of posets. We let €(P) denote the reduced Euler characteristic of the
order complex of P, which can be expressed for instance by the alternating sum
Zizo(—l)i dim ltli(A(P),Q) of the dimensions of the rational homology groups
of A(P). (From this, the standard Euler characteristic an be recovered by adding
1, see [56].) We give for completeness a proof of the following elementary lemma.

Lemma 4.6. Let P be a bounded-below poset. Then
e(P) = —xp(1).
If P is also bounded above, then
e(P) =xp (0).

Proof. Key is the following interpretation of the Mobius function of a bounded
poset P known as “Hall’s theorem” [56] Proposition 3.8.5]:

) up(0,1) = e(P).
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Now, if P is bounded below let P* denote the poset P with a unique maximal
element 1 adjoined (regardless of whether P already has a unique maximal ele-

ment or not). Then ¢(P) = ¢ (P:+) = up+(0,1). On the other hand, by definition
of the Mdbius function [56, Chapter 3, §7]

e (0,1) == X7 wpr(0,) == 3 up(0,%) = —xp(1).

0<x<i xeP

We conclude that e(P) = —xp (1) when P is bounded below.
If P is bounded above and below, from Equation (2) follows immediately that

xp(0) = up(0,1) = ¢(P).
O

4.2. Algebra. Given a finite simplicial complex X and a field k, consider the poly-
nomial ring k[x, | v € V] whose variables are indexed by vertices of . Therein
define the ideal
Jr=(][x|o¢X)
veEOD
generated by all monomials corresponding to non-faces of X.

Definition 4.7. The Stanley—Reisner ring of a finite simplicial complex X is the
quotient
R(Z) =klxy | ve VI/Is

Remark 4.8. One of the basic facts about Stanley—Reisner rings is that the Cohen—
Macaulay property for L (see Definition[4.4) implies the (algebraic) Cohen-Macaulay
property for the ring R(Z) over every field. Moreover, & is Cohen-Macaulay in
a given characteristic k if and only if R(X) is (algebraically) Cohen-Macaulay in
characteristic k. See [51] for this algebraic counterpart of the Cohen-Macaulay

property.
Remark 4.9. Stanley defined an analogous ring associated to every finite simpli-
cial poset. We will review this definition in Section

5. STANLEY-REISNER RINGS OF FINITE-LENGTH SIMPLICIAL POSETS

5.1. The definition. Throughout the section, P will be a simplicial poset. Let
max(P) denote the set of maximal elements of P. Given a nonempty collection
T < max(P), we denote by [T] the order ideal of P given by ();c P<t. Note that
[T] is the poset of faces of a simplicial complex. The associated Stanley—Reisner
ring will be denoted by Rp;. When [t] = {0}, one has that Rj7] = k. For any set
bounded above inside a given [t], the join in [7] is well-defined.

Following Yuzvinsky [60], we call X(P) the set

{[t]| @ # T < max(P)}

of all (lower) order ideals [t] = P coming from nonempty collections T < max(P),
with the partial order given by

[1] <x(p) [t]if and only if [1] 2 [1’].

Any poset can be made into a topological space by considering the Alexandrov
topology, where the open sets are the upper sets of the poset. Any sheaf (say, of
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b £y c

./ \,
4 i j l3 b i j l3
0
b gy C
b & ¢ b & ¢

F1Gure 4. The poset X(P) associated with the simplicial poset P
from Figure [3| in Section Since each order ideal of P of the
form [T] is the poset of faces of a simplicial complex, we use here
such (labeled) simplicial complexes for visualization purposes.
For instance, [{Ty, T2}| = P<T, n P<T, is represented above by
the empty triangle with vertices {a,b,c} and edges {1, £, {3},

whereas [{T1, l}] = [{Tz, a}] = [{T1, T2, £4}] is represented by the
disconnected simplicial complex with two points b and c.

commutative rings) on a poset is then completely determined by the assignment
of a covariant functor from the poset (seen as a category as in Remark [2.17)) to the
category of commutative rings (see, e.g., [5]).

With this in mind, again following [60], we define the sheaf of commutative
rings Y(P) on the poset X(P) by the assignments

X(P) ) [T] — R[T]

[l

(Il <x(py [T'D) = 7o)t Ry = Ry,

—

where WE],]: Rj7] = Ry is the natural projection.

Definition 5.1. The Stanley—Reisner ring of P is then the ring of (global) sections
R(P) :==T(Y(P)).

We view any q € R(P) as an X(P)-tuple of polynomials, and for every [t] € X(P)
we denote by q[] € Rf;| the component associated to [t]. The variables of qj
are indexed by the atoms in [t].

With a slight abuse of notation, we will reserve the letter o to denote both
a maximal element of P and a minimal element of X(P), since every minimal
element [{o}] of X(P) is uniquely determined by the choice of a maximal element
o of P. In particular, we will write q¢ for qj(¢})-
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k b, c
[ ] 1
kla, b, c] 1 b
“(abe) /:—c:\
kla, b, c] kla, b, c] kb, c] l1+ab+abc 1+ab 14+ b?%¢

F1GURE 5. On the left, the sheaf Y(P) on the poset X(P) from Fig-
ure E} on the right, one of the global sections of Y(P). Data are
here organized in the same shape as Figure 4

Let us record here a simple observation that will come in handy in what fol-
lows.

Definition 5.2. Let p € P and recall that we write A(P) for the set of atoms of
P. We say that a monomial m = [[,cap)Xv" is supported at p if o, = 0 for all
ve A(P)\P<p.

Lemma 5.3. Let q € T(Y(P)), p € P, 0,0’ € max(P) such that p < o,0’. Then the
monomials supported at p appear with the same coefficients inside qs and q .

Proof. Since p € P<g N P<yr, any monomial supported at p appears inside q¢
(respectively q/) with the same coefficient it has inside q) € R[y|, where T =
{o,0'}. O

5.2. The finite case. In this section we show that, in the finite case, we recover
the classical constructions.

Fix a field k. Given a finite simplicial poset P, we let S be the polynomial ring
klxp | p € P] (with the grading given by deg(x,) = tk(p)) and S := S/(XO —-1)
be its dehomogenization with respect to x;. Given an order ideal a inside P
and p, q € a, let uq(p, q) be the (possibly empty) set of minimal common upper
bounds in a of p and ¢. In symbols,

Ue(p,q)i={zealz=>p,qand #z' east. z>z' > p,q}.

We define iE to be the following ideal of S:

IP:=(xp | péa)+(XpXq —Xpagq Z Xz | p,q € a, p,q incomparable),
z€uq(p,q)

where the sum > ¢\, (p,q) Xz is taken to be zero when p and ¢ have no common
upper bound in a (in this case, the generator xpxq = Xpaq 2zeu, (p,q) Xz 1S simply
the monomial xpxq). Let then If be the dehomogenization of I¥ with respect to

Xy, i.e. the ideal of S obtained from ﬁf by setting to 1 all occurrences of the
variable x.
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Definition 5.4 ([57, Section 3]). To every finite simplicial poset P there are two
associated rings,

Ap:=S/1B,  Ap:=S/Ih.
Note that Ap is a finitely generated positively graded algebra with (Ap)y = k.

Proposition 5.5 ([57, Section 3]). When P is the poset of faces of a finite simplicial
complex ¥, then Ap coincides with R(X). In general, the algebraic h-polynomial of Ap
(i.e. the numerator of the Hilbert series of Ap expressed as a rational function) coincides
with hp(t), the combinatorial h-polynomial of the simplicial poset P (see Definition |3.3).

~

If the poset P is Cohen—Macaulay (in some characteristic), then so are Ap and Ap (in
the same characteristic).

Let us record here a technical observation that will come in handy while prov-
ing Proposition 5.7 below.

Lemma 5.6. Let P be a finite simplicial poset and a a lower order ideal of P. Then 1F is
a radical ideal.
Proof. By [20, Proposition 16.23] it is enough to check that if is radical, i.e. S/ ﬁf
is reduced. Now note that g/IuP ~ "NF/INQ, where T = k[xp | p € al. By [57, Lemma
3.4], T/1¢ is an algebra with straightening law on a (seen as a poset on its own)
and hence is reduced, as desired. O
Proposition 5.7. Let P be a finite simplicial poset and let a, b be order ideals of P. Then:
(1) 1Y +1F =1F ., (and hence the correspondence a — 1F reverses inclusions);
2) Tl =1F ..

Proof. For brevity’s sake, given elements p and q in P, we will use the symbol
Yp aq defined in the following way:

R ifprg=0
Ypna = Xpaq Otherwise.
We now proceed to the proof.
(1) By definition,
P +17 = (xp | P¢a)+(XpXq —Ypnag Z Xz | p,q € a, p,q incomparable)
zeuq(p,q)

+(xp [P Eb)+ (XpXqg —Ypag Z Xz | p,q € b, p,q incomparable)

zeup (p,q)
=xp|pé¢anb)+(Xpxq —Ypng Z Xz | p,q € a, p,q incomparable)
z€uq(p,q)
+ (XpXq —VYpaq Z Xz | p,q € b, p,q incomparable).

zeup (p,q)
Now pick two incomparable elements p, q in a and consider the gen-

erator XpXq —Ypaq Zzeua(p,q) Xz.
o If at least one of p and q does not lie in b, then the whole generator

is superfluous.
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e If both p and q lie in b, one rewrites the generator as

XpXq —Ypnaq Z Xz,
ZEUanp (P 9)

since any x, corresponding to an upper bound in a\b of p and q is
superfluous.
The claim now follows.
It is enough to prove that I} = ﬂqeu I'()q )/ where (q) denotes the principal
order ideal generated by the element q. Note that, by part (1), I'(Dq) o1F
for any q € a. Moreover, for a = & the claim holds trivially (taking the
empty intersection of ideals to be the ring S). Let then a be nonempty.

Since by Lemma [5.6|IF is radical, it is enough to prove that, whenever
a prime ideal p in S contains I, then it also contains the prime ideal I]() Q)
for some q € a.

To prove this, consider the (nonempty) set of maximal elements in a.
There are two cases:

(i) There is exactly one maximal element M in a. In this case, p = IaP =
IFM) and we are done.

(ii) There are at least two maximal elements M, M’ in a. In this case
the monomial xp1xp; must belong to IF and hence the prime ideal
g is forced to contain at least one of xpq and xpq/. Without loss of
generality, say xp € 9. Then p 2 IaP +(xpm) = I‘:\{M}.

Since P is finite and case (ii) gives us a reduction from a to a strictly
smaller order ideal a\{M}, we are bound to meet case (i) at some point.
Notice that the element we eventually find in case (i) will not in general
be maximal in the original order ideal a.

O

Corollary 5.8. The ideals I’ in S, ordered by inclusion, form a distributive lattice
with respect to sum and intersection.

Proof. This is a direct consequence of Proposition[5.7} since order ideals of P form
a distributive lattice with respect to intersection and union [56| §3.4]. O

Theorem 1. For every finite simplicial poset P,

R(P) = Ap,

i.e., we recover Stanley’s ring associated to P.

Proof. Let {p1,...,px} denote the maximal elements of P. The sheaf Y(P) on X(P)
satisfies the hypotheses of [18] Example 3.3] and hence we get a full description
for the global sections of Y(P):

k
FY(P) =S/ ()1}, =S/Th,
i=1

where the last equality comes from Proposition O
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Remark 5.9. After completing our work, we became aware of work of Lii and
Panov [38] from which our Theorem [1| follows. Moreover, notice that Brun and

Romer [19] prove the analogous statement for Ap.
Notice that our proof also produces a minimal prime ideal decomposition of
P P
I, into the IS
6. INDUCED ACTIONS AND INVARIANT RINGS

We now want to bring group actions into the picture, proving that every group
action on a simplicial poset induces an action on the associated ring. Moreover,
if the action is translative we will prove that the ring of invariants is isomorphic
to the ring associated to the quotient poset.

In this section we let P be a simplicial poset with set of atoms A(P) (see Nota-
tion [2.5).

6.1. The induced action on R(P). Consider an action G O P of a group G by
automorphisms of P. Given g € G, let us define w9 as the automorphism of
k[xy | v € A(P)] obtained by sending x,, into x4,. Given a nonempty collection
T < max(P), let gt := {gt | t € T}. One has that the assignment p — gp induces
an isomorphism of (posets of faces of) simplicial complexes [t] = [gt]. Hence,
w9 induces a ring isomorphism w9: Ry = Rg+] between the corresponding
Stanley—Reisner rings. Moreover, if T <x(p) T’, then the following diagram

R[T
3 [] [gT]
© ol .

[gt/]

w9
1 — 7 Rigq]

Rie =57 Rigv

commutes.

Definition 6.1. Consider a simplicial poset P with an action of a group G. Given
any element q = (q))[rjex(p) of R(P) and any g € G define the X(P)-tuple gq
by
9dx] == w9 {drg-1r])-

Lemma 6.2. For any given action of a group G on a simplicial poset P by automorphisms,
the assignment

GxR(P)—>R(P),  (9,9)—gq
defines an action of G by (ring) automorphisms on R(P).

Proof. Let us first check that gq is indeed a global section of Y(P): given T <x(p)
1/, one has that

=wYo T g-1e7] (dg-14)) by the commutativity of

= wg(q[gfl,r/]) since q is a section
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Hence for every g we have a well-defined map ¢@4: R(P) — R(P), q — gq. That
@g is a ring homomorphism follows from the fact that w9 is a ring homomor-
phism and that elements (X(P)-tuples) of R(P) are added and multiplied compo-
nentwise.
Finally, one checks that G — Aut(R(P)), g — @4 is a group homomorphism as
desired.
O

6.2. Invariant rings for translative actions. From now on we will require that the
action of G be translative. Recall that, under these hypotheses, the quotient P/G is
again a simplicial poset. Let us denote by f: P — P/G the standard projection to
the quotient. Given p € P, as usual we use the notation Gp to denote f(p) € P/G.

Consider ¢ € max(P), £ € max(P/G) such that Go = £. By Lemma
translativity allows us to define the following ring isomorphism:

_— T
klxy | ve A(P) n P<ol ~ klxy | Ve A(P/G) n (P/G)<s]
\—//

&

For each g € G, considering w9: k[x, | v e A(P) n P<g] = kixy |veAP)n
P<gol yields

) (7owd =1 and w9olf =G
We now have all the ingredients for the main result of the section.

Theorem 2. Let G be a group acting translatively on the simplicial poset P. Then there
is a ring isomorphism R(P)E =~ R(P/G).

Remark 6.3. A result in the same vein as Theorem [2| was proved by Reiner [50,
Theorem 2.3.1] for label-preserving group actions on finite balanced simplicial
complexes. Such actions are translative in our sense, hence we recover Reiner’s
theorem in this case.

Proof. We will define two mutually inverse ring homomorphisms ¢ and 1\ be-
tween R(P)C =T(Y(P))C and R(P/G) =T(Y(P/G)).

1. Definition of @. Let @: T(Y(P))® — T'(Y(P/G)) be the map of rings defined for
each q € I'(Y(P))€ and [T] € X(P/G) by

(e(@)fr =77y 0 £ qo),
where £ € max(P/G) is such that [T] < (P/G)<s (in other words, L is any
minimal element of X(P/G) lying below [T]) and o € f~1X).

2. The map @ is well-defined. First of all, once X is fixed, due to the G-invariance
of q it makes no difference which representative o we pick inside f~!(Z). More
precisely, one has that
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3%(qg0) = (2% cwI(qys) since q is G-invariant
=(3(q0) due to (@).

Let us now check that the definition of ¢ is independent on the choice of .
Let us pick (£, 0),(X’, 0’) as in the definition above and let us show that

®) 7T[ 1062(%)—71[ ]OCZ/(qO‘/)

To do this, it is enough to check that any nonzero monomial in Rty appears
with the same coefficient on both sides of (). We will use the notation (m, f)
to denote the coefficient of the monomial m in the polynomial f. Let us fix a
nonzero monomial M in Rj). By definition, M must be supported at an element
Y € [T]. By construction, one has that ¥ <p,g Z and ¥ <p,g L’. One can now
choose v € f~1(Y) such that v <p o and v <p go’ for some g € G. Note that,
by construction, (XM and CZ /M represent the same monomial (supported at v),
which we will denote by m. By LemmaEwe then have that (m, q¢) = (M, g5
We now get the desired result, since

(M, 7T OCZ qo)) =M, (£(qs)) = (M, qo) = <mrqgcr’>
:<Mrcz/ dgo’ >:<M,Cz/ do’ > <M 7'( OCZ’(qO" )>
Since the restriction maps behave well, one has that ¢(q) is indeed a global
section of Y(P/G) and thus ¢ is well-defined. A
3. Definition of . Let
$: T(Y(P/G)) — T(Y(P))€
be the map of rings defined for each Q € I'(Y(P/G)) and [t]| € X(P) by

(B(Q))jx) = 7% © €S (Qao),
where o € max(P) is such that [1] € P<e.

4. The map p is well-defined. We need to check that 1 is independent on the choice
of 0, i.e. that, given o and o’ as above,

(6) [ ] CGG(QGG) = 7'([ (QGO")

Let us consider a nonzero monomial m in RM supported at p € [t]. Note

that (g m and Cglg,m represent the same monomial (supported at Gp), which
we will denote by M. Since Gp <p,g Go,Go’, by Lemma one has that
(M, Qgs) ={M, Qg This leads us to the desired result, since

<m/7tf):r] OCSU(QGG >:<m CGG QGO’ >:<M/QGO'> :<M QGO'/>
= (m, (57 (Qgor)) = (M, 0 057 (Qaor)-
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Again, P(Q) is a global section of Y(P) since restriction maps behave well. We
still need to check that 1 (Q) is G-invariant. This is indeed the case, since for each
Q eT(Y(P/G)), [t] € X(P), and g € G one has that

G(Qfgr) = 9 oB(Qpe

w9 omf OCG (Qco)

- Fg"] wg 0(S$%(Qgo) by the commutativity of (3)
o7l CGG(QGG) due to (@)
:ll)(Q) [gT]

It follows that 1 is well-defined. A

5. @ and \ are inverses. Finally, it is easy to see that ¢ and 1 are inverse to each
other. Given q € T'(Y(P))S, for every [t] € X(P) one has that

= igr]

Y(e(q))j = 7'[‘1] 0 S%0(q)go)
fq 0087 omggogs(qe)  choosing o inside f~'(Go)
= G672 C&oldo)
F](qGJ
= qp)-
Analogously, given Q € I'(Y(P/G)) one has that, for every [T] € X(P/G),

@W(Q)r) = 7y © CE(W(Q)o) = iy 0 ¢ oG 0 (5(Qs)
ni 0 68 0 65(Qx) = mf(Qx) = Qpmy

7. GROUP ACTIONS AND THE COHEN-MACAULAY PROPERTY

Definition 7.1. We call an action H O X on a pure d-dimensional simplicial com-
plex decoupled if it is translative and there is a decomposition

d
H=@H
i=0

with H;y # {0} for all i and such that every maximal simplex 0 € maxZ can
be written as 0 = {xg,...,xq} with H; = stabH o\xq) for all i = 0,...,d. If
dim(X) = 0 we further require that staby (o) = {0} for all o € Z\{}.

Remark 7.2. If a group action H O L is decoupled, then H acts freely on the set
of facets of Z, i.e., stabyy () = {0} for every maximal face § of X. This holds by
definition if dim(X) = 0. If dim(X) > 0 and hf3 = f for some h € H, then (by
translativity) h(B\{x}) = (B\{x}) for all x €  and thus h is in the intersection of
(at least two, since dim(X) > 0) of the H; - which is the trivial group because the
sum of the H; is direct. Thus, h is the identity element.
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Remark 7.3. Here and in the following, given any group action G O X on a
simplicial complex and any o € £ we will write

Ligo={T€X|TCc go for some g € G}
for the set of faces in the orbit of o. This is a simplicial complex.

Lemma 7.4. Let H O X be a decoupled action. Then, for all o € X and all facets
€ max X with o < {3, the following hold.

(a) stabyi(0) = Dyep\o Stabr (B\{x}).

(b) The decoupled action H O L induces a decoupled action of staby (o) on the link
of o in L. The associated decomposition is the direct sum stated in part (a).

(c) Suppose that H is Abelian and let L := @), ., staby (B\{x}). Then, the action
of Lon Ly is isomorphic to that of the quotient H/ staby (o). Moreover, this
action is decoupled with associated decomposition

) L = P staby (o\{x}).

XEO

Proof.

(a) Write p = {xq,...,xq} and 0 = {xq,...,xx}, in accordance with the de-
composition H = @;H;. Given h € H consider its (unique) expansion
h =hy®...®hgq, hy € Hi. Now, by translativity, h € staby (o) means
hix; = x; for all i < k, and this implies that h; is the identity element
in H; (otherwise h; would be a nontrivial element in H; n staby ({xi}) =
staby(B), contradicting Remark [7.2). Therefore h € @;., H;. For the
right-to-left inclusion suppose h € @;. Hi, i.e., the element h; is the
identity in H; for all i < k. Then, hx; = (hy,...,hq)xi = x; for all
i < k (where we use that h; € staby({x;}) for all i # j) and therefore
h € staby (0).

(b) By Lemma (ii), the action of staby (o) on the link of o is translative.
Let T € max(lkso) and let B := Tw o be the corresponding facet of X.
Since I is pure and o is fixed, every such T has the same cardinality, and so
ks 0 is pure. As in part (a), we write p = {xq,...,xq} and o = {xg,..., Xk}
according to the decoupled decomposition of H. In particular, by part (a)
we have that

d d
stabig(0) = D Hi= @ stab(B\{xi}):
i=k+1 i=k+1
Since by translativity staby (B\{xi}) = stabgp,, (o) (T\{x1}) for every i e
{k+1,...,d}, we get the claim.

(c) Write for short K := staby(o). By definition, H = L@&K. Thus L is a
valid choice as a set of representatives for the classes of the quotient H/K,
with (g®K)(h®K) = (gh@®K) in H/K. Moreover, for each T € Z|HU we
have K = staby (o) < stabyy(T) by translativity and because H is Abelian.
Thus, for g € L and every T € L, we have that gt = (g@® K)T and
so the actions of H/K and L on X}, are equivalent under the natural
isomorphism L — H/K, g — g® K.
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Since Py o = (Px)|gx, by Lemma (iii) the action of L is translative.
To prove that it is decoupled, notice first that X,g, is pure because the
action is rank-preserving. Moreover,

staby (0'\{x}) = staby (0'\{x}) N L = staby; (B\{x})

for all x € o, where the first equality is by definition and the second
equality follows from part (a). Now write 0 = {xq,...,xx} and let L; :=
staby (0\{xi}), so that L = @; L; is the decomposition stated in (7). Ev-
ery maximal simplex of the orbit of ¢ is of the form o’ := {x{,..., x|}
where x{ = hx; for all i and some h, and all x{ are pairwise distinct.
Now, for every i =0, ..., k, we have staby (¢"\{x{}) = [); . stabr ({x]}) =
ﬂ#i staby ({x;}) = staby (0\{xi}) = L; as required (the second equality
holds because H is Abelian, the first and third since the action is transla-
tive).

O

Proposition 7.5. Let H O X be a decoupled action of an Abelian group H and fix o € L.
Then, Xy, is a shellable simplicial complex.

Proof. By Remark the set M of facets of L|Hg isin bijection with L := H/ stabyy (o),
a group whose action on X}, is decoupled by Lemma (C). Let us consider
this bijection,
k
A:M—-L= (—B L;
i=1
with L; = stabg (o\{x;}), where we write 0 = {x1,...,xk}. Notice that [; <
staby (xi) for all i # j. In particular, for every me M and alli =1,...k we have

(69 mn Lxg = A(m)ix;.

The idea now is to use A as a labeling of the elements of M. Choose a well-
order <; of each L; that begins with the identity element 0; and choose any linear
extension of the cartesian product of the <;s. Via A this induces a total (well-)
order < on M. We will use the following property of <: if A(m); = 0; # A(m');
and A(m); = A(m’); for all j # 1, then m < m’.

We want to show that < is a shelling order for X};,. By Remark it is
enough to prove the following.

Claim Let my, mp € M with my < my. Then, there is m3 € M with m3z < m, and
m; Nnmy € mg N my = my\{x'} for some x’ € m,.
Proof First notice that, since A is injective, A(my) and A(my) must differ in at
least one component, say the 1st. In particular, A(my); # 0.
Consider 1 := A(My)1 @0, D --®0x) € L and let mz := (—1)myp. A
direct computation shows that

We conclude:
— m3 < my because A(mgz); = 01 # A(my)q;
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— since by assumption A(mj); # A(myp), using Equation (i) we obtain
mp N My & M3 N My;
- choosing x" := A(my)1x1 (i.e., the unique element of m;, N Lx;), we
have m3 nmy = my\{x'}.
([l

Theorem 3. Let H O L be a decoupled action of an Abelian group. If X is homotopy
Cohen—Macaulay, then so is Px /H.

Proof. We proceed by induction on the dimension d of Z, the claim being trivial
for d = 0. Let then d > 0 and suppose that the claim holds for all pure simplicial
complexes of dimension strictly smaller than d. In order to prove the Cohen—

Macaulay property for Py /H we will show that open intervals in P/;;_/T-l are well-
connected (see Remark [4.5|for this criterion and for notation).
Translativity of the action implies that
(i) Pz/H is a simplicial poset. Thus every open interval (x,y) < Ps/H is
homotopy equivalent to a sphere of dimension {(x,y), and is therefore
well-connected.

(ii) For Ho € Py /H, Lemma (ii) gives an isomorphism (Pz/H)spo =~
((Ps)>q)/staby (o). Now (Ps)>¢ is the poset of faces of the link of o
in £ (see Remark , which is (homotopy) Cohen-Macaulay because
is. Moreover, by Lemma (b) the action of staby (o) on the link of o is
decoupled. If Ho is not the minimal element of P5 /H, then the dimension
of the link of o is less than d, so we can apply the induction hypothe-
sis and conclude that (Py/H)~ s is homotopy Cohen-Macaulay (and, in
particular, well-connected).

We are now left with proving that Ps /H is well-connected. For this, we want
to apply Lemma in the reformulation of Remark to the quotient map
Py +— Ps/H. Since the complex I is pure, so are the posets Py and, via Lemma
Ps /H. Item (ii) above verifies immediately condition (1) of Remark while
condition (2) holds by Proposition[7.5/and the fact that the barycentric subdivision
of a well-connected complex, being homeomorphic to the complex itself, is well-
connected. O

8. SEMIMATROIDS AND GEOMETRIC SEMILATTICES

In our context, a natural analogue to matroids in classical Stanley—Reisner the-
ory are (group actions on) semimatroids and geometric semilattices.

8.1. Semimatroids and geometric semilattices. Semimatroids are abstract struc-
tures, introduced independently by Ardila and Kawahara [4} 33]], that are intu-
itively best described as axiomatizations of the intersection pattern of a locally
finite set & of affine hyperplanes (although the abstract theory is much more
general [28] §4]). Given such a set, one can single out the family X of all subsets
with nonempty intersection. The local finiteness assumption implies that X is an
abstract simplicial complex on the vertex set «/. Moreover, every nonempty in-
tersection of hyperplanes is an affine subspace with a well-defined codimension:
this allows us to define a function p : X — IN that associates to every element of
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X the codimension of the corresponding intersection. The triple (7, X, p) is an
example of a semimatroid.

Formally, a semimatroid is any triple . := (S, X, p) consisting of a set S, a
finite-dimensional simplicial complex X on the vertex set S and a function p :
X — N satisfying a list of axioms that we will not need to specify (see [4}33] for
the original definition and [28] for the infinite case). The rank of the semimatroid
& is the maximum value of p, which we denote by p(.#). The axioms imply that
this is a finite number.

Associated to every semimatroid . are two posets.

e The poset of independent sets is the set
)= {leX|p() = [I}}

partially ordered by inclusion. This is the poset of faces of an abstract
simplicial complex on the vertex set S.
e The poset of closed sets (or flats) is the set

L(F):={Fe X |p(F) > p(F) forall F 2 F}
partially ordered by inclusion.

Remark 8.1. Both posets are geometric semilattices in the sense of Wachs and
Walker [59]. In particular, they are bounded-below and pure [59, Proposition
2.4]. Moreover, every geometric semilattice is the poset of flats of a (possibly
infinite) semimatroid [28, Theorem E].

We now review a notion of group actions on semimatroids. The guiding in-
tuition here is that, in the context of our motivating example, we would like to
model periodic affine hyperplane arrangements — i.e., arrangements on which a
discrete group of translations acts. In fact, when the semimatroid is associated to
an affine arrangement of hyperplanes, the poset of flats is isomorphic to the poset
of all intersections of subspaces in the arrangement ordered by reverse inclusion
(see, e.g., Section EI)

Definition 8.2 (Compare [28| §3]). Let G be a group. A G-semimatroid & : G O
# is an action of G on a semimatroid ./ = (S,X,p), i.e.,, an action of G by
permutations of S that preserves X and p. Furthermore, we require that there is
a finite number of orbits of elements of X. The rank of G is p(&) := p(.), the
maximum of p over X.

Such a G-semimatroid is called translative if, for every s € S, {g(s),s} € X
implies g(s) = s. The G-semimatroid is called (k-)refined if, in addition to being
translative, G is a free Abelian group and there is k € IN such that, for every
x € X, stab(x) is a direct summand of rank k(p(.%) — p(x)).

Every G-action on a semimatroid .7 induces an action of G by automorphisms
on the posets J(.) and £(.¥). If the G-semimatroid is translative, resp. refined,
then so are the induced actions on both posets. Conversely, every action on J(.7)
induces an action on . and every action on a geometric semilattice induces an
action on the associated (simple) semimatroid.
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Definition 8.3. Given a G-semimatroid & : G O . define the posets

Kes :=K()/G Js :=9()/G Ps = L(S)/G.
Remark 8.4.
(i) By the finiteness requirement in Definition Js, Ps and Kg are all
finite.

(ii) Both Jg and Pg are pure (e.g., by Lemma , bounded-below and
graded of length p(.’). The poset rank of an element X of either poset
equals p(X).

(iii) If & is a translative G-semimatroid, then Jg and K g are simplicial posets.

The above definitions and terminology were motivated in [28] by the case of
periodic affine hyperplane arrangements related to Abelian arrangements, as we
will discuss later. However, these definitions are strictly more general, see [28].

Definition 8.5. Let Eg := S/G denote the (finite) set of orbits of elements of ..
The support of an orbit is given by the function

Supp : Ks —2Fs, G{x1,...,xx} — {Gxq,..., Gxy }.

For every o € X, we will write supp(«) := Supp(Ga), the support of the orbit of
o.
In general, given A € Eg we let mg(A) := | Supp ! (A)| be the number of all
orbits X € Xg such that Supp X = A - thus m(A) # 0 if and only if A € Supp Kg.
Moreover, for A < Eg write p(A) for the rank p(X) of any X € Supp’l(A) and
let .7 := (Es, Supp(Ks), p).

Remark 8.6. The set Supp(Js) is a simplicial complex. The triple .7 is a semi-
matroid if and only if & : G U . is translative [28, Theorem A]. In this case,
Supp(Jg) is the associated simplicial complex of independent sets.

8.2. Tutte polynomials and h-polynomials.

Definition 8.7. Let G : G 1D . denote a translative action of G on a semimatroid
7 of rank d. The Tutte polynomial of & is

Teloy) = D) meg(A)(x—1)472A) [y —1)lAl=e(r),
ACEg
Remark 8.8. Notice that A < Eg is central in the semimatroid . if and only
if mg(A) # 0, hence Tg(x,y) is a "weighting” of the Tutte polynomial of .7
defined in [4]. If & is associated to the action of the group of translations of a
periodic hyperplane arrangement and . is in fact a matroid, then Tg (x,y) is the
arithmetic Tutte polynomial of the corresponding toric arrangement [44].
Lemma 8.9. Let & be a translative G-semimatroid of rank d. Then
(i) The h-polynomial of the simplicial poset I is
hye (1) = t9Ts(1/1,1),
and the characteristic polynomial of I is

X7s (1) = (-1)4Te (1 - t,1).
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(ii) The characteristic polynomial of the poset Pg is

Xpg (1) = (-1)9Ts (1 - ,0).
Proof. Item (ii) is [28] Theorem F]. In order to prove item (i), start by noticing that
the number of orbits of independent sets of rank i in Jg is

fiille)= >, mel(A).
ACtg
p(A)=|Al=i

Therefore, with Remark [8.4](ii) we can write

df d 1_t d—i 1-t d—
hye(t) St9) fi1(P) <t) = t4 me(A) <t>
i=1 ACEg
p(A)=IA]
1\ 4 1
=td ) mel(A) ( - 1) OIAI0 M) £ 47 (td)'

t
ACEg
The formula for the characteristic polynomial of Jg follows with Remark O

p(A)

8.3. Some structure theory of G-semimatroids. Throughout this section let & :
G U & denote the action of a group G on a semimatroid . = (S, X, p). First, let
us recall the notion of contraction and deletion for semimatroids. In the following,
given any collection XX < 2% of subsets of a set S and given any A < S, we write
X/A ={X<S\A|XUAeX}and X[A] := {X e X | X A} (the latter system of
sets is commonly also written as X\ (S\A)).

Definition 8.10 (see, e.g., [4, § 7]). Let .¥ = (S, X, p) be a semimatroid and let
a < S. The restriction of . to « is the semimatroid

o] = (o, Ko, pjgciag)
If x € X, we can also define the contraction of «x in . as
y/oc = (S\(XI fK:/(X, p/oc)
where p /o (X) = p(X U ) — p(e) for all X € K/ax.

Remark 8.11. For the poset of independent sets we have J(.Z[a]) = I(7)[«].
Complexes of independent sets of semimatroids are shellable; in particular, they
are homotopy Cohen—-Macaulay [9].

Remark 8.12. For every A < Supp(Xg) we can choose o € X such that supp o« =
A. If G is Abelian and & is translative, then stab(x) = ()¢, stab(s) does not
depend on the choice of «. In particular, stab(A) is well-defined as the stabiliser
of any such o.

Definition 8.13. Let & : G O . be a refined G-semimatroid and let X € Eg. As
is customary, write UX = |, cx x. The restriction of & to X is

S[X] : G/stab(X) O L[uX].
Moreover, for any A € Kg we define the contraction
S/A :stab(a) O S/

where « is any representative of the orbit A, i.e,, A = Ga.
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Remark 8.14. For every « € X there are poset isomorphisms
LS /) =~ L(L )za(a), IS /H) =T )zp

where 3 is any maximal independent subset of o and cl denotes semimatroid
closure (see [28] Definition 3.27]). Thus,

Ps/ca = (Pe)>Ga
for every Ga € Pg, and

Js/6a ~ Us)>cp
for all « € X and every maximal independent 3 < «.

Remark 8.15. From Lemma and Lemma follows that restrictions and
contractions of refined G-semimatroids are refined.

8.4. Refined quotients of independence complexes. In this section let S : G O
.# be a refined action.

Definition 8.16. Given any X = {x1,...,xx} € Supp(Jg) let

Kk
GX) .= G/stabg (X), HX) .= (—B HEX) where HEX) = stab 5 ) (X\{xi}).
i=1
Notice that, for all i # j, HEX) ~HX ¢ stab(x)(X) = 0 in GX). Therefore, the

J
X) (X)

sum defining HX) is direct in GX) and so H(X) is free Abelian of maximal rank

in GX), Thus we can define the number

Moreover, let
dg :=lem{ds (X) | X € SuppIs}.

This definition is motivated by the following fact.

Lemma 8.17. Let X € Supp(@). Then Jgx) is acyclic through codimension 1 in
characteristic O and every characteristic not dividing 6 (X).

Proof. Recall that &[X] is GX) 1y .#[uX], and induces a refined action GX) 1)
J[UX]. As a set, J[UX] is an abstract simplicial complex, and it is pure by Remark
Moreover, the induced action HX) oy 9[uX] is decoupled with respect to the

decomposition HX) = @]f:l ng). In order to see this notice first that, since

6I[X] is refined, the rank of the (free Abelian) group ng] is a nonzero multiple of
(X)
P i

the trivial group. The fact that the action of GX) is refined also implies that the
stabilizer of any maximal element of J[UX] is stab,x)(X) < stabsx) (X) = {0},

p(X) = [X|, and since X is not empty by assumption we conclude that H;"" is not

thus the action of HX) is free on facets. Now write X = {xi,...,x}. Given
B = {s1,..., sk} with s; € x; for all i, we have stab,(x) (B\{s1}) = stabsx) (X\x{) =

HEX), where the first equality holds because freeness on facets implies that in the

definition of HX) every summand other than stabx)(X\x;) fails to stabilize
some element of 3\{s;}.
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Thus, the poset I[UX]/H(X) is homotopy Cohen-Macaulay by Theorem since
J[uX] is shellable (see Remark . Moreover, the action of the (finite) group
K := GX)/HX) on J[UX]/HX) is translative (Lemma (b)). Now by Lemma
(a) we have Jgx) =~ (J[UX]/ HX)) /K, and the claim follows with Lemma
and [15 Chapter III, Theorem 2.4]. ]

We now proceed with two properties of the numbers 6.

Lemma 8.18. If X < Y in Supp(Jg), then d(X) divides g (Y). In particular
dg =lem{ds(B) | B € maxSupp(Js)},

i.e., dg can be computed as the least common multiple of the dg (B) where B ranges over
the bases of the semimatroid 7.

Proof. Translativity of the action implies stabg (Y) < stabg (X) and thus the exis-
tence of a surjective (quotient) homomorphism 7t: G(Y) — GX). Now, for every
y € Y\X, stabg (Y\{y}) < stabg(X) and therefore 7t(stab (v, (Y\{y})) = {0}. On the
other hand, if x € X then stabg (Y\{x}) < stabg (X\{x}) and, passing to the quo-
tients, 7t(stab(v) (Y\{x})) < stab;x) (X\{x}). Thus, 7t restricts to a map HY) —
H®X), and so it induces a group homomorphism q : GV /HY) — G(X) /H(X)
fitting in the following diagram where we see that (e.g. by the Snake Lemma) the
cokernel of q is trivial.

0 — HY) G(Y) GYI/HY) —— 0
b :
0 — HX) GX) GXI/HX) —— 0

Surjectivity of q implies that 5g(X) = |G(X)/H(X)| divides 5g(Y) = \G(Y)/H(Y)|.
[l

Lemma 8.19. Let A € K. Then dg /a divides dg. In particular, CM(8g /a ) implies
CM(bg).

Proof. Choose « € KX such that A = Gx and a 3 = {s1,..., sk} € J maximal such
that B < «. Then, let K := stabg(«) = stabg () (the equality because of [28]
Lemma 8.1.(b)], where only translativity is used) and notice that Jg /o ~ J>p/K

(by Remark and Lemma ().
Given X € Supp(Jg /), choose 0 = {sk1,...,s1} such that X = Supp(Ko) and

B woed, and let
X" :=Supp(G(B w o)) € Supp(Js).
It is now enough to prove that, for every such X, 8¢ /A (X) divides dg (X"). In
order to do that, first notice that with the notation introduced above we have

K/ stab (X) & stabg (B)/ stabgiap,. () (0) & stabg (B)/ stabg (B) A stabg (o)

=stabg(p)/stabg(p v 0) df stab . (x/) (B)
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where the equality at the break of the line uses translativity of the action (Remark
B.7). Using this identity and noticing that, for every i =k +1,...,1 we have

(g)(0\{si}) = stabx/) (B w o\{si}),

we can expand the definitions. We start by writing

stab
stab G(X")

!
dg/aX) = lstabG(X/)([S) P stab; x/ (B w G\{Si})] .

i=k+1

Let us call U the direct sum on the right-hand side. We compare this with
1
5e(X!) = [G(X V@ stab x) (B @ 0)\{51})] :
i=1

Now since the action of GX') is refined, we can write G(X') = stab x/ (B) ®W
for some subgroup W. Setting for brevity U’ := ®¥_; stab(x/) (B w o\{si}), it is
now enough to prove that the map

f i StabG(X/) ([?)) _ StabG(X/) (B) @W

’ u uepu’ ’

is an injection. In fact, in this case 8¢ /A (X) = |stabx/)(B)/U] is the cardinality
of a subgroup of a group of cardinality §g(X’), thus the former divides the latter.

Now injectivity of f is a straightforward computation, thus the lemma is proved.
O

g+Um—g@0+uau’

Theorem 4. Let & be a refined G-semimatroid. Then Jg is CM(8g) (i.e., Cohen—
Macaulay in characteristic O and every characteristic that does not divide 0 ).

Proof of Theorem |4, We use Remark and proceed by induction on the rank of
G, the case of rank 0 being trivial. Suppose then that & has positive rank and
notice that, for every X € Jg, the poset (Jg)>x ~ Jg /x is CM(8¢ /x) by induction
hypothesis, and thus also CM(8g) by Lemma Since every lower open inter-
val in Jg is the boundary of a simplex (because Jg is a simplicial poset), in order
to prove the claim it is enough to prove that Jg is acyclic through codimension 1
in characteristic 0 and every characteristic that does not divide 6.
To this end, consider the restriction of the (order-preserving) support map

Supp : Jg — Supp(Js).

Since the action is translative, by Remark [8.6] the poset Supp(Jg ) is the geometric
semilattice of independent sets of a semimatroid - and thus it is pure and ho-
motopy Cohen-Macaulay [9]. In particular, Supp(J&)ssupp(x) is well-connected
(and hence acyclic through codimension 1 in any characteristic) for all X € Jg.
Now, one also checks that, for every X e Is,

Supp ™! (Supp((Ts)<x)) = Ts[x)-

By Lemma this poset is acyclic through codimension 1 in characteristic 0
and every characteristic not dividing 8 (X). Now an application of Lemma[4.2]to
the order-preserving map Supp proves the claim (compare also Remark {3). [
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8.5. On Stanley—Reisner rings of G-semimatroids. In analogy with (and extend-
ing) classical matroid theory, it is now natural to state the following definition.

Definition 8.20. Given a G-semimatroid & let
Re =R({Js)
be the Stanley—Reisner ring of &.
From our results the following facts follow immediately.

Proposition 8.21. Let & be a G-semimatroid of rank d.

o If & is translative, R is isomorphic to the Stanley ring associated to the (finite)
simplicial poset Jg.

o If G is the trivial group, Rg is isomorphic to the classical Stanley—-Reisner ring
of the (independence complex of the) underlying (semi)matroid.

o If G is refined, then the poset Js is CM(8g), and in particular it is (d — 2)-
acyclic in every characteristic that does not divide dg, thus

Ha-1(0e,Q) ~ Q1o (1.

o If & is refined, then the associated Stanley—Reisner ring is Cohen—Macaulay
in characteristic O and every characteristic that does not divide dg, with h-
polynomial hy (t) = t9Te (1/t,1).

8.6. On refined quotients of geometric semilattices. As a byproduct of our pre-
vious considerations we can prove the following result on the topology of quo-
tients of geometric semilattices.

Theorem 5. If & is a refined G-semimatroid, then the poset P is CM(8g).
We postpone the proof of this theorem until after some preparatory work.

Remark 8.22. The restriction on the characteristic in Theorem [f] is only due to
the corresponding limitation in Theorem [d In fact, Proposition shows that
in any contraction-closed class of group actions on semimatroids, Pg is Cohen—
Macaulay “of the same class” as J.

Corollary 8.23. More precisely, if & : G O .7 is a refined action on a semimatroid
of rank d,

~ = {0} ifi<d-2
H;i (TG/Q) = { QTG(O,O) fi=d-1

If P/G is bounded above, then clearly P/G\{0} is contractible. In this case,

< =— ({0} ifi<d-2
e (?G'Q) B { Q T fi=d-1

Proof. The Corollary’s claim for i < d —2 is a reformulation of the connectivity
claim in the Theorem. The claims for i = d — 1 follow using Lemma and
Lemma[8.9 O

The following proposition is the key tool in the proof of Theorem
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Proposition 8.24. If J as well as every P, for all p € P are well-connected, then
Pg is homotopy Cohen—Macaulay. The homological version of the claim also holds (by
fixing a characteristic, say k, and replacing “well-connected” with “acyclic in characteris-
tic k through codimension 1” and “homotopy Cohen—Macaulay” with “Cohen—-Macaulay
in characteristic k”).

Proof. By Remark |4.5| we have to prove that every open interval (x,y) < Pe is
(£(x,y) — 1)-connected (resp., if a characteristic k is fixed, (£(x,y) — 1)-acyclic in
characteristic k). If y # 1 this is true because Lemma implies that bounded
intervals in Pg are isomorphic to bounded intervals in £(.#), but bounded inter-
vals in £(.7) are geometric lattices [59, Theorem 2.1], hence their reduced order
complexes are (homotopically) well-connected (and in particular acyclic through
codimension 1 in every characteristic). We have to prove that, for every Gx € Pg,
the poset (Ps)>cgx is (U((Ps)>cx) —1) = (tk((Ps)>cx) — 2)-connected (resp.
(rk((Ps)>Gx) — 2)-acyclic in characteristic k). If Gx € Pg this is true by assump-
tion since, with Lemma we have that (Ps)>6x = Ps,/Gx-

We are left with proving that Pg is (p(&) — 2)-connected (resp. -acyclic). This
will follow from the assumption on Jg via Lemma The posets Jg and Pg are
both graded of the same length (p(&) — 1). The equivariant and rank-preserving
poset map cl : I(.¥) — L(.) given by semimatroid closure (see [28, Definition
3.27]) induces a rank preserving poset map

f:ls — Ps, GI — Gcl(I)

The claim now follows by Lemmaapplied to f witht = (p(&) —2): we only
check that Lemma’s assumptions. Let henceforth rk denote the rank function of
the poset Pg and fix p € Ps. Then, rk(p) > 0 and {((Pg)<p) = rk(p) — 2 (where
we take the length of the empty poset to be —1).

(1) By Lemma(i) and Lemma (ii), the poset (Pg)>p is isomorphic to
P& /p and thus by assumption it is (d —rk(p) —2) = (t - €((E)<p) —2)-
connected (resp. -acyclic over K).

(2) We are left with showing that 1 ((%)gp) is (rk(p) — 2)-connected. This
will follow from the fact that it is isomorphic to the poset of (proper)
faces of the independence complex of a rank rk(p) matroid, which is clas-
sically known to be (rk(p) — 2)-connected [10], and thus in particular also
(rk(p) — 2)-acyclic in every characteristic. This isomorphism is proved in
the next claim which, then, concludes the proof of the theorem.

More precisely, we fix a representative F € p and consider the (rank
rk(p)) matroid .7[F], the restriction of .7 to F. We write J[F] for the poset
of independent sets of this matroid and note that the poset of flats of .#[F]
is naturally isomorphic to £(.%)<F.

Claim. We claim that the quotient map by the G-action induces a
poset isomorphism

v I — H(Pe)<p)-
Proof of claim. Since both posets are finite, it will suffice to prove that

v is a bijective order-preserving map. Write £ instead of £(.7) for
brevity, and consider the diagram
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f1((Ps)<p) —— (Ps)<p

[ |

Lor

where cl is the closure map of the matroid .”’[F] and « : X — GX
denotes the restriction of the quotient map of the action on £. The
maps f, cl and o are rank-preserving by definition, and « is a poset
isomorphism because the group action is translative.

For every I € J[F], since I < F and cl(F) = F we have cl(I) € L<F.
Unwrapping the definitions we see that fy(I) = Gcl(I) = «cl(I) €
(%)gp, thus the map v is well-defined and the diagram commutes.
That y is order-preserving follows because it is the restriction of the
(order-preserving) quotient map on J(.%).

Moreover, given any q € f_l((%)gp) consider the element X :=
«~1(f(q)) and let I < X be such that ¢ = GI. Then I is independent
and I € X € F, hence I € J[F] and clearly y(I) = GI = g, hence v is
surjective.

Finally, any I’ € J[F] with yI’ = q = GI satisfies gI’ = I for some g €
hence, by translativity of the action on J(.#), we must have I = I’
and so v is injective.

As a bijective order-preserving map between finite posets, v is a
poset-isomorphism as claimed.

O

Proof of Theorem 5} We argue by induction on d := p(&). The claim trivially holds
if p(&) = 0. Now suppose that G has rank d > 1 and that the claim holds in
every lower rank. By Theorem @ Js is CM(8s). Moreover, for every p € Pg by
induction hypothesis the poset Pg /,, is CM(8g /), hence in particular CM (3¢ )

(Lemma 8.19). Thus we conclude by applying Proposition

O

9. APPLICATIONS TO ARRANGEMENTS

In this section we show that our definitions, and the level of generality of our
theorems, do encompass one of the main motivating examples, namely that of
certain algebraically defined arrangements of submanifolds which generalize the
classical setting of arrangements of hyperplanes in vector spaces. Just as every
hyperplane arrangement has an associated (semi)matroid, these larger classes of
geometric objects have a natural associated G-semimatroid (the case of hyper-
planes being recovered by trivial group actions). Here we review the definition
of Abelian (incl. toric and elliptic) arrangements and of (p, q)-arrangements, and
we prove that the associated Stanley—Reisner rings satisfy our theorems. Even
though (p, q)-arrangements can be seen as generalizations of Abelian arrange-
ments (see Remark [0.7), we treat Abelian arrangements separately because they
(and especially their subclass of toric arrangements) are in the focus of a substan-
tial dedicated literature, see
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9.1. Abelian arrangements. As was briefly discussed in the introduction, one of
our main motivations comes from the theory of arrangements, and in particular
from the desire to uniformly treat Abelian arrangements in a way that generalizes
the classical theory of hyperplane arrangements (see, e.g., [26]). To make the
definition in Section slightly more explicit, let G stand for one of C,C* or
E, an elliptic curve, seen as complex algebraic groups, and let A be the lattice of
group homomorphisms G4 > G. Any choiceof aj,...,an € Aand by,...,bn € G
determines an arrangement

o = {H; = afl(bi) li=1,...,n}

of hypersurfaces in GY. We call this an Abelian arrangement. 1t is called a linear,
toric, elliptic arrangement if G is C, respectively C* or E. The arrangement is
called essential if the ai’s span a full-rank sublattice of A.

A central arrangement is one where b; = idg for alli = 1,...,n. A deep
enumerative-combinatorial study of central arrangements, with special attention
to the linear and toric case, has led to the introduction of arithmetic Tutte poly-
nomials [44] and arithmetic matroids [14, 23]. Questions about commutative-
algebraic interpretations of some of the polynomials arising in this context led
to attempts at modeling the poset J(o7) of “independent sets” in the linear and
(central) toric case, defined to be the set of pairs (X, c) where X is a (Q-)linearly
independent subset of {a;}; and c is a connected component of the intersection
of the corresponding hypersurfaces [36] 40]

In the general (noncentral) case, one may still look at the poset of layers C(.2/)
described in Section The arithmetic matroid of the {a;}; as well as — in
the linear and toric case — the rational cohomology algebra of the arrangement’s
complement can be recovered from C(.<7) [21]. On the other hand, Pagaria [48] ex-
hibited a pair of central toric arrangements with isomorphic arithmetic matroids
(and matroids over Z) but non-isomorphic posets of layers.

In order to model these posets we take the approach of [28], and consider the
(topological) universal covering morphism

n:C4 - G4,
The lift of &/ through this universal covering is a set /| of (affine) complex
codimension 1 subspaces which is invariant under deck transformations. Now,
the group of deck transformations acts by translations on C¢ and is isomorphic to
Z*4 withk=0,1,2 according to whether we are in the linear, toric, respectively
the elliptic case.

Example 9.1. Let us take G = C* and d = 3, so that A = Z3. Consider the
arrangement defined by ay, ..., a4 given as the columns of the matrix

1 113
05 05
00 5 5

IThe definitions in [36] 40] are formally in terms of pairs (X, g) where g is a torsion element
of the quotient group A/{X)z. Such torsion elements are however in (natural) bijection with the
connected components of the intersection of the hypersurfaces determined by the elements of X (see,
e.g., [44.128]).
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and b; = ... = by = 0. The associated arrangement < is a central and essential
arrangement in the torus (C*)3, and it was first considered in [47]. The arrange-
ment <7 | is the set {Hi;}ijez of all hyperplanes H;; = {z € C3| aiz" =i}

As is well-known [4, 28], every affine hyperplane arrangement such as A' de-
fines a semimatroid whose semilattice of flats is isomorphic to the arrangement’s
poset of intersections. In our case, associated to /| we have a semimatroid
S = (S,%,1k) with £(.#) ~ €(«/!). On this semimatroid the group of deck
transformations acts, defining a Z*%-semimatroid & .

Lemma 9.2. Let o/ be an Abelian arrangement. Then & 4/ is well-defined. Moreover,
()Js,, ~IA); (i) Ps,, ~ C(); (iii) S o is refined if </ is essential.
More precisely, & ., is 0,1, 2-refined according to whether <7 is a linear, toric or elliptic

essential arrangement.

Remark 9.3. If &/ is toric and central, then Tg , (x,y) corresponds to the arith-
metic Tutte polynomial of the list of elements ay, ..., an of the Abelian group A,
see [44].

Proof of Lemma We start with a general remark by recalling that X is given by
all sets of hyperplanes with nonempty intersection. Orbits of X under the deck
transformation group correspond bijectively to pairs (X, c) where X < o/ and c is
a connected component of the intersection of the hypersurfaces in X.

Since & is finite and any intersection has only finitely many components, the
finiteness-of-orbits condition in Definition [8.2) follows and so &, is well-defined.

For (i) and (ii), notice that J(.) and £(.¥) are subsets of X, and orbits of the
induced action are, respectively,

- for Jg ,: pairs (X, c) where the characters defining the elements of X are
linearly independent (over Q);

- for Pg ,: pairs (X, c) where the characters defining the elements of X form
a subset of {a;}; that is closed under linear dependency (over Q).

Comparing these descriptions with the definitions given above, claims (i) and (ii)
follow.

For (iii) we first notice that the action is translative (see Example , then we
separate the three cases. In the linear case, the group is trivial, hence the action is
clearly O-refined. In the toric and elliptic case we can choose coordinates so that
the action of the deck transformation group coincides with addition by elements
of the sublattices Ly := Z4 < C4, resp. Le := Z9 +iz% < C4. The stabilizer
subgroup of an affine subspace W equals the stabilizer subgroup of its translate
at the origin Wy, namely Wy n Ly, resp. Wy n Le. Being pure, the stabilizer is a
direct summand of Ly, resp. Le, of rank equal to dime¢ W (resp. 2dim¢e W). Now,
essentiality of &/ implies that the minimal intersections of </ have dimension 0,
and so that the poset rank of W in C(&/ M equals the codimension of W: p(W) =
d — dim¢ W. The stabilizer of W has then rank d — p(W) (resp. 2(d — p(W))). Via
the isomorphism C(.o/ " ~ £(.#) we conclude that the stabilizer of every subset
X € X, which coincides with the stabilizer of the intersection associated to X, has
rank d — p(X) (resp. 2(d — p(X))). This proves that &, is 1-refined, resp. 2-refined
depending on whether we are in the toric or elliptic case. O
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We are naturally led to the following definition.

Definition 9.4. Let </ be an Abelian arrangement. The Stanley—Reisner ring of
o is R() = Rg .

Our point of view allows us to also immediately deduce some properties of
those rings for the general case of Abelian arrangements, which we state in the
following summary of our results in the general context of the theory of Abelian
arrangements.

Theorem 6. Let o7 be an Abelian arrangement (i.e., a linear, toric or elliptic arrange-
ment) with associated G-semimatroid S ;. Let v denote the rank of S .y and recall the

number dg , from Definition
(i) The poset C(</) is CM(dg ). Moreover, Xe()(t) = (=1)"Ts_, (1 —t,0).
Its (topological) Betti numbers are evaluations of the action’s Tutte polynomial
according to Corollary[8.23]

(i1) The simplicial poset I(</) is CM(8s ), and its characteristic polynomial is
Xg(w)(t) = (=1 Ts_, (1 -1t,1).

(iii) The arrangement’s Stanley—Reisner ring R(o/) is Cohen—Macaulay in charac-
teristic 0 and every characteristic not dividing ds ,. This ring is isomorphic
to the ring of invariants of the Stanley—Reisner ring associated to the periodic
hyperplane arrangement <7 1.

(iv) The h-polynomial of R(</) is t'Ts , (%, 1).

Proof. Item (i) is Theorem [5} item (ii) follows from Theorem E] and [9, K9], (iii)
combines Theorem 2]and Theorem [1} Finally, (iv) follows with Lemma [8.9}(i). O

Remark 9.5. Notice that when &7 is central and toric, via the case k = 1 of Lemma
we recover the ring of [36) 40], where item (iv) of Theorem [f]is proved in the
corresponding situation.

Example 9.6 (Continued from Example . The additive group of translations
G = Z3 < C3 acts on the arrangement </ | and hence also on its semimatroid. Ev-
ery intersection X of the hyperplanes from .7 is parallel to some linear subspace
Xp obtained intersecting the hyperplanes of the arrangement <% = {H;i}i—1, 4.
Any translation stabilizes globally X if and only if it stabilizes Xp: hence X and
Xo have the the same stabilizer subgroup. Now, stab(Xg) = Z3 ~ Xy is a direct
summand of Z3, free of rank equal to the dimension of Xy and X, namely - since
L(e") is ordered by reverse inclusion — equal to (3 — rk(X)), showing that the
action & : G O £(«/1) is 1-refined as is expected for a toric arrangement.

Let us now compute the number §g. A maximal independent set of the semi-
matroid associated to <! is a triple B := {Hi, 5,,Hi, j,, His 5} of hyperplanes
whose intersection is nonempty (and has dimension 0). Now, the stabilizer of B is
trivial, therefore G(B) = G. We have HgB) = stabg (B\Hj, j,) = Z3 n Hi, 0 N Hi,o,
a subgroup of rank 1 of which we can choose a generator wy, and similarly we
can choose generators wy for HéB) and wj for HéB). These w; are well-defined
up to sign reversal. Then, 6 (B) = | det(wq, wp, w3)|. The following table lists the
different values for all possible B.
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B (ordered) wy Wy w3 ds(B)
5 0 0
Hy ., Ho s, H3 -1 1 0 5
-1 0 1
5 0 0
Hy ., Ho s, Ha -1 1 0 5
-2 -1 1
5 0 0
Hy ., Ha 5, Ha -2 1 1 5
-1 -1 0
5 5 5
Ho,x, H3 5, Ha 4 -2 -1 -1 5
-1 -2 -1

We conclude that g = gcd{5,5,5,5} = 5, hence both (&) and C(«) are
Cohen-Macaulay in characteristic 0 and every characteristic that does not divide
5. In fact, as was computed in [49] Section 8], for both posets the first integer ho-
mology group is Z/5Z (while the second homology group is free in both cases).

9.2. (p, q)-arrangements. We close by considering a class of arrangements intro-
duced by Liu, Tran and Yoshinaga [37], which we call “(p, q)-arrangements”.
Given two integers p, q € IN, consider the connected Abelian Lie group

Gp,q = (SHP x RY.
Every a € Z4 induces a group homomorphism ¢@q : (Gp,q)¢ — Gp,q, 2 — >, aizi.
Every finite subset A = Z\{0} defines the (p, q)-arrangement

of ={ker ¢q | a € A}.

Remark 9.7. Central linear arrangements can be naturally regarded as (0,2)-
arrangements; central toric arrangements as (1,1)-arrangements, and central el-
liptic arrangements as (2, 0)-arrangements.

We can identify the universal cover of Gy q with RP x R9, and the arrange-
ment <7 in (Gp,q)? lifts to a ZP%-periodic arrangement </ of affine subspaces
in (RP x R9)4.

Lemma 9.8. The poset of intersections C(</!) is a geometric semilattice. Thus, o
naturally defines a ZP %-semimatroid G .

Proof. Write (Gp,q)d as ((S1)4)P x (R4)9. Then, for every homomorphism ¢
the hypersurface ker @ is of the form (Kq)P x (Hgo))q, where Kq := {x e (S1)¢ |
[Ii(x{)% =1} and, for every k € Z, we define the hyperplane HY = {ye R4 |
> aiyi = k}. Accordingly, passing to the universal cover, the elements of the
arrangement /! are all affine subspaces of the form

Sax:i= Hgk) X ... X HElk] X HE{” X ... X% HEIO)

p times q times

foragivenk e Z and a € A.
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Consider the affine hyperplane arrangement % = {Hgk) |ae A keZ}in R4
and, for every affine subspace V of R4, let V; denote its translate at the origin.
Then

Cler) ={VP x V§ | Ve e(£)}

from which we see that there is a poset isomorphism C(.«/ N ~ C(4A). Now, C(A)
is a geometric semilattice because # is an arrangement of hyperplanes. This
proves that C(.o/ Nisa geometric semilattice.

The action of ZP4 on €(«7!) is induced by its action on ./ " as the deck trans-
formation group of the universal covering of (Gyp,q)9, which coincides with the
action (by translations) of the discrete subgroup ZP% x {0}9¢ — R9P x R449,
This action is translative because it falls under Example Moreover, the sta-
bilizer of any VP x V' € €(«/!) is the subgroup (ZP% x {0}94)  (VF x Vj),
which is a direct summand of rank dim V(])D = pdimV. Now, via the isomor-
phism C() ~ C(AB) we see that the rank of VP x V(? in (1) equals the rank
of V in CG(4%), which is the codimension of V. We conclude that the action is
p-refined. O

In analogy with the previous sections we make the following definition.

Definition 9.9. Let &7 be a (p, q)-arrangement. The Stanley—Reisner ring of .27 is
R() =Rg -

Notice that, if <7 is the (p, q) arrangement associated to a linear, toric or elliptic
arrangement (cf. Remark we recover the rings defined in Subsection In
general, we immediately obtain the following analogue of Theorem [|

Theorem 7. Let <7 be a (p, q)-arrangement with associated G-semimatroid & . Let v
denote the rank of & ,; and recall the number dg , from Definition

(i) The poset C(</) is CM(dg ). Moreover, Xe(o)(t) = (=1)"Ts_, (1 —1,0).
Its (topological) Betti numbers are evaluations of the action’s Tutte polynomial
according to Corollary[8.23

(ii) The simplicial poset Js , is CM(ds ), and its characteristic polynomial is
(-D)'Ts , (1-1t,1).

(iii) The arrangement’s Stanley—Reisner ring R(.o/) is is Cohen—Macaulay in charac-
teristic 0 and every characteristic not dividing dg .
(iv) The h-polynomial of R(7) is t'Ts , (1,1).

Remark 9.10. For a (p, q)-arrangement </, the Tutte polynomial of G,/ in the
sense of [28], which we mention in Theorem [/]above, equals the G, 4-Tutte poly-
nomial considered by Liu, Tran and Yoshinaga [37, Proposition 3.6 and §4].
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