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outline

1. Planar PH curves: from cubics to quintics

2. Algebraic characterization: known -vs- new

3. Geometric characterization: known -vs- new
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planar Bézier curves

degree: n P N

control polygon: t pk P C u
n
k“0 ÝÑ t ek “ pk`1 ´ pk u

n´1
k“0

Bernstein basis: Bn
k ptq “

ˆ

n

k

˙

p1 ´ tqn´k tk, k “ 0, . . . , n

Bézier curve:

r : R ÝÑ C

t ÝÑ

n
ÿ

k“0

pk B
n
k ptq

ñ r1
ptq “ n

n´1
ÿ

k“0

ek B
n´1
k ptq
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pythagorean-hodograph curves

pythagorean-hodograph: |r1
| is a real polynomial

Theorem (Kubota - 1972 / Lü - 1995 / Wang, Fang - 2009)

A regular Bézier curve r is a (primitive) PH curve if and only if

r1
ptq “ wptq2

for some complex polynomial w with wptq ‰ 0 for t P R
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cubic PH curves

degpr1
q “ 2 ðñ degpwq “ 1

3
2

ÿ

k“0

ek B
2
kptq “ r1

ptq “ p w0 p1 ´ tq ` w1 t q
2

“ w2
0 B

2
0ptq ` w0w1 B

2
1ptq ` w2

1 B
2
2ptq

Algebraic characterization (Farouki - 1994)

A regular cubic Bézier curve r is a PH curve if and only if

e0 e2 “ e2
1
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cubic PH curves

Geometric characterization (Farouki - 1994)

A regular cubic Bézier curve r is a PH curve if and only if

△pp0,p1,p2q is similar to △pp1,p2,p3q

p0

p1 p2

p3
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quintic PH curves

degpr1
q “ 4 ðñ degpwq “ 2

5
4

ÿ

k“0

ek B
4
kptq “ r1

ptq “
`

w0p1 ´ tq2 ` 2w1p1 ´ tqt ` w2t
2

˘2

ó

5e0 “ w2
0, 5e1 “ w0w1, 5e2 “

2w2
1 ` w0w2

3
, 5e3 “ w1w2, 5e4 “ w2

2
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known algebraic characterization
Theorem (Farouki - 1994)

A regular quintic Bézier curve r is a PH curve if and only if its control edges
satisfy

e0 e
2
3 “ e2

1 e4

and are consistent with the six constraints

3e0e1e2 ´ e2
0e3 ´ 2e3

1 “ 0

3e4e3e2 ´ e2
4e1 ´ 2e3

3 “ 0

3e0e3e2 ´ e4e0e1 ´ 2e2
1e3 “ 0

3e4e1e2 ´ e0e4e3 ´ 2e2
3e1 “ 0

9e0e
2
2 ´ 6e2

1e2 ´ 2e0e1e3 ´ e2
0e4 “ 0

9e4e
2
2 ´ 6e2

3e2 ´ 2e4e3e1 ´ e2
4e0 “ 0
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a key observation

Since w0w2 ‰ 0,

5
4

ÿ

k“0

ek B
4
kptq “ r1

ptq “
`

w0p1 ´ tq2 ` 2w1p1 ´ tqt ` w2t
2

˘2

“ 5k

ˆ

up1 ´ tq2 ` 2vp1 ´ tqt `
1

u
t2

˙2

ó

e0 “ ku2, e1 “ kuv, e2 “ k
2v2 ` 1

3
, e3 “ k

v

u
, e4 “ k

1

u2
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what’s the “core” of the matter?

e0 “ ku2 , e1 “ kuv, e2 “ k
2v2 ` 1

3
, e3 “ k

v

u
, e4 “ k

1

u2

ó

k2
“ e0 e4

which root?
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what’s the “core” of the matter?

e0 “ ku2 , e1 “ kuv , e2 “ k
2v2 ` 1

3
, e3 “ k

v

u
, e4 “ k

1

u2

ó

k “
e0e3

e1

“
e1e4

e3

undefined for e1, e3 “ 0
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what’s the “core” of the matter?

e0 “ ku2 , e1 “ kuv , e2 “ k
2v2 ` 1

3
, e3 “ k

v

u
, e4 “ k

1

u2

ó

k :“ 3e2 ´

ˆ

e2
1

e0

`
e2
3

e4

˙

kern, defined for every regular quintics
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new algebraic characterization

Theorem (Hormann, Romani, V. - 2024)

A regular quintic Bézier curve r is a PH curve if and only if its control edges
satisfy

e0e4 “ k2

e0e4 “ 3ke2 ´ 2e1e3
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known geometric characterization
Theorem (Farouki - 1994)

A regular quintic Bézier curve r is a PH curve if and only if

|e1|

|e3|
“

d

|e0|

|e4|

arg
e0

e1

` arg
e3

e4

“ arg
e1

e2

` arg
e2

e3

3|e0||e1||e2| cos arg
e1

e2

“ |e0|
2
|e3| cos arg

e3

e4

` 2|e1|
3 cos arg

e0

e1

3|e0||e1||e2| sin arg
e1

e2

“ |e0|
2
|e3| sin arg

e3

e4

` 2|e1|
3 sin arg

e0

e1
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known geometric characterization

§ q1 P p0p1, q4 P p4p5 :

q1p2 ∥ p3q4

=pp0, q1,p2q “ =pp3, q4,p5q

§ q2 P q1p2, q3 P q4p3 :

=pp0,p1,p2q “ =pp1,p2, q3q

=pq2,p3,p4q “ =pp3,p4,p5q
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known geometric characterization
Theorem (Fang, Wang - 2018)

A regular quintic Bézier curve r is a PH curve if and only if the following
conditions hold

lpp2, q3,p3, q2q is a parallelogram

△pp1, q1,p2q is similar to △pp3, q4,p4q

2|e1|
2

“ 3|e0||p2 ´ q3|

2|e3|
2

“ 3|e4||q2 ´ p3|

|e0||e4| “ 9|p2 ´ q2|
2
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new geometric characterization

t2 :“ p3 ´ k and t3 :“ p2 ` k

Theorem (Hormann, Romani, V. - 2024)

A regular quintic Bézier curve is a PH curve if and only if

lpp0,p1,p2, t3q is similar to lpt2,p3,p4,p5q
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new geometric characterization
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new geometric characterization
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wrap-up

✓ New algebraic characterization of planar quintic PH curves:
§ minimal formulation with two equations
§ encompasses all special cases
§ structure similar to the one of the cubic case

✓ New geometric characterization of planar quintic PH curves:
§ only two auxiliary points and one similarity condition
§ no algebraic conditions needed
§ structure similar to the one of the cubic case

K. Hormann, L. Romani, A. Viscardi, New algebraic and geometric
characterizations of planar quintic Pythagorean-hodograph curves, CAGD, Vol.
108, 2024, 102256
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