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Buildings

Buildings and polyhedra

Buildings consist of chambers and apartments.

Definition
A n-dimensional euclidean (hyperbolic) building is a n-dimensional complex
X such that:
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Buildings

Buildings and polyhedra

Buildings consist of chambers and apartments.

Definition
A n-dimensional euclidean (hyperbolic) building is a n-dimensional complex
X such that:

» X is a union of tessellated nD-spaces (apartments)

» for any two chambers there is an apartment containing both of them

> if two apartments F; and F, have non-trivial intersection, then there is
an isomorphism from F; to F;, fixing F1 N Fp pointwise.




One-dimensional buildings: Cayley graphs of free groups
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The four-valent tree is the universal cover of the wedge of two circles.
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Example of an apartment: M.C.Escher - Circle Limit III
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Buildings

Polyhedra and links

Definition
A polyhedron is a two-dimensional complex which is obtained from several
decorated p-gons by identification of corresponding sides.

x3 x4 x5 x6 x0 x1 X2




Buildings

Polyhedra and links

Definition

Take a sphere of a small radius at a point of the polyhedron. The intersection
of the sphere with the polyhedron is a graph, which is called the link at this
point.

AB=BC=CA=m/3




Buildings

Polyhedra and links

We consider thick polyhedra, which means that each edge is contained in at
least three polygons.




Buildings

Example of a link

This graph has diameter (the maximal distance between two vertices) three
and girth (the length of the shortest cycle) six.
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Polyhedra and links

Theorem (Ballmann, Brin 1994)

Let X be a compact two-dimensional thick polyhedron. If all links are graphs of
diameter m and girth 2m, then the universal cover of the polyhedron is a
two-dimensional building.

A polygonal presentation is a set of words satisfying certain combinatorial
properties (AV, 2000).




Buildings

Polyhedra and links

Theorem (Ballmann, Brin 1994)

Let X be a compact two-dimensional thick polyhedron. If all links are graphs of
diameter m and girth 2m, then the universal cover of the polyhedron is a
two-dimensional building.

A polygonal presentation is a set of words satisfying certain combinatorial
properties (AV, 2000).

Theorem (AV,2002)

A polyhedron with given links can be constructed explicitly using a polygonal
presentation. Any connected bipartite graph can be realized as a link of every vertex
a 2-dimensional polyhedron with 2k-gonal faces.
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Arithmetic side of buildings

A Result of Jacobi
In p is an odd prime, the number of
(‘ZO/ aiy,az, 113) € Z4

such that
a5 +ai + a3 +a3 =p
is
8(p+1).
Suppose p = 1 (mod 4). Then exactly one 4; is odd and the number of
representations with 4y odd, a9 > 0, is
p+1

Consequence:
Let S, be the set of integer quaternions

a=ag+mi+aj+ask € H(Z)

with i?=j2=k?=ijk=—1and ay > 0, a9 odd, |a|?> = p. Then
[Sp| =p+1.




Arithmetic side of buildings

An Arithmetic Construction

If p = 1(mod 4) is prime, then x> = —1(mod p) has a solution in Z,

so, by Hensel’s Lemma, x> = —1 has a solution ip in Qp.
Define

Yp : H(Z) — PGL,(Qp)
by

apg +ayi, apy+asi
IPP (a) = iy 4a P N P
vl 31P ap Illlp

Theorem (Lubotzky, Phillips, Sarnak; Margulis1988)

¥p(Sp) contains p + 1 elements and generates a free group T, of rank (p +1) /2.
T acts freely and transitively on the vertices of the (p + 1)-regular tree T) 1.
Ramanujan graphs are Cayley graphs of PGLy(Z /qZ) with respect to generators

Pp(Sp) forp # q.
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Arithmetic side of buildings

Arithmetic constructions on products of trees

» Is it possible to get similar results for products of trees?

» Infinite series of lattices acting on products of trees of different valencies:
Burger-Mozes (2000), Rattaggi (2004)

» Arithmetic lattices acting on products of trees of the same valency: joint
work with Jakob Stix (2013) (and later developments)

» The same valency is needed to get Ramanujan complexes.
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action of a group G. nD-dimensional words are rectangular subsets of
apartments in 53, decorated by the action of G.




Higher dimensional words

Definition

Let B be a n-dimensional Euclidean building equipped with a cocompact
action of a group G. nD-dimensional words are rectangular subsets of
apartments in 53, decorated by the action of G.

Definition
The boundary Q) of B is isomorphic to equivalence classes of sectors in B




Higher dimensional words

Cubes and Products of Trees

The four squares define a group G which belongs to a family constructed by
J.Stix and AV

-1 -1 -1;—1 -1 -1
G= <a1,a2,b1,b2\a2b1a2b2 ,a1b2 a, b2 ,alblalbz,a1b1 azbl >

Let S = {ay,a3,b1,b5}. Then Cay(G, S) is a one-skeleton of a thick Euclidean
building (product of two trees) with the following properties:

> lots of (equilateral) squares (chambers)
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Cubes and Products of Trees

The four squares define a group G which belongs to a family constructed by
J.Stix and AV

-1 —-1_-17—1 -1 -1
G= <a1,ﬂ2,b1,b2‘ﬂ2b1ﬂ2b2 ,ﬂ1b2 a, b2 ,alblalbz,albl azbl >

Let S = {ay,a3,b1,b5}. Then Cay(G, S) is a one-skeleton of a thick Euclidean
building (product of two trees) with the following properties:

>

>

>

lots of (equilateral) squares (chambers)
every vertex has degree 8
4 triangles meet at every edge

any two squares Aj, A, lie in a common plane (apartment) tessellated by
equilateral squares

link of every vertex is the complete bipartite graph on eight vertices




Higher dimensional words

Cubes and Products of Trees

The four squares define a group G which belongs to a family constructed by
J.Stix and AV

G = (a1,a2,b1,by | apbyanby ', a1by tay Tby Y, aybrarby, ag by tanby ).
Let S = {ay,a3,b1,b5}. Then Cay(G, S) is a one-skeleton of a thick Euclidean
building (product of two trees) with the following properties:
> lots of (equilateral) squares (chambers)
> every vertex has degree 8
> 4 triangles meet at every edge

» any two squares Aq, A, lie in a common plane (apartment) tessellated by
equilateral squares

> link of every vertex is the complete bipartite graph on eight vertices
» G is an arithmetic lattice in PGL(2,F3((¢))) x PGL(2,F3((t)))




Higher dimensional words

3D example

Hurwitz quaternions can be used to get a cube complex of any dimension,
for any set of odd primes (RSV 2018).

a1:1+j+k, 112:1+j—k, 113:1—j—k, ﬂ4=1—j+k,

b1 =142, b2=1+2j, by =1+2k by=1-2i, b5=172j, bg =1—2k,
C1=1+2i+j+k, C2=1—2i+j+k, C3=1+2i—j+k, C4=1+2i+j—k,
G5 =1-2i—j—k cg=1+2i—j—k c;=1-2i+j—k cg=1—2i—j+k

With this notation we have a;l =0y, blfl = bj 3, and lel = ¢jt4, and using
these abbreviations we find the explicit presentation.

niversity
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Higher dimensional words

3D example

a1bragby, a1baasby, a1bsazby,
a1bgazbs, a1bsarbg, azbrazbe
A1C102C8, A1C2A4C4, A1C3A2C), (1C4A3C3,

ay,a
I | 1é 2b a1C501C, A1C704C1, A2C1A4C6, A2C4A2C7
(357} 172 bic1bscy, bicabics, bicsbecr,
€1,€2,C3,C4

bycybscs, bicsbacs, biczbics,
bycibsca, bacabscs, bacabses,
bacybscy, byc1becs, bacabecs
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Higher dimensional words

Arithmetic constructions on products of trees

» How to get cube complexes of uniform valencies?

» From classical Hamiltonian quaternions, we’ve moved to more general
quaternionic algebras, namely, the quaternionic multiplication is the
following:

i2=-1,j2=tt—-1),ij =k ji= -k

» The building structure of the product of trees is used to get explicit
group presentations.

Example

For p = 3 we get four squares with labels

azblazbz_l,albz_laz_lbz_l,alblulbz,albfluzbfl,where

ap=t+j+ka=t+j-kb =t+j,b=t+k




Higher dimensional words

Arithmetic lattices acting simply transitively on products of trees
Let g be a prime power. Let
seF,
be a generator of the multiplicative group of the field with 4> elements. If
i,j € Z/(q* —1)Z are
i#j (modgq-1),
then 1+ &/~ # 0, since otherwise
1= (=111 = sU-Da+1) 2 q,
a contradiction. Then there is a unique x;; € Z/ (7% — 1)Z with
5 =14 81
With these x;; we set y;; := x;; +1i — j, so that
oY = 5t = (14 8771) . 61T =14 6",
We set
1(i,) =i—x;(qg—1),
k(i j) :==j—yij(qg—1).
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Higher dimensional words

Let M C Z/(¢* — 1)Z be a union of cosets stable under multiplication by g,
and by addition of g — 1.

Theorem (RSV 2018)
Each group Ty 5 acts simply transitively on a product of d = |M]| trees.

Tpmes = <aifor allie M

ﬂi+(q2,1)/2ﬂi = 1f01’ alli e M,
aidj = ag(;, ;)i ) for all i,j € Mwith i # (mod g —1)

if q is odd, and if q is even:

a? =1foralli € M,

Tums = <”if”r MEEM s = sy forall ij € Mawithi ] (mod q—1) > :

niversity




Higher dimensional words

3D example

=

ai,as,a9,Aa13,a17,421,
by, bs, b1, b14,b1g, b22,
€3,¢€7,€11,€15,€19, €23

aidiy12 = bibi+12 =ciciy1p =1 foralli,
a1baa17b22, a1beagbyy, a1bioasbe,
a1b14a21b14, a1b1gasbig, a1baraizby,
asbaay bg, asbeariby, asbaraghoy,
a1€3a17€3, a41€7413€19, A1€1149€11,
a1€1501C23, A5C3A5C19, A5C7021C7,
a5€11417€23, A9€3421C15, A9C749C23,
bycabigeos, baczbigcit, baciibiocy,
bacisbaocts, baciobecro, bacasbiges,
becabaacy, becybrcs, becozbiocas.




Higher-dimensional Ramanujan cube complexes

Adjacency operators for graphs and Ramanujan graphs

Let X be a connected graph with uniformly bounded valencies. We consider
X as a 1-dimensional cubical complex and write X for the set of vertices of
X. We write P ~ Q if two vertices P, Q € V(X) are adjacent, and we denote
by u(P, Q) the number of edges that connect P with Q.

Definition
The adjacency operator Ay acting on the space of L>~functions f : Xg — C is

defined as
Ax(F)(P) = ) n(P,QF(Q),
Q~P

where we sum over adjacent vertices with the multiplicity of the number of edges
linking them.

The adjacency operator commutes with the induced right action of the group
of graph automorphisms on L?(Xp).




Higher-dimensional Ramanujan cube complexes

Adjacency operators for graphs and Ramanujan graphs

Let X be a finite graph of constant valency g + 1. The trivial eigenvalues of
Ay acting on L?(Xp) are A = +(g + 1). These are obtained by the constant
non-zero function for A = g + 1, and by the ‘alternating function” with
f(P)=—f(Q) #0forall P ~ Q for A = —(q + 1). The latter only exists if X
has a bipartite structure.




Higher-dimensional Ramanujan cube complexes

Adjacency operators for graphs and Ramanujan graphs

Alon and Boppana prove that asymptotically in families of finite
(9 + 1)-regular graphs X,, with diameter tending to oo the largest absolute
value of a non-trivial eigenvalue A(X},) of the adjacency operator Ax, has
limes inferior

lim A(X,) > 2/3.

n—oo

This estimate motivates the definition as follows.

Definition
A finite (q + 1)-regular graph X is defined to be a Ramanujan graph if all
non-trivial eigenvalues A of the adjacency operator Ax have absolute value A < 2,/3.




Higher-dimensional Ramanujan cube complexes

Higher-dimensional Ramanujan cube complexes

We write P ~, Q if two vertices in the product of d trees are adjacent in
v-direction, v € {1, ...,d}.

Definition
We define an adjacency operator A, in v-direction on L*>(G/K) by

A(f)(P) =} f(Q)
Q~P




Higher-dimensional Ramanujan cube complexes

Higher-dimensional Ramanujan cube complexes

We write P ~, Q if two vertices in the product of d trees are adjacent in
v-direction, v € {1, ...,d}.

Definition
We define an adjacency operator A, in v-direction on L*>(G/K) by

A(f)(P) =} f(Q)
Q~P

Definition

Let X — A“ be a finite cubical complex of dimension d that has constant valency
Gv + 1 in all directions. Then X is a cubical Ramanujan complex, if for each
ve{l,...,d}, the eigenvalues A of Ay are trivial, ie., A = £(g, + 1), or
non-trivial and then bounded by

A <2/




Higher-dimensional Ramanujan cube complexes

Higher-dimensional Ramanujan cube complexes

Theorem
Let T C T'yp 5 be a congruence subgroup. Then the quotient Xr of a product of d trees
by I is a cubical Ramanujan complex.

We conjecture that infinitely many of the Ramanujan complexes of the
Theorem above are higher-dimensional coboundary expanders of bounded
degree in the sense of Gromov.
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Cuntz-Krieger algebras

Cuntz-Krieger algebras

> LetI' = Z * Z, the free group on two generators a and b.

» The Cayley graph of I with respect to the generating set {a,b},
Cay(T, {a,b}), is a homogeneous tree of degree 4.

» The vertices of the tree are elements of I i.e. reduced words in
S={a,ba',b71}.
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» The boundary, (), of the tree can be thought of as the set of all
semi-infinite reduced words w = x1xpx3...., where x; € S
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Cuntz-Krieger algebras

» The boundary, (), of the tree can be thought of as the set of all
semi-infinite reduced words w = x1xpx3...., where x; € S

» () has a natural compact (totally disconnected) topology :

» if x € T then let Q)(x) be all semi-infinite words with the prefix x




Cuntz-Krieger algebras

Cuntz-Krieger algebras

v

The boundary, (), of the tree can be thought of as the set of all
semi-infinite reduced words w = x1xpx3...., where x; € S

v

() has a natural compact (totally disconnected) topology :

v

if x € T then let Q(x) be all semi-infinite words with the prefix x

Q(x) is open and closed in ) and the sets gQ)(x) and g(Q \ Q(x)), where
g€ Tand x € S, form a base for the topology of ().

v




Cuntz-Krieger algebras

Cuntz-Krieger algebras

Left multiplication by x € T induces an action « of I on C(Q) by
a(x)f (w) = f(x~"w).

C(Q) x T is generated by C(Q2) and the image of a unitary representation 7t
of T

such that a(g)f = nt(g)f*(g) for f € C(Q)) and g € T and every such
C*-algebra is a quotient of C(Q)) x T

niversity




Cuntz-Krieger algebras

Cuntz-Krieger algebras

For x € T, let py denote the projection defined by the characteristic function
]'Q(x) cC (Q)
For g € T, we have

gpxg_l = ‘X(g)lQ(x) = ng(x)

and therefore for each x € S,

px+ xpqu_1 =1

Pat P +pp+pp1 =1




Partial isometries

For x € S we define a partial isometry sy € C(Q)) x T by

sx = X(1=pya).
Then,
sesy = x(1—px)x~ ' = py
and
sysx=1=pe1 = ), sys)
yAx!

These relations show that the partial isometries sy, for x € S, generate the
Cuntz-Krieger algebra O4 .




Cuntz-Krieger algebras

Transition matrix

Where

A=

[ )
O R R R
_ O R R

1
0
1
1
b

relative to {a,a=1,b,b™} x {a,a”1,b,b71}.




Cuntz-Krieger algebras

Cuntz-Krieger algebras

Cuntz-Krieger (1980) constructed a C*-algebra from a matrix

A = (A(i,]))ijex, L a finite set,

A(i,j) € {0, 1i> and where every row and every column of A is non-zero.

A C*-algebra is generated by partial isometries S; # 0 (i € £) thatacton a
Hilbert space in such a way that their support projections Q; = S;S; and their
range projections P; = 5;S} satisfy the relations

PP =0 (i #]), Qi = Y AGj)P; (i,j € ). 1)

jex
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Polyhedral C*-algebras

» Buildings (instead of trees);

» Boundary Q) is defined by an equivalence relation on sectors (just as in
the case of trees it is given by an equivalence relations on words);

» I'is a fundamental group of a polyhedron P defined earlier.

» If I be a group of type rotating automorphisms of a building A, then the
C*-algebra C(A) x I is isomorphic to a higher rank Cuntz-Krieger
algebra Oy, 4,.




nD polyhedral algebras

Higher rank generalizations of Cuntz—Krieger algebras, associated to a finite
collection of transition matrices A]-, j=1,...,r, withentries in {0,1},
associated to shifts in 7 different directions, with the transition matrices
satisfying compatibility conditions, induced by the structure of the building.

The matrices give admissibility conditions for r-dimensional words in an
assigned alphabet.

Polyhedral algebra: the alphabet is induced by a polygonal presentation.




nD polyhedral algebras

The following definition is inspired by works of Kumjian, Pask, Robertson,
Steger, Sims in higher rank C*-algebras setting.

Definition
A nD polyhedral algebra is the universal C*-algebra generated by partial

isometries Sy », where u and v are words in the given nD alphabet, with
t(u) = t(v), satisfying the relations

* _ —
Su,v - SU,M Su,vsv,w - Su,w

(2
Su,v = Zsuw,vw Su,usv,v =0, Yu 7é 0

(The sum here is over n-dimensional words w with o(w) = #(u) = (v) and
with shape o (w) = ¢j, forj =1,...,n, where ¢; is the j-th standard basis
vector in Z".)




Theorem (J.Konter,AV)

The order of the class [1] of the identity element 1 of C(Q)) x I in Ko(C(Q)) x T) is
g — 1, where T is a group acting on a triangular Euclidean building with three orbits

andqg=2%"11¢ 7.
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Further directions of research

» K-theory of nD dimensional polyhedral algebras for new cases of
Baum-Connes conjecture and Matui conjecture;

» Simple higher-dimensional CAT(0) groups?

» Higher-dimensional expanders;

» Groups acting on higher-dimensional buildings;

» Higher-dimensional graph algebras;

» Representations of groups acting on buildings as complex reflection
groups;

» Further applications of harmonic maps to study of buildings and
higher-dimensional complexes;

» New applications of polygonal presentations to algebraic geometry:
Beauville surfaces and fake quadrics.
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