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Introduction

The classical Rokhlin Lemma is an approximation Lemma for free measure
preserving automorphisms of probability spaces.

The C∗-Rokhlin property of an automorphism is a C∗-analogue of this
approximation and can be regarded as an approximation property for the
automorphism.

This direct topological analogue however is quite restrictive, requirering
existence of many projections in the coefficient algebra, leading to zero
dimensional spaces in the commutative case.
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Introduction

This is one of the main motivations for introducing a higher dimensional
Rokhlin property. The resulting notion allows to introduce a dimension
concept well adapted to nuclear dimension.

Moreover there is a sort of topological version of the Rokhlin Lemma: free
Z-actions on finite dimensional compact spaces always have finite Rokhlin
dimension.

More recently the definition of Rokhlin dimension has been extended to a
larger class of groups (polynominal growth) with analogous results and
connections to coarse geometry. A new dimension invariant, the dimension of
the box space of the group seems to play an important role.
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Classical Rokhlin Lemma.

Lemma (Rokhlin/Halmos ’40s)

If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X,m) then for all ε > 0 and n ∈ N there is E ⊂ X s.t.
I E,TE, . . . ,Tn−1E are disjoint;
I m(E ∪ TE ∪ . . . ∪ Tn−1E) > 1− ε.

So T can be approximated by a cyclic shift in measure.

There are extensions to larger classes of amenable groups. For monotilable
amenable groups {0, . . . , n− 1} has to be replaced by Følner tiles. For
general amenable groups we have ‘multi-tower’ approximations.
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Classical Rokhlin Lemma.

C∗-versions should involve the norm topology. Here is a definition essentially
due to Hermann and Ocneanu (’84) (A be a unital).

Definition (finite groups)

Let G be a finite group. α : G y A has the Rokhlin property if ∀ε > 0 and
F ⊆ A finite there exist pwo projections (pg)g∈G in A summing to 1 s.t.
I ‖αg(ph)− pgh‖ < ε

I ‖[pg, a]‖ < ε, a ∈ F , g ∈ G.

Definition (single automorphisms or actions of Z)
α ∈ Aut(A) has the cyclic Rokhlin property if for n ∈ N, ε > 0, F ⊂ A finite,
there are pwo projections p0, . . . , pn−1 ∈ A summing to 1 s.t.
‖α(pi)− pi+1‖ < ε (mod n), i.e. pn := p0 etc. and ‖[pi, a]‖ < ε, ∀a ∈ F ;

Main Drawback: Requires existence of lots of projections.
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Classical Rokhlin Lemma.

Definition (positive RP for actions of Z, Hirshberg, Winter, Z ’12)

α ∈ Aut(A) has the positive Rokhlin property (with Rokhlin dimension ≤ d)
if for any n > 0, F ⊂ A finite ε > 0 there are positive elements f (l)i ∈ A,
l = 0, . . . , d, i = 0, . . . , n− 1 with

I ‖f (l)i f (l)j ‖ < ε (i 6= j, all l)

I ‖
∑

l,i f (l)i − 1‖ < ε

I ‖[f (l)i , a]‖ < ε (a ∈ F , all i, l)

I ‖α(f (l)i )− f (l)i+1‖ < ε, for all l (i mod n).

The smallest such d is the Rokhlin dimension dimRok (α) of the action.

Note that the case d = 0 (Rokhlin dimension 0) is equivalent to the ususal
Rohklin property.

The same definition is possible for actions of finite groups.
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Topological Rokhlin Lemma

In the commutative case A = C(X), where X is a compact Hausdorff space
and the automorphisms is of the form

α(f ) = f ◦ T = αT(f ),

T : X → X is a homeomorphism.

Theorem (Hirshberg, Winter, Z ’12, and Szabo ’13 with much better
proof)
If T is minimal and X has finite covering dimension then αT has finite
Rokhlin dimension.

Szabo also generalised this to free Zm-action on finite dimensional spaces.

This can be regarded as a topological version of the Rokhlin Lemma.
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Nuclear dimension

Order zero maps

Definition (Winter)

A, B C∗-algebras. ϕ : A→ B has order 0 if it is cp and

xy = yx = 0 ∈ A⇒ ϕ(x)ϕ(y) = 0.

E.g. ϕ : A→ B *-homomorphism.

General order zero map very close to homomorphisms:

Theorem (Winter-Z)
If ϕ : A→ B is order zero then there exists a homomorphism
π : A→M(C∗(ϕ(A))) and a positive element h commuting with ϕ(A) s.t.

ϕ(a) = hπ(a)

for a ∈ A. If A is unital then h = ϕ(1).
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Nuclear dimension

The following is a noncommutative version of covering dimension
(decomposition version).

Definition (Winter-Z)
Let A be a C∗-algebra. We define the nuclear dimension dimnuc A ≤ n if there
is an approximating cp net (ψλ,Fλ, ϕλ) where
(i) ‖ψλ‖ ≤ 1,
(ii) Fλ = F(0)

λ ⊕ . . .⊕ F(n)
λ and for all i

ϕλ|F(i)
λ

: F(i)
λ → A is an order 0 contraction.

Define dimnuc A = n if dimnuc A ≤ n but not dimnuc A ≤ n− 1.

There have been several preliminary definitions of this due to Winter and
Kirchberg/Winter.

This one is the most flexible rendering many nuclear C∗-algebras finite
dimensional.
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Nuclear dimension

dimnuc A <∞ is an important regularity condition in the classification
programme.

There is the Toms-Winter conjecture (by now largely established) linking this
to numerous other regularity conditions.

We mention two other results:

1. Group C∗-algebras of f.g. polynominal growth groups have finite nuclear
dimension [Eckhard-McKenny].

2. The Roe algebra C∗u(X) of a discrete metric space X of bounded geometry
satisfies dimnuc (C∗u(X)) ≤ asdim(X) [Winter-Z].
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Rokhlin dimension and nuclear dimension

We have the following upper bounds for nuclear dimension of crossed
products acting on unital C∗-algebras.

Theorem (Hirshberg, Winter, Z.)
(i) Let G be a finite group acting on A then

dim+1
nuc (A oα G) ≤ dim+1

Rok (α)dim+1
nuc (A).

(ii) For Z actions we have

dim+1
nuc (A oα Z) ≤ 2dim+1

Rok (α)dim+1
nuc (A).

Theorem (Szabo)
If α is a Zm-action then

dim+1
nuc (A oα Zm) ≤ 2mdim+1

Rok (α)dim+1
nuc (A).
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Rokhlin dimension for actions of residually finite groups

G discrete group is called residually finite if G has a separating family of
homomorphisms into finite groups i.e. for all g 6= e there is a finite index
normal subgroup N such that ḡ = gN 6= N = ē in G/N.

Any family of finite index normal subgroups (Gλ) with
⋂
λ Gλ = {e} is

called a residually finite approximation of G.

In the sequel we’ll consider countable residually finite groups with a fixed
countable residually finite approximation (Gn) of G.
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Any family of finite index normal subgroups (Gλ) with
⋂
λ Gλ = {e} is

called a residually finite approximation of G.

In the sequel we’ll consider countable residually finite groups with a fixed
countable residually finite approximation (Gn) of G.

J. Zacharias (University of Glasgow) Higher dim. Rokhlin prop. 9.8.2015 18 / 30



Rokhlin dimension for actions of residually finite groups

G discrete group is called residually finite if G has a separating family of
homomorphisms into finite groups i.e. for all g 6= e there is a finite index
normal subgroup N such that ḡ = gN 6= N = ē in G/N.
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Rokhlin dimension for actions of residually finite groups

Definition (positive RP for actions of RF groups, Szabo, Wu, Z )

α : G y A has the positive Rokhlin property (with Rokhlin dimension ≤ d) if
for any Gn, F ⊂ A finite, ε > 0 there are positive elements
f (l)g ∈ A, l = 0, . . . , d, g ∈ G/Gn with

I ‖f (l)g f (l)
h
‖ < ε (g 6= h, all l)

I ‖
∑

l,g f (l)g − 1‖ < ε

I ‖[f (l)g , a]‖ < ε (a ∈ F , all g)

I ‖αh(f (l)g )− f (l)
hg
‖ < ε, for all l.

The smallest such d is called the Rokhlin dimension of α.
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Rokhlin dimension for actions of residually finite groups

Formulation using central sequence algebras

For A a unital C∗-algebra, let

A∞ = `∞(A)/c0(A) with A ⊂ A∞ via a 7→ (. . . , a, a, a, . . .).

The central sequence algebra is the subagebra of A∞ given by

F(A) = A∞ ∩ A′.

Note that any action α : G y A extends to α∞ : G y A∞ and to the central
sequence algebra F(A).

Then α : G y A has the positive Rokhlin property with Rokhlin dimension
≤ d if for every n ∈ N, l = 0, . . . , d there exist equivariant order zero maps

ϕl : (C(G/Gn), shift)→ (F(A), α∞)

with ϕ0(1) + . . .+ ϕd(1) = 1.
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For A a unital C∗-algebra, let

A∞ = `∞(A)/c0(A) with A ⊂ A∞ via a 7→ (. . . , a, a, a, . . .).

The central sequence algebra is the subagebra of A∞ given by

F(A) = A∞ ∩ A′.

Note that any action α : G y A extends to α∞ : G y A∞ and to the central
sequence algebra F(A).

Then α : G y A has the positive Rokhlin property with Rokhlin dimension
≤ d if for every n ∈ N, l = 0, . . . , d there exist equivariant order zero maps
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Finite dimensional box spaces and nuclear dimension

Box spaces

In an upper bound for the nuclear dimension of A oα G the asymptotic
dimension of the box space of G appears.

Definition (Roe)
Let G, (Gn) be as before, the box space �(Gn)G is the coarse disjoint union⋃

n∈N G/Gn, i. e. this disjoint union endowed with a metric such that each
subset G/Gn inherits its metric from the right-invariant metric of G, and

dist(G/Gn,G/Gm) ≥ max(diam(G/Gn), diam(G/Gm))

for all n,m ∈ N.

Theorem (Szabo, Wu, Z)
With G, (Gn), α as before we have

dim+1
nuc (A oα G) ≤ asdim+1(�(Gn)G)dim+1

Rok (α)dim+1
nuc (A)
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Finite dimensional box spaces and nuclear dimension

Question: for which RF groups do we have asdim(�(Gn)G) <∞?

Clearly finite groups (value 0), or Zm (value m).

Let G be an RF group with asdim(�(Gn)G) <∞

By results of Guentner/Higson-Roe G must be amenable.

Theorem (Szabo, Wu, Z)
Finitely generated polynominal growth groups satisfy asdim(�(Gn)G) <∞.

asdim(�(Gn)G) <∞ can be bounded in terms of the Hirsch length.

This can be generalised to elementary amenable polycyclic groups (Finn-Sell
- Wu work in progress).
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Connection to amenability dimension

Recently Guentner Willett and Yu introduced a dimension for dynamical
systems, amenability dimension which is in the spirit of asymptotic
dimension and showed the following connection to nuclear dimension:

Theorem (Guentner-Willett-Yu)
If α : G y X is free then dim+1

nuc(C(X) oα G) ≤ dim+1
am (α) dim+1(X).

Theorem (Szabo-Wu-Z)
G RS with approximation (Gn), α : G y X free, then

dim+1
Rok(α) ≤ dim+1

am (α) ≤ asdim+1(�(Gn)G) dim+1
Rok(α)

So for groups with finite dimensional box space both dimension invariants are
closely related.
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Topological Rokhlin Lemma for groups of polynomial growth
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Topological Rokhlin Lemma for groups of polynomial growth

We can use amenability dimension to obtain the following topological
Rokhlin Lemma:

Theorem (Szabo, Wu, Z)
Let α : G y X be a free action of a group with polynomial growth on a finite
dimensional compact space X. Then dimRok(α) is finite.

In particular dimnuc(C(X) oα G) <∞.
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Final remarks

Recently Rohklin dimension has also been introduced and studied for flows,
i.e. actions of R (Hirshberg, Szabo, Winter, Wu) and for actions of compact
groups (Gardella, Santiago).

In this case similar bounds for nuclear dimension of crossed products can be
obtained.
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Final remarks

Many thanks for your attention!

J. Zacharias (University of Glasgow) Higher dim. Rokhlin prop. 9.8.2015 30 / 30


	Introduction
	Classical Rokhlin Lemma.
	Topological Rokhlin Lemma
	Nuclear dimension
	Rokhlin dimension and nuclear dimension
	Rokhlin dimension for actions of residually finite groups
	Finite dimensional box spaces and nuclear dimension
	Connection to amenability dimension
	Topological Rokhlin Lemma for groups of polynomial growth
	Final remarks

