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If you like: ..then you should also like:

1. quantum enveloping algebras

—_

. quantum symmetric pairs

2. R matrices .
. K matrices

3. the quantum Yang Baxter

2
. 3. the reflection equation
equation
4

. . . braided module categories
4. braided tensor categories &

[Balagovi¢, Kolb, The bar involution for quantum symmetric pairs, Represent. Theory
19 (2015), 186-210 ]

[Balagovi¢, Kolb, Universal K-matrix for quantum symmetric pairs, Journal fiir die
reine und angewandte Mathematik 747 (2019), 299-353]

[Kolb, Braided module categories via quantum symmetric pairs)
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» Particle on a line ws V
» Two particles s Vo W
» Scattering:

\Y% w
MCV7V|/ZV®W1>W®V

w \
» Quantum Yang Baxter equation:

v W u \ W u

= e (ewu®1)(1@cvu)(cvw ®1) =
=(l®cvw)(evu®l)(l®cwu)
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Braided tensor categories

» we choose V from a tensor category V
» commutativity constraint cy V@ W = W e W
» QVYBE = the action of the braid group of type on V"

Y

d e
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Braided tensor categories

» we choose V from a tensor category V
» commutativity constraint cy V@ W = W e W
» QVYBE = the action of the braid group of type on V"

PR

» hexagon axiom (similar for cy weu):
cvow.u = (cvu®1)o(1® cw.v)

A )
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Quasitriangular Hopf algebras

» Hopf algebra H, V (some nice) category of representations
> quasitraingular = exists R € HQ H, R =flipo R

CV,W:7\?"‘V®W VoW ->WeV
RA(a) = A(a)R

» The hexagon axiom becomes:
(A®1)(R)=RizRs  (1®A)(R)=RizR

A

> QYBE

R12R13R23 = Ro3R13R12
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Quantum enveloping algebra

> g, Ugg, Oint
» The construction of the R-matrix [Lusztig]:
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Quantum enveloping algebra

> g, Ugg, Oint
» The construction of the R-matrix [Lusztig]:

» Define the bar involution on Ugg:
E—E, F=F, K—K?*' q-q!

» Find the quasi R-matrix Ro € Usn~ ® Ugn™ such that
RoA(a) = A(E)Ro
> Set R =Ry - g H®H,

R =Rooq " o flip

> Prove
A®1)R)=...
(1@ A)(R) =...
> = QYBE
P [Reshethikhin-Turaev]
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Reflection equation

P particle on a line + a wall:

‘< sty VsV

» Reflection Equation:

\
\
‘ W W

cw,v (l‘W (=) 1) cv.w (1.'\/ & 1) = (i‘v (= 1) cw,v (Z‘W (= 1) cv.w
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» braids with a fixed pole:

cw,v (tW (=) 1) cv.w (1.'\/ & 1) = (i‘v (= 1) cw,v (Z‘W X 1) cv.w

7
-

4 <_""/
— -
T 9=

» Naturality condition in ®:

=

tvew = (tv @ 1) cw v (tw ® 1) cvw

» Naturality condition = RE

School of Mathematics and Statistics Newcastle University
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Braided module categories

» )V monoidal category, M module category (X : M xV — M)

> ey MEV > MRV
> eywv,w = (idy X cv,w)(em,w

X id\/)(id/\// X CW,V)

> eM,V®W = (I'd/\//&CW,V)(eM7W@I’d\/)(idM&CV,W)(6M7\/@I’dw)

M ﬁl W

_ul N
__-)I;

= = q_ W
N | R
— g,
. P
Mg} \n' M l'\\'[l' ul v v
.ul Vel M V=W Hpw_w
,f'i:/‘ 1 Y
[ = e = I
N Ig
= 4
M \\W:-:-n ul Woww _uf“\ﬂ.'\vl'n'
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Braided module categories

» )V monoidal category, M module category (X : M xV — M)
> emy  MEV > MRV
> eywv,w = (idy X cv,w)(em,w R idy)(idy X cw v)
> emvew = (iduRcw v)(emwRidy)(idyXcy,w)(em,vRidw)
» Recover ty = efiy,v
» Representation of the braid group of type B on MX V"

[Kolb, Braided module categories via quantum symmetric pairs]

[Brochier, Cyclotomic associators and finite type invariants for tangles in the solid

torus, Algebraic and Geometric Topology, 2013.]
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Quasitriangular comodule algebras

» H quasitriangular Hopf algebra, B algebra, Ag: B —- B® H
» V = Rep(H), M =Rep(B), }: M xV - M
» Want: element £ € B® H, ey,v = K|mmv
» Conditions:
> KAp(b) = Ap(b)K
> (Ag ®id)(K) = R32K13Re3
> (id ® A)(K) = R32K13R23K12
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Quasitriangular comodule algebras

» H quasitriangular Hopf algebra, B algebra, Ag: B —- B® H
» V = Rep(H), M =Rep(B), }: M xV - M
» Want: element £ € B® H, ey,v = K|mmv
» Conditions:
> KAp(b) = Ap(b)K
> (A ®id)(K) = R32K13R23
> (id & A)(K) = R3:K13R23K12
» K = (e ® id)(K) will then satisfy the reflection equation:

(KO@DR(K@DR=R(K@1)R(K®1)

d

=
BE
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Main point:

Theorem
Quantum symmetric pairs provide examples of this structure.

If you like: ..then you should also like:

1. quantum groups . .
9 group 1. quantum symmetric pairs

2. R matrices .
. K matrices

3. the quantum Yang Baxter

2
. 3. the reflection equation
equation
4

) . . braided module categories
4. braided tensor categories &
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Classical symmetric pairs:

» g finite dimensional simple Lie algebra
> 0 :g— g an involution

> ¢ = g’ fixed points

> (g,t) is a symmetric pair
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Quantum symmetric pairs
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Satake diagrams

O0—0—0—0—0—0

8O0 80—
*—O0—8—O0—8—0—0

= o o O O
o0—0—0—0—0—0—0

4
4D
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Quantum symmetric pairs:

> (g,t) a symmetric pair
> (Uqg, Ugt) not compatible deformations
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Quantum symmetric pairs:

> (g,t) a symmetric pair
» (Ugg, Ugt) not compatible deformations
> better deformation: (Ugg, Bcs):
» subalgebra Bcs € Ugg
» coideal A(Bcs) € Bes @ Uqg
» parameters c, s
> atq— 1, B.s — Ut
> [G. Letzter, Symmetric pairs for quantized enveloping algebras, 1999.]
[G. Letzter, Coideal subalgebras and quantum symmetric pairs, 2002.]
[G. Letzter, Quantum symmetric pairs and their zonal spherical functions, 2003.]

[S. Kolb, Quantum symmetric Kac-Moody pairs, 2012.]
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Presentation

Theorem (Letzter; Kolb; B-Kolb)

Bcs has a presentation with generators and relations which look a
little like the relations of Ugt.
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Presentation

Theorem (Letzter; Kolb; B-Kolb)

Bcs has a presentation with generators and relations which look a
little like the relations of Ugt.

In fact, it is generated over (Ugh?) - (Usgx) with generators B;,
relations:

> KgBiK;! = q (FeB;;

Ki—K !
[E,,B]—é,J q*l

» Serre(B;, BJ-) = lower order terms in By.
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Strategy

Uqg
1. bar involution
2. quasi R-matrix Ry
3. universal R-matrix
4. (1@ A)R)
5. prove R sats QYBE

Martina Balagovi¢ (joint work with Stefan Kolb) School of Mathematics and Statistics Newcastle University

iversal K-matrices for quantum symmetric pairs



Quantum symmetric pairs
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Strategy
Uqg Bes € Ugg quantum symmetric pair
1. bar involution 1. bar involution
2. quasi R-matrix Ry 2. quasi K-matrix X
3. universal R-matrix 3. universal K-matrices K, K
4. (1@ A)(R) 4. A(K), (A ®id)(K), (id® A)(K)
5. prove R sats QYBE 5. prove K sats RE
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Quantum symmetric pairs
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» Bar involution Ugg — Ugg does not preserve B

P [H. Bao, W. Wang, A new approach to Kazhdan-Lusztig theory of type B via
quantum symmetric pairs , 2013.]
[M. Ehrig, C. Stroppel, Nazarov-Wenzl algebras, coideal subalgebras and
categorified skew Howe duality, 2013.]

» Want the internal bar involution Be s — Bcs such that:
_B -1 =B —B
g =q Ei- =E Bi~ =B,

1

KT;B:K/B’I F°=F
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» Bar involution Ugg — Ugg does not preserve B

P [H. Bao, W. Wang, A new approach to Kazhdan-Lusztig theory of type B via
quantum symmetric pairs , 2013.]
[M. Ehrig, C. Stroppel, Nazarov-Wenzl| algebras, coideal subalgebras and
categorified skew Howe duality, 2013.]

» Want the internal bar involution Be s — Bcs such that:

7% =q! E°=E B’ =8
KT;B:K/B’I F°=F

» Relations must be bar invariant

7 N\ C12(C) =0

FE A 1 - -
Ciz(c) = m (q 1(1 - q2)C131 +q(l—q 2)C3Z3)

& 21 =23
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Theorem (B-Kolb)

For every Satake diagram, and for a good choice of parameters
. . . —B
c,s, there exists a bar involution on Bcs, b b
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> fix a good choice of ¢;, s;
. . _ —B
» two bar involutions: a+aon Ugg and b+ b~ on B

> B £B"
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> fix a good choice of ¢;, s;
» two bar involutions: a+ 3 on Uyg and b — 5° on Bes
> B #B;"

Theorem (B-Kolb)

There exists a unique invertible X & an\Jr such that for all b € Bcs

Xx.b=5b".%
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> fix a good choice of ¢;, s;
» two bar involutions: a+ 3 on Uyg and b — 5° on Bes
> B #B;"

Theorem (B-Kolb)

There exists a unique invertible X & an\Jr such that for all b € Bcs

Xx.b=5b".%
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Rewrite X -b=b" - X as

r;(X,) = some expression in lower X,

;r(X,) = some expression in lower X,

Proposition
For given A., A, i € |, the following are equivalent:

11

1. The following system has a unique solution:
ri(X) = A

2. A, ;A satisfy:

i) ri(jA) :jr(Ai)
ii) Some analogue of Serre relations.
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From now on:
> g finite type
> wp longest element of the Weyl group of g, wo(ai) = ary(j
> wyx longest element of the Weyl group of gx
P> £ a certain character of weight lattice

» 7 the diagram automorphism from Satake data
Definition (B-Kolb)

The universal K-matrix is

K=XofoT, oT,orm.

[H. Bao, W. Wang, A new approach to Kazhdan-Lusztig theory of type B via
quantum symmetric pairs , 2013.]

[T. tom Dieck, R. Haring-Oldenburg, Quantum groups and cylinder braiding, 1998.]
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K=Xo0fo Tl;oloTV;XlOTTO.

Theorem (B-Kolb)

Let V be a finite dimensional Ugg module. Then
K: V=V

is a B s-isomorphism.

Theorem (B-Kolb)

AK)=(K®1)-R-(K®1)-R
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Theorem (B-Kolb)
K satistfies the reflection equation,

(Kol R (K1) R=R- (K®1)-R-(K®1)
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Theorem (B-Kolb)
K satistfies the reflection equation,

(Kol R (K1) R=R- (K®1)-R-(K®1)

Proof:
AK)=(K®1)- R - (K®1)-R
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Theorem (B-Kolb)
K satistfies the reflection equation,

(Kol R (K1) R=R- (K®1)-R-(K®1)

Proof:
AK)=(K®1)- R - (K®1)-R

AK)=R-A(K)-R!
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Theorem (B-Kolb)
K satistfies the reflection equation,

(Kol R (K1) R=R- (K®1)-R-(K®1)

Proof:
AK)=(K®1)- R - (K®1)-R
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Theorem (Kolb)

K= ﬁ(K ® 1)7? lies in the completion of Bes @ Ugg and satisfies
> KAg(b) = Ag(b)K
> (Ag ®id)(K) = R32K13R23
> (id ® A)(K) = R32K13R23K12

Corollary

Bcs is a quasitriangular comodule algebra for Uyg, with the
universal R-matrix R and the universal K-matrix K. The category
M of finite dimensional B s representations is a braided module
category for the category Ojn: of finitedimensional Ugg modules.
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> [Dobson, Kolb, Factorisation of quasi K-matrices for quantum symmetric pairs]
P [Bao, Wang et al|
P [Regalskis, Vlar]

> [De Commer, Matassa, Quantum flag manifolds, quantum symmetric spaces

and their associated universal K-matrices]
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THANK YOU!
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