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Quantum permutation groups

A bistochastic matrix over A is a square matrix u € M, ® A such that in
each row and column the entries add up to 1.

n n
g uij=1= E Ui
i=1 j=1

The quantum permutation group over n-letter alphabet is a quantum
group S, such that C“(S;) is the universal C* of a n x n bistochastic
matrix consisting of projections. This bistochastic matrix is a fundamental
corepresentation:

n
A(ujk) = ZU,'J' & Uj k
j=1
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Increasing sequences

Fix k < n € Z4. The set of length-k, [n] = {1, ..., n}-valued increasing
sequences is:

len = {f: [k] — [n] : f(i) < f(j) whenever | <j}
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Increasing sequences
Fix k < n € Z,. The set of length-k, [n] = {1,..., n}-valued increasing
sequences is:

lkn = {f: [k] — [n] : f(i) < f(j) whenever | <j}

Consider the sequence (2 <3 <5<6<38) € ls.

AR S

(1,2,3,5,8,7,4,6)
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Increasing sequences

Fix k < n € Z,. The set of length-k, [n] = {1,..., n}-valued increasing
sequences is:

lkn = {f: [k] — [n] : f(i) < f(j) whenever | <j}

Example

Consider the sequence (2 <3 <5<6<38) € ls.

AR S

(1,2,3,5,8,7,4,6)

Folklore/Example/Exercise
Let bk n: lk,n — Sn be the above map. Then (by n(/k.n)) = Sh.
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Increasing sequences — matricial representation

Ik,n Si= (i1 < ... < ik) — M(i) S Mnxk({O, 1})
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Increasing sequences — matricial representation
hen2i= (1 <...<ik)— M(i) € Maxi({0,1})

(1 ifs=1
M(i)s’t_{ 0 otherwise
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Increasing sequences — matricial representation

len3i=(1<...<ik) = M(i) € Mpyi({0,1})

. - 1 if S = it
M(i)s.e = { 0 otherwise

Consider the sequence (2 <3 <5<6<38) € lg.
[0 0 0 0 07
10000
01000
0 00 OO
0 01 0O
00010
0 00 0O
0 0O 1
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Quantum increasing sequences

Let k < ne€Z, and let C”(lJr ) be the universal C*-algebra generated by
pij, 1<i<n1<j<k subJect to the following relations:
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Quantum increasing sequences

Let k < ne€Z, and let C“(IJr ) be the universal C*-algebra generated by

pij 1<i<n1<j<k subJect to the following relations:
O pijpij = Pij-
Q@ > "  pij=1foreach 1 <j<k.
© pijpirj =0 whenever j < j and i > /’.
Brn: CU(ST) — C”(I,:n) is given by:

ou;jl—>p,'jfor1§i§n,1§j§k,
® Uiysm+r—>0forl<m<n—kandi<mori>m+k,
eforl<m<n—kand0<p<k,

m+p—1

Umtpk+m — Z Pip — Pi+1p+1,
i=0

where we set poo = 1, poj = poi = pik+1 =0 for i > 1.
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Motivations
Fix Xi,..., X, € (M, ) self-adjoint.
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Motivations
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Distributional invariance

Let p: C{xq,...,xn) — * — alg(X1,.

.., Xn) C M be the canonical map
X,"£>X,', |etTp:TOp.
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Let p: C(xq,...,xn) = * — alg(X1,...,X,) C M be the canonical map
X,"£>X,', |etTp:TOp.

Let an: Clx, ..., xn) = Clx,...,xn) @ O(S,]) be the defining action of
quantum permutation group: a,(xj) = > i X ® u;j.

We say that the distribution of X1, ..., X, is invariant under quantum
permutations or is quantum exchangeable if (1, ® id) o ay = 7,( - )1.

Xi,..., Xn € (M, T) exchangeable is nothing but:

d
(X153 Xn) = (Xo@ys - -+ s Xo(m))

for every o € S,,.
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Xi,..., Xn € (M, T) exchangeable is nothing but:

d
(X153 Xn) = (Xo@ys - -+ s Xo(m))

forevery c € S,. A 4 B <= Y. polynomialT(P(A)) = 7(p(B))
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Motivations
Fix X1,...,X, € (M, 7) self-adjoint.

Distributional invariance

Let p: C{x1,...,xn) — * — alg(X1,...,X,) C M be the canonical map
xi 2 X, let Ty =TOp.

Let an: Clx1,...,xn) = Clx1,...,xn) ® O(S,]) be the defining action of
quantum permutation group: a,(xj) = Y i Xi ® u;j.

We say that the distribution of X1, ..., X, is invariant under quantum
permutations or is quantum exchangeable if (1, ® id) o ay = 7,( - )1.

Pawet Jéziak (MiNI PW) (IF Yy =8t Oslo, 8 VIII 2019 10/21
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Fix X1,...,X, € (M, 7) self-adjoint.

Distributional invariance

Let p: C{x1,...,xn) — * — alg(X1,...,X,) C M be the canonical map

xi 2 X, let Ty =TOp.

Let ap: Clx, ..., xn) = C{x1,...,xn) @ O(S;]) be the defining action of
quantum permutation group: a,(xj) = Y i Xi ® u;j.

We say that the distribution of X1, ..., X, is invariant under quantum
permutations or is quantum exchangeable if (1, ® id) o ay = 7,( - )1.

Theorem (Kostler, Speicher)

Let X1, Xa,... € (M, 7) be an infinite sequence of self-adjoint elements.
TFAE
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Theorem (Kostler, Speicher)

Let X1, Xa,... € (M, 7) be an infinite sequence of self-adjoint elements.
TFAE

@ each initial sub-segment (Xi, ..., X,) is quantum exchangeable
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Motivations
Fix X1,...,X, € (M, 7) self-adjoint.

Distributional invariance

Let p: C{x1,...,xn) — * — alg(X1,...,X,) C M be the canonical map

xi 2 X, let Top=TOp.

Let an: Clx1,...,xn) = Clx1,...,xn) ® O(S,]) be the defining action of
quantum permutation group: a,(xj) = Y i Xi ® u;j.

We say that the distribution of X1, ..., X, is invariant under quantum
permutations or is quantum exchangeable if (1, ® id) o ay = 7,( - )1.

Theorem (Kostler, Speicher)

Let X1, Xa,... € (M, 7) be an infinite sequence of self-adjoint elements.
TFAE
@ each initial sub-segment (Xi, ..., X,) is quantum exchangeable
@ the sequence Xi, Xp, ... is free modulo tail and identically distributed
(r(XP) = 7(X})). )
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Motivations |l

Definition

Xi,...,Xn € (M, T) is exchangeable if:

d
(Xla v 7XI7) = (Xo(l)’ s 7X0'(n))

for every o € S,. Xi,..., X, € (M, 1) is spreadable if:

[l

(X]_,,Xk) (X1177Xlk)

for every k < n and every i € Iy p.
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for every o € S,. Xi,..., X, € (M, 1) is spreadable if:

[l

(X]_,,Xk) (X1177Xlk)

for every k < n and every i € Iy p.

Theorem (Ryll-Nardzewski)

Let X1, Xo,... be an infinite sequence of real random variables. TFAE
@ each initial sub-segment (Xi,..., X,) is spreadable

@ the sequence Xi, Xa, ... is independent modulo tail and identically
distributed
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Motivations |l

Xi,...,Xn € (M, 7) is quantum exchangeable if:

(1o ®@id) ooy = 7,(- )1
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Motivations |l

Definition

Xi,...,Xn € (M, 7) is quantum exchangeable if:
(1o ®@id) ooy = 7,(- )1

Unpacking this amounts to a condition: Vpcc(x;, ... x,)

(r@id)(PO_Xi @ uj1,..., Y X @ ujp)) = 7(P(Xy, ..., Xn))1
i=1 i=1
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Motivations |l

Xi,...,Xn € (M, 7) is quantum exchangeable if:

(1o ®@id) ooy = 7,(- )1

Unpacking this amounts to a condition: Vpcc(x;, ... x,)

(r@id)(PO_Xi @ uj1,..., Y X @ ujp)) = 7(P(Xy, ..., Xn))1
i=1 =

X1,...,Xn € (M, 7) is quantum spreadable if: ¥pcc(x,,... x)

(7 ®id)( ZX ®pi1,- s Y X @ pik)) = T(P(Xa, ..., Xi)1

for every k < n.
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Motivations IV

Xi,...,Xn € (M, 7) is quantum exchangeable if:
(T, ®id)oan =7,(-)1
X1,...,Xn € (M, 7) is quantum spreadable if: Ypcc(x,,... x)

(r@id)(PO_Xi®pit,..., > Xi®pix)) = T(P(Xy, ..., X)L
i=1 i=1

for every k < n.

Theorem (S. Curran)

Let X1, Xa,... € (M, 7) be an infinite sequence of self-adjoint elms. TFAE
@ each initial sub-segment (X1, ..., X,) is quantum spreadable

@ the sequence Xi, Xa, ... is free modulo tail and identically distributed
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Question (Skalski, Sottan)

What is the quantum subgroup of S generated by I;Ln?
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\

Hopf image in quantum groups
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Question (Skalski, Sottan)
What is the quantum subgroup of S generated by I,:n?

\

Hopf image in quantum groups

v

len C I thus Sy = () C (IF,) € S J
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Question (Skalski, Sottan)
What is the quantum subgroup of S generated by I,:n?

\

Hopf image in quantum groups

v

Ik,n C /,:n, thus S, = (l,n) C </lj:n> CSf. Ifk=1,n-1, then I;fn = /k,n!J
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© The solution: (/) = S;F
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Let S, C G, C S, . Then G, =S, if there is a commuting diagram:

CU(S7) — CU(Gy)

|

CY(Sp_y) — C¥(Gn-a)
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Let S, C G, C S, . Then G, =S, if there is a commuting diagram:

CU(S7) — CU(Gy)

|

CY(Sp_y) — C¥(Gn-a)

@ Banica-Bichon: if S4 C G C S, then G = Sj.
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Let S, C G, C S, . Then G, =S, if there is a commuting diagram:

CU(S7) — CU(Gy)

|

CY(Sp_y) — C¥(Gn-a)

v

@ Banica-Bichon: if S4 C G C S, then G = Sj.

o Brannan-Chirvasitu-Freslon: (St ,,S,) = S, (uses Banica '18 at
n=75).
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Let S, C G, C S, . Then G, =S, if there is a commuting diagram:

CU(S7) — CU(Gy)

|

CY(Sp_y) — C¥(Gn-a)

v

dea
@ Banica-Bichon: if S4 C G C S, then G = Sj.
o Brannan-Chirvasitu-Freslon: (St ,,S,) = S, (uses Banica '18 at
n=75).
@ Induction: at n = 4 clear from Banica-Bichon. Commuting diagram
= St =G,_1 C G, use B-C-F.
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Observation
Let S, C G, C S, . Then G, =S, if there is a commuting diagram:

CH(S7) — C4(Gan)

|

CY(Sy_1) — C¥(Gn-1)

| A

Corollary
Sn C </,:fn> C S,f. Then (I,jfn> = S,I if there is a commuting diagram:
cu(st) —2 cuiy,) cH(s) —2 ey,
dn Tk, Gn Tk,
C“(S,'Ll) ﬁ Cu(lljjn—l) Cu(sr—rtl) zlcu(llj_—l,n—l)
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
cv(5) —2 g, cv(sp) —2 gy
dn Tk,n Gn Mk,n
Cu(sr—:_—l) ﬁ Cu(’lj:n—l) C“(S,T_l) T 1Cu(/1j—1,n—1)

v
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
/Bk,n W 4= 6 k,n Wi A
C(S) > CU(1,) CcY(SH) —— cu(J, )
dn Tk,n Gn Mk,n
CU(Sty) —— CU( kin—1) CY(St1),— C(hy 1)
Brc,n—1 k—1,n—1

v

® g, and 7jx , are induced by the inclusion [n —1] = {1,...,n—1} C [n]
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
cu(sh) —20 cuy, cv(st) —20s curt,)
dn Tk, Gn Mk,n
CU(SrT—l) ﬁ Cu(’lj:n—l) C”(S,T_l) I::lC”(I;“_Ln_l)

v

® g, and 7jx , are induced by the inclusion [n —1] = {1,...,n—1} C [n]
® §n and 7 is induced by the inclusion [n — 1] =2 {2,...,n} C [n] plus
juxtaposition of 1 in front:

AN N I N
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
cu(s) —2 ey, cH(s) —2 ey,
dn Tk, Gn Mk,n
CU(S_y) — CU(h kyn— 1) CU(Sy_1),— CU(h n— 1)
Bk,n—1 k—1,n—1

® g, and 7jx , are induced by the inclusion [n —1] = {1,...,n—1} C [n]

® §n and 7 is induced by the inclusion [n — 1] =2 {2,...,n} C [n] plus
juxtaposition of 1 in front:

A N R I N

@ hence the above diagrams for classical versions.
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
/Bk,n + 6 k,n +
C(S) > CU(1,) CcY(SH) —— cu(J, )
dn Tk,n Gn Mk,n
C“( L) —— Cu( k,n— 1) CU(Sy1),— CU(IJr 1,n— 1)
Brc,n—1 k—1,n—1

v

@ the above diagrams holds for classical versions.
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
cu(sh) —20 cuy, cv(st) —20s curt,)
dn Tk, Gn Mk,n
CU(SrT—l) ﬁ Cu(’lj:n—l) C”(S,T_l) l::lcu(llj_—l,n—l)

v

@ the above diagrams holds for classical versions.

@ all maps are *-homomorphisms, check commutativity on generators.
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
cu(sh) —20 cuy, cv(st) —20s curt,)
dn Tk, Gn Mk,n
CU(SrT—l) ﬁ Cu(’lj:n—l) C”(S,T_l) I::lC”(I;“_Ln_l)

v
@ the above diagrams holds for classical versions.
@ all maps are *-homomorphisms, check commutativity on generators.

o the abelianization maps C“(S;) = C(S,) and C“(17)) = C(lk.n) is
injective on span of generators and 1
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Lemma

Let S, C (X,) C Sf. Then (7)) = S, if there is a commuting diagram:
cu(sh) —20 cuy, cv(st) —20s curt,)
dn Tk, Gn Mk,n
CU(SrT—l) ﬁ Cu(’lj:n—l) C”(S,T_l) l::lC”(I;“_Ln_l)

v

@ the above diagrams holds for classical versions.

@ all maps are *-homomorphisms, check commutativity on generators.

o the abelianization maps C“(S;) = C(S,) and C“(17)) = C(lk.n) is
injective on span of generators and 1

@ commuting diagram in the classical case = commuting diagram in
the quantum case.
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Concluding remarks

We know that
o (If,) =57 forall2< k<n-2
o if some state is invariant wrt generating quantum subset, it is
invariant wrt the quantum group it generates
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Concluding remarks

We know that
o (M y=5 forall2<k<n-2

o if some state is invariant wrt generating quantum subset, it is
invariant wrt the quantum group it generates

e distributional symmetry wrt S; holds iff distributional symmetry wrt
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Concluding remarks

We know that
o (If,) =57 forall2< k<n-2
o if some state is invariant wrt generating quantum subset, it is
invariant wrt the quantum group it generates

e distributional symmetry wrt S holds iff distributional symmetry wrt
I,jn holds

BUT
(Quantum) spreadability is not just invariance under (quantum)

permutations from a generating set I,:“n C 5,1 via the “completing to
permutation” map.
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Concluding remarks

We know that
o (If,) =57 forall2< k<n-2
o if some state is invariant wrt generating quantum subset, it is
invariant wrt the quantum group it generates

e distributional symmetry wrt S holds iff distributional symmetry wrt
I;rn holds

BUT
(Quantum) spreadability is not just invariance under (quantum)

permutations from a generating set I,:“n C 5,1 via the “completing to
permutation” map.

Details: P. Jéziak, Quantum Increasing Sequences generate Quantum
Permutation Groups, arXiv:1904.07721. Accepted in Glasg. Math. J.
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Thank you

Pawet Jéziak (MiNI PW)
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