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Motivations
G - complex semi-simple Lie group (Ex : G = SLn(C))
G = KAN (Ex : K = SU(n), A = {diagonals with positives entries},

N = {unipotent upper triagular matrices})
B = TAN - Borel subgroup, L = TA - Levi factor.

there exists a C ∗(L)-Hilbert module E(G/N) s.t. ∀ µ ∈ T̂ , λ ∈ Â :

IndGBµ⊗ λ⊗ 1 ∼= E(G/N)⊗C∗(L) Cµ⊗λ

We can thus re-express Harish-Chandra results :

C ∗r (G ) = ⊕µ∈T̂K(E(G/N)⊗C∗r (L) C0(Â)µ)W
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Convolution algebra

Let (A(G), φG) be an algebraic quantum group (or more generally, a
bornological quantum group).
We define D(G) as the ∗-algebra s.t. D(G) = A(G) as a space and with
product and involution

f ∗ g = id ⊗ φG((1⊗ S−1(g))∆(f )), ∀f , g ∈ D(G),

f ∗ = S(f )δG.

In Sweedler notations it gives f ∗ g = φG(S−1(g)f(2))f(1).
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Closed quantum subgroup
Let’s consider another algebraic (or bornological) quantum group
(A(B), φB). Suppose we have a (bounded) Hopf ∗-morphism

π : A(G) � A(B).

We thus say that π identifies A(B) as a closed quantum subgroup of
A(G).

The map π can be seen as π : D(G)→ D(B), which is no longer a
morphism but induces a right D(B)-module structure on D(G) :

f · h = φB(S−1(h)π(f(2))γ)f(1), f ∈ D(G), h ∈ D(B).

Here γ = π(δ
− 1

2
G )δ

1
2
B (we assume δ

1
2
B ∈M(D(B)), δ

1
2
G ∈M(D(G))
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Conditional expectation

The map
E : D(G)→ D(B), E (f ) = π(f )γ

has the weak conditional expectation properties :
1 E (f ∗) = E (f )∗,
2 E (f · h) = E (f ) ∗ h.

Remark : In the case where B is also open in G, this map is a conditional
expectation, it has been treated by Kalantar, Kasprzak, Skalski, Sołtan
[Induction for locally compact quantum groups revisited, 2017]

Damien Rivet Explicit Rieffel Induction Module for quantum groups August 8, 2019 5 / 11



The induction module

The space D(G) can be seen as a right D(B)-module. Then

〈f , g〉C∗(B) = E (f ∗ ∗ g), f , g ∈ D(G),

defines a D(B)-inner product. D(G) can be completed to a
C ∗(B)-Hilbert module E(G), equipped a left ∗-action of C ∗(G).

Now, if
K is a ∗-representation of C ∗(B), we can build

E(G)⊗C∗(B) K

which is a representation C ∗(G) that we call the induced representation of
K .
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Link with Vaes’ approach to induction
[A new approach to induction and imprimitivity results, 2004], Sketch of
Vaes approach to induction :

vN(G)IvN(B) = {v ∈ B(L2(B), L2(G)), vx = π̂′(x)v ∀x ∈ vN(B)′}
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Idea of the proof
1 Build an injection E(G)→ I with dense image (w.r.t. the weak

topology of B(L2(B), L2(G)))
2 Show that

Ψ :
L∞(G)′

vN(G)L
2(G)⊗ E(G)⊗C∗(B) KvN(G) →

L∞(G)′

vN(G)I ⊗B (L2(G)⊗ K )vN(G)

with
Ψ(ξ ⊗ a ⊗ v) = ∆(ξ)(a ⊗ 1)⊗ v

defines an equivalence of bicovariant correspondences

(Thus L2(G)⊗ E(G)⊗C∗(B) K ∼= L2(G)⊗ Ind K and so
E(G)⊗C∗(B) K ∼= Ind K )
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Complex semi-simple quantum groups

Kq - compact semi-simple quantum group
Gq = Kq ./ K̂q the Drinfeld double
Bq = T ./ K̂q - Borel quantum subgroup
Lq = T × Aq (where Aq designate the weight lattice associated to Kq)

Ex : Kq = SUq(2), Gq = SLq(2,C), T ≈ T, Aq ≈ Z

Remark : Lq is not a quantum subgroup but we have

D(Bq) � D(Lq)
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Parabolic induction
Bq is a closed quantum subgroup of Gq :

A(Gq) = A(Kq)⊗A(K̂q) � A(Bq) = A(T )⊗A(K̂q)

Let now (µ, λ) ∈ P× T . The representation of Gq associated with (µ, λ)
is originally defined as

IndGq

Bq
Cµ,λ =

{
ξ ∈ A(Gq)

∣∣ (id ⊗ πBq
)∆Gq

(ξ) = ξ ⊗ eµ ⊗ Kλ+2ρ
}

Proposition
IndGq

Bq
Cµ,λ = E(Gq)⊗C∗(Bq) Cµ,λ
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The Parabolic Induction module
The parabolic induction module can be built as the C ∗(Lq)-Hilbert
module E(Gq)⊗C∗(Bq) C

∗(Lq)

But we can build the module of “functions on the quotient space Gq/Nq” :

A(Gq/Nq) := A(Kq)⊗A(Aq)

with the C ∗(Lq)-inner product

〈a ⊗ f , b ⊗ g〉C∗(Lq) = φKq
(āb(1))π(b(2))⊗ φAq

(f ∗g(1))g(2)K−2ρ

The C ∗(Lq)-Hilbert module E(Gq/Nq) obtained by completing A(Gq/Nq)
is isometrically isomorphic to E(Gq)⊗C∗(Bq) C

∗(Lq).
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