
Synchronous games and game algebras

Let G = (X ,X ,A,A, λ) be a synchronous game, i.e.

λ(x , x , a, b) = 0 if a ̸= b,

(e.g. Hom(G ,H)) then winning strategies are characterised by traces on

A(λ) = AX ,A/J(λ) (the game algebra)

with J(λ) = ⟨ex,aey ,b : λ(x , y , a, b) = 0⟩.

We have (Helton-Meyer-Paulsen-Satriano,Kim-Paulsen-Schafhauser):

G has a perfect Cqc strategy iff there exists a non-zero tracial C∗-algebra (A, τ)
and a ∗-homomorphism π : A(λ) → A. Then

p(a, b|x , y) = τ(ex,aey,b),

Cqa strategy iff we can take A = RU ;

Cq strategy iff we can take A finite-dimensional;

Cloc strategy iff we can take A abelian.
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Homomorphism and isomorphism games

For t ∈ {loc, q, qa, qc} and graphs G and H, write G →t H if there exists
a perfect Ct strategy for the homomorphism game Hom(G ,H). One can
define quantum analogues of chromatic numbers and independence
numbers χ(G ) and α(G ):

The t-chromatic number of a graph G is

χt(G ) = min{d : G →t Kd}

The t-independence humber of G is

αt(G ) = max{d : Kd →t Ḡ}.

χ(G ) = χloc(G ) ≥ χq(G ) ≥ χqa(G ) ≥ χqc(G ),
α(G ) = αloc(G ) ≤ αq(G ) ≤ αqa(G ) ≤ αqc(G ).
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A(Hom(G ,H)), A(Iso(G ,H))

Hom(G ,H) games are rich enough to witness differences between Cq, Cqa

and Cqc :
Dykema-Paulsen-Prakash (2019) using Kruglyak-Rabanovich-Samoilenko (2003):

∃G : χq(G) > χqa(G)

Mancinska-Roberson-Varvitsiotis (2020) using MIP∗=RE (2020):

∃G : αqc(G) > αqa(G)

Iso(G ,H) games are examples of bisynchronous games where

λ(x , x , a, b) = 0 and λ(x , y , a, a) = 0 if x ̸= y , a ̸= b.

Perfect strategies are captured by quantum permutation group: O(S+
X ) is

generated by pa,x = p∗a,x = p2a,x s.t. U = (pa,x)a,x∈X is a magic unitary,
i.e.

∑
a pa,x =

∑
y pb,y = 1, x , b ∈ X .
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If AG and AH are the adjacency matrices of G and H resp. then

A(Iso(G ,H)) = ⟨pa,x : U = (pa,x)a,x magic unitary with

(AG ⊗ 1)U = U(AH ⊗ 1)⟩.

Combining the previous results one gets:

For Iso(G,H) we have:

G ≃qc H iff there is a trace on A(Iso(G ,H))

G ≃q H iff there is a fin.-dim. repr. of A(Iso(G ,H))

G ≃loc H iff G ≃ H iff there is a one-dim repr. of A(Iso(G ,H)).

G ≃ H ⇏
⇐

[AMRSSV ]

G ≃q H ⇏
⇐

[KPS]

G ≃qa H ⇒ G ≃qc H

G ≃qc H⇔ G ≃C∗ H
∗RepA(Iso(G ,H))̸=∅

⇔ G ≃alg H
A(Iso(G ,H))̸=0

([BCEHPSW])
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Going quantum-to-quantum

Motivating question I: Suppose the game has quantum inputs/outputs.
What kind of strategies can be used?

Motivating question II: Perhaps a suitable (simpler and genuinely) quantum
game can disprove Tsirelson-Connes?
A classical input (x , y)⇝ the state ϵx,x ⊗ ϵy ,y ∈ DX ⊗DY (pos.-semidef. matrix
of trace 1) here matrix units: ϵx,y , x , y ∈ X in MX .

A correlation p = {(p(a, b|x , y)a,b : x , y ∈ X} ⇝ Np : DX×Y → DA×B ,

Np(ϵx,x ⊗ ϵy ,y ) =
∑
a,b∈A

p(a, b|x , y)ϵa,a ⊗ ϵb,b.

Note: p is no-signalling ⇔
TrANp(ϵx,x ⊗ ϵy,y ) = TrANp(ϵx′,x′ ⊗ ϵy,y ) and TrBNp(ϵx,x ⊗ ϵy,y ) = TrBNp(ϵx,x ⊗ ϵy′,y′)

Quantisation: (Duan-Winter) Quantum channels (completely positive trace
preserving)

Γ : MXY → MAB , satisfying no-signalling conditions.

No-signalling:

TrAΓ(ωX ⊗ ωY ) = TrAΓ(ω′
X ⊗ ωY ) and TrBΓ(ωX ⊗ ωY ) = TrBΓ(ωX ⊗ ω′

Y )

The partial trace TrAσ ∈ MB is defined by TrA(ωA ⊗ ωB ) = Tr(ωA)ωB .

An intermediate case: classical-to-quantum correlations

Γ : DX×Y → MA×B ⇝ states σx,y := Γ(ϵx,x ⊗ ϵy ,y ).
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Classes of quantum no-signalling correlations (Todorov-T. (2020))

A family of classical POVM’s:

{(Ex,a)a∈A : x ∈ X}
⇝
E =

∑
x∈A

∑
a∈A ϵx,x ⊗ ϵa,a ⊗ Ex,a ∈ MXA(B(H))+

A family of quantum POVM’s:

Stochastic operator matrix

E = (Ex,x′,a,a′) ∈ MXA(B(H))+ such
that TrAE = I ⊗ IX .

Classes of quantum no-signalling (QNS) correlations

↕
Quantum channels Γ : MXY → MAB with specified Choi matrices

(Γ(ϵx,x′ ⊗ ϵy ,y ′))x,x′,y ,y ′ ∈ MXYAB

Local QNS

Convex combinations
of Φ ⊗ Ψ

Quantum QNS

(⟨Ex,x′,a,a′ ⊗ Fy,y′,b,b′ξ, ξ⟩),
ξ ∈ HA ⊗ HB

Quantum commuting QNS

(⟨Ex,x′,a,a′Fy,y′,b,b′ , ξ, ξ⟩),
ξ ∈ H

Qloc ⊂ Qq ⊂ Qqa ⊂ Qqc ⊂ Qns
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Quantum non-local games

Classical games (X ,Y ,A,B, λ):

Rule function λ : X × Y × A× B → {0, 1} ⇝ (P(x,y),Pβx,y (λ))

βx,y (λ) = {(a, b) : λ(x , y , a, b) = 1},
Pα is a projection onto span{ex ⊗ ey : (x , y) ∈ α}
λ⇝ φλ : Proj(DXY ) → Proj(DAB), ∨-preserving 0-preserving map.
Quantum games:

Replace (X ,Y ,A,B, λ) by Proj(MXY ),Proj(MAB) and

φ : Proj(MXY ) → Proj(MAB),

∨-preserving 0-preserving map.

Definition (Todorov-T, 2020)

A QNS correlation Γ : MXY → MAB is a perfect strategy for the quantum
non-local game φ if ⟨Γ(P), φ(P)⊥⟩ := Tr(Γ(P)φ(P)⊥) = 0, ∀P ∈ Proj(MXY ).
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Questions and some references

”Synchronous” and ”bisynchronous” quantum games and associated
algebras.
Brannan-Harris-Todorov-T, 2021,2022, Bochniak-Kaspzak-So ltan, 2021.

Quantum graph homomorphisms and isomorphisms and associated
algebras.
Brannan-Chirvasitu-Eifler-Harris-Paulsen-Su-Wasilewski 2020,

Brannan-Ganesan-Harris 2020, Ganesan 2022, Brannan-Harris-Todorov-T,

2021,2022

Value of quantum non-local games.
Cooney-Junge-Palazuelos-Pérez-Garćıa 2015, Crann-Levene-Todorov-T-Winter, in

progress
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