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e
Algorithm

Gradient descent and its variants
The most popular algorithm in optimization might be the gradient descent:

xp11 = Xt — aV f(xt)

Some typical variants:
e SGD
Xt+1 =Xt —age Eg = Vf(xt)

o Adaptive gradient descent:
1

VT V()12

Vf(xt)

Xt+1 = Xt —
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Stages of understanding an algorithm

e Convergence: x; converges to some fixed point x* of the algorithm, i.e., critical point
for gradient descent.

e Convergence to local optima: x* is a local minimum ( our focus).

e Convergence to global optima: x* is a global minimum.

4
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Our setup

min, f(x).

In the above, f: R — R is assumed to be lower bounded and continuously differentiable:
o inf, pa f(x) > —00
@ There exists L > 0 such that

IVF(x) = VS| < Llx—y| foralxyeR%

@ The undesirable critical points is the set of strict saddle points,

IV(x*)| =0, and Amin(VZf(x*)) <O0.
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Underlying dynamics
X1 = Xt — [V f(x¢)

where I'; is a time-dependent step policy matrix.

Example

o I'y=ay- I, for ay — 0, e.g., at:\/ii.

_1
o AdaGrad I'y = G, ?,

t
Gr=6T+) VI (x)VI(xs) '
s=0
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N
Main Results

Convergence to local minimizers

The deterministic gradient descent (and its variants) with adaptive step policy only
converges local minimizers. Or equivalently, non-convergence to spurious critical points,
i.e., saddle points.

Example

Apart from gradient descent, many first-order algorithms can be proven convergent to
local minimizers, e.g., mirror descent, proximal point method, AdaGrad on manifold and
SO on.
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Mirror descent

Let D be a convex open subset of R%, and M = D N A for some affine space A. Given a
function f: M — R and a mirror map @, the algorithm is

Xi41 = h(V@(xt) — OdtVf(Xt))
where
h(x) = argmax, c /{(z,x) — ®(2)}.

A special case of mirror descent is the Multiplicative Weights Update (MWU) that is used
in game theory and multi-agent systems.

4
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Exponential map

The exponential map Exp,(v) maps v € TxM toy € M such that there exists a geodesic
7(t) with (0) = x, (1) =y and 7/(0) = v.

™

T

exp,(v) M
\ "
Riemannian Gradient Descent with step ay
X141 = Expy, (—augrad f(x,) J
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Overview of the area

Robin Pemantle, 1990
Xe41 = Xt — F(x¢) + &, ar — 0, [§] =0

The Annals of Probability
1990, Vol. 18, No. 2, 698-712

NONCONVERGENCE TO UNSTABLE POINTS IN URN
MODELS AND STOCHASTIC APPROXIMATIONS!

By RoBIN PEMANTLE

Cornell University

A particle in R? moves in discrete time. The size of the nth step is of
order 1/n and when the particle is at a position v the expectation of the
next step is in the direction F(v) for some fixed vector function F of class
C? 1t is well known that the only possible points p where v(n) may
converge are those satisfying F(p) = 0. This paper proves that convergence
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J.D. Lee, M. Simchowitz, M.I. Jordan, B. Recht, COLT 2016

Xyl = X — a}éVf(xk) + &

The probability that gradient descent converges to saddle point is zero.

J.D. Lee, 1. Panageas, G. Piliouras, M. Simchowitz, M.I. Jordan, B. Recht, Math.
programming, 2019

Deterministic (without noise) gradient descent, mirror descent, coordinate descent,
proximal point method, and manifold gradient descent with constant step-size avoid
saddle points.

M.I. Jordan, International Congress of Mathematicians, 2018

”Dynamical, symplectic and stochastic perspectives on gradient-based optimization”,
surveyed on the topic of ”escaping saddle points”.
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e Avoid saddle points

Lee et al. 16’ Lee et al, ’19 AMPW 22
>
Gradient descent Many 1st order methods AdaGrad Family
A
/ PPW, '19 FPW, 22
PPW, ’19

—— > Vanishing step & -> Accelerated Riemannian GD

Classic MWU
many 1lst order methods Accelerated MWU

@ Escape saddle points

Criscitiello & Boumal 20
Ge et al. 15

Jin et al
X _— Accelerated
PGD escapes saddle effectively Accelerated PGD
/ Riemannian PGD
Jin et al 19 Criscitiello & Boumal '19 l
_

Liet al. 23

Riemannian PGD . ’
\ 0’th order methods

Sun et al '19

PGD

Riemannian PGD
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Why saddle avoidance important?

Understanding why deep learning works (data, training, generalization), and this area of
research partially answers “why training works”:

@ Provable convergence to local minimizer is crucial in understanding an algorithm,;

e Matriz completion has no spurious local minimum (Ge et al. 2016),
Gradient descent finds global minima of deep neural networks (Du et al. 2019);

o Heuristically implies that stochastic variants converges to local minimizers.
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Basics of Dynamical System

Discrete-time dynamical system

A smooth dynamical system on a manifold M is a continuous differential function
g:7Z x M — M, where g(t,x) = g¢(x) satisfies

@ go is the identity function.

@ g1 0gs = gi+s for all t, s € Z.

Fixed points and Stable set

Given a dynamical system x;+1 = g(k,Xy), the set of fixed points is denoted by X*. The
global stable set W*(X™*) of X* is the set of initial conditions where the sequence xj,
converges to X*. Formally

W3 (X*) = {xp: lim x; € X*}.
k—o00

4
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Stable and unstable fixed points
Focusing on smooth dynamical system g : M — M, we say
e x* € M is stable if eigenvalues of the differential Dg(x*) have magnitude less than 1.

e x* € M is unstable if at least one eigenvalue of Dg(x*) has magnitude greater than 1.

W

Gradient descent
Let M =R" and g(k,x) = x — a;V f(x). Then strict saddle point x*, i.e., |V f(x*)|| =0
and Amin(V2f(x*)) < 0, is an unstable fixed point of g.
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Technical Overview for Constant Step

Structural Stability of Dynamical Systems (Lyapunov, Hadamard, Smale...)

For a diffeomorphism g : M — M, the iteration ¢g"(xg) converges to an unstable fixed
point x* only if the initial point x¢ is taken from the stable manifold of x*, xg € W*(x*).

e Unstable: the Jacobian Dg(z*) has an eigenvalue whose norm is greater or equal to
one.

e Stable manifold:
The graph of some function from

stable to unstable space. Michael Shub
e Proof of saddle avoidance: Reduc- Global Stability
tion to the cases where the theorem of Dynamical Systems

can be used.
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e
Adaptive Steps

Take the AdaGrad as the main example

X1 =X — IV f(x4)

o Local argument: in a neighborhood of a saddle point, the points that can be moved
to saddle points by AdaGrad lie on a lower dimensional space (zero measure set);

o Global argument: carry the local zero measure set by inverse of AdaGrad, union of
countable zero measure set is till of measure zero.
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Review on Lyapunov-Perron for ODEs

e For gradient descent with adaptive step size, the previous stable manifold theorem
does not valid. It is necessary to derive a new version of stable manifold theorem for
the underlying dynamical system of those first-order methods.

@ The spirit comes from the classic stability theory of ODEs. Consider the ordinary

differential equation

B = ax )

and the integral operator T defined as follows

Tx(t,a) =U(t)a+ /0 U(t — s)n(x(s,a))ds — /tOO V(t —s)n(x(s,a))ds
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N
Stable Manifolds for ODEs

Example (L. Perko)
Consider the nonlinear ODE

dml
= —T
dt !
dxg
E = —x9 + l'%
o r3 + x]

The only equilibrium is the origin 0.

Xiao Wang
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The stable-unstable decomposition can be obtained from the Jacobian matrix of the
mapping on the right hand side

-1 0 0
Df(O)=] 0 -1 0
0 0 1

The solution is given by

z1(t) = cre”?

zo(t) = cae '+ ci(e”t — e )

2
x3(t) = cze’ + gl(et —e )

where ¢ = x(0) is the initial condition.
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Denote ¢¢(c) the flow defined by the solution, letting lim; oo ¢(c) = 0 and lim;_,
respectively, we can solve that ¢ = (¢1, ¢2, ¢3) has to satisfty

it
C3 = ——
1 =cp=
E,
u ()
/‘ Wi
E

i s
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e The solution of ‘fl—’t‘ = Ax + n(x) can be written in terms of integral:
t
x(t,a) = etAa+/ =) (x(s,a))ds
0

e Denote by PT and P~ the projectors onto the stable, unstable subspaces E*, E% of

e. Moreover, abbreviate

and
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e We can express a~ as a function of a® by assuming x(¢,a) is a solution. This can be
done by multiplying e~*4 on integral solution of x(t,a),

t
e “x(t,a) = a+ e_tA/ =94 (x(s,a))ds
0

projecting out the unstable part and rearranging, we have

a =e x (t,a) — te*SA*xsa s
() = [ e (x(s, )

o Letting ¢ — oo, we have
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o In the end, plugging the expression of a~ back to the following integral solution,

t t

x(t,a) = e'ta + / =94y (x(s,a))ds = e'd(a,a") +/ et~ (x(s,a))ds
0 0

we have that

t o)
x(t,a) = eat + / =) AT (x(s,a))ds — / =4~ (x(s,a))ds
0 t

e The meaning of above expression is following: the right hand side can be considered
an operator 1" acting on mappings x(t,a), transforming x(¢,a) to a new mapping.
And x(t,a) converges to the saddle point if and only if x(¢,a) is a fixed point of the
operator T.
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@ The previous integral equation can be solved by the method of successive
approximation. Let x(9)(¢,a) be the initial mapping, and the (j + 1)-th iterate
provided xU+1(t, a) is based on the integral operator:

n oo
x(ﬂ'“)(t, a) = oAyt +/ e(t—s)AnJr(X(j)(S’a))ds _/ e(tfs)An*(x(j)(s,a))dS
0 t

e With proper topology on the space of mappings x(t, a), this successive approximation
ensures that ‘
lim x/(t,a) = x(¢,a)
J]—00

uniformly for all ¢ > 0 and ||a|| small enough.
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@ An interesting observation: in the successive approximation process, the unstable
components of the initial condition a is not involved in computation,

t 00
x(t,a) = ea™ + / =) AT (x(s,a))ds — / =940 (x(s,a))ds
0 t

So it is convenience to let them to be all 0’s.

e Let t =0, we have
o0
x(0,a) =at +0— / e %Ay~ (x(s, a1, ..., ay, 0, ...,0))ds
0

which clearly implies that if a is the initial condition of the solution converging to 0,
then the unstable components of a is a function of the stable components.
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Local theory of stability for AdaGrad

Proposition

Let I'; be one of adaptive step-size policies of AdaGrads. Then the limit of {I'; };en exists
and in particular, the limit is positive definite,

limI';y =T with T" > 0.

t—o00

Xiao Wang
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Local structure of AdaGrad around critical points
Xt4+1 = (I - FV2f(O))xt - FG(xt) - (Ft - F)Vf(xt)

where 0 is a critical point.

o Trivial:
I'y=r+1,-T

Xpr1 =% — [V f(x) = 2 =TV f(x) — (T = T)Vf(xr)

e Taylor expansion of V f(x) at critical point 0:

VF(x) = V2f(0)x + 0(x).
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Denote
n(t, z) = —T0(x) — (I'y =)V f (),
and then the local form of AdaGrad is the following;:

21 = (I =TV?£(0)) @1+ n(t, x).

Proposition (not used in the talk)

n(t,-) satisfies the Lipschitz type condition: for any € > 0, there exists a neighborhood B
of 0 and some large tg, so that for any =,y € B and ¢ > tg, it holds that

In(t,2) —n(t,y)|| <ellz—yll.
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Since the Hessian V2 £(0) is diagonalizable, under a change of coordinates, we only have to
consider the diagonalized dynamics:

o1 = (I — H)xy +n(t, z¢).

Furthermore, if 0 is a saddle point, H has positive and negative eigenvalues on the
diagonal, denote H = H* & H ™.
e For a specific saddle point, the dimensions of positive and negative eigen-spaces are
fixed.

e According to the eigen-space decomposition w.r.t. H, n(t,-) can be decomposed to
n(t,)* and n(t,-)”, i.e.

W(t7 ) - 77(’57 ')+ D 77(t7 ')7'
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e Recursively use x4 = (I — H)xy + n(t, x;) from xg, we can obtain the “integral”
form of xyy1:

t
v = A(t)zo + Y At —i— 1)nli, ;)
=0
where A(t) is t-product of (I — H).

e Continuous time counterpart:

t
x(t,a) = etAa—i—/ =94y (x(s,a))ds
0
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o Note that the negative eigenvalue of H corresponds to the eigenvalue less than 1 in
(I — H), and then A(t) = B(t) @ C(t), so the expression of x;y; can be further
decomposed to

t

vy = Bt)z + > Bt —i—1)n*(i,z;)
=0

t
iy = Otz + Y Clt—i— 1)y~ (i)
i=0
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o Multiplying C(t)~! to both sides of 2 ;:

C(t) 'y = C)'CH)ay +CE) YOt —i— 1)y (i, ),

i=0
or equivalently:

t

zg = CO(t) oy —CO)' Y Clt—i— 1)y (i,a)

=0

e Now suppose {z;}en is a sequence generated by AdaGrad with initial condition xg
and x; — 0, then of course z;,; — 0. Since C(t) is diagonal and has eigenvalues > 1,
the inverse C(t)~' — 0 as t — 0. So the term C(t) 'z, vanishes.
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o Let t — 0, we have the identity:

zy = lim C(¢)~! ZC(t —i— 1)y (i,7;)

t—o0

whose ODE counterpart is
(e.9]
a = —/ e ¥y~ (x(s,a))ds
0

o Consider z; as function of zy = (27, ;) since it is generated from o, i.e.,
x; = zi(xd, 25).
o The identity is nothing but an implicit function (proof needed) of z§ and zj:

sy = Faf ).
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Theorem (informal)
If dynamical system
Ti4+1 = (I — H).’Et + T](t, $t)

converges to a saddle point with initial condition zg, then the components xar and z lie
on the hypersurface defined by the equation

xy :F(:Uar,a:a)

If the function F' is good (differentiable), then the hypersurface is a lower dimensional
space, so of measure 0.
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e
Global stability of AdaGrad

Diffeomorphism

An invertible map ¢ : R — R? is a diffeomorphism if both ¢ and ¢! are differentiable. J

Property we actually use:

The image and pre-image of a zero measure set under diffeomorphism is of measure zero. J

@ Recall that we assume dg is large enough so that dy > L.
o AdaNorm:

1
Vo IV ()2

—0 as dg— oo.
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Limitations: saddle avoidance with inequality constraints

Compared to unconstrained settings, much less is known.

o Maher Nouiehed, Jason Lee and Meisam Razaviyayn. Convergence to second-order
stationarity for constrained non-convexr optimization, 2018.

@ They provide an counter-example where the projected gradient descent might
converge to strict saddle points with positive probability.
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o min f(x,y) = —zg/«e_:"g_l’2 + %yz, st. z+y <0.

'
H
t
)
!

1 05 0 05 1

(b) Negative Gradient Flow for f(-)

o If projected gradient descent has at least two repelling directions at saddle point,
does it avoid saddle points?
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From function approximation to PDE solving

e Using neural network to approximate some solution of a PDE follows the same steps
as function approximation.

@ Suppose the neural network has the form of
f(W,a, x) Zar o(w,x

where the activation can be chosen so that it has differentiability, e.g.

1
o(x) = E:ve if x>0 and o(x) =0 if =z <O0.
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e We compute the partial derivatives of the neural network.

of 0 R _ 1 " do(wix)
01‘1' B al‘z (ﬁ gaka(wkx)> \/> Z al'l
1 m

— NG ; apo’ (Wpx)wy;,

o Consider the very simple first-order PDE given as follows,

of of
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@ The approximation problem regarding the linear PDE:

@ Denote

the above approximation problem is actually an classic neural network approximation
with constraints.

@ The complexity of these constraints depends on the non-linearity and order of the
PDE.
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Take-home msg
e We were happy with many first-order learning algorithms, and we can stay happy
(even for algorithms to be discovered);

@ Challenges come from inequality constraints. Almost everything is open on saddle
avoidance/escaping.
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Cam o’n !
Thank you !
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