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Let G, H be Hilbert spaces.. An adapted, simple process is of the form
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where 0 =t <--- <t, =T, F; € Lo(G, H), and A; ;, € F,,. Letting
n—1 N;

[(U)(t) = /Ot VdL =Y Y La,, Fip(L(tiza At) — L(t; A L))

i=1 k=1
define I(0) := (I(¥)(¢) : t €[0,T]).
Definition. A predictable, stochastic process W: Q2 x [0,T] — Lo(G, H)

is integrable if there exists a sequence (V,,) of adapted, simple processes
such that

(1) (V,,) converges to ¥ P®Leb a.e.;

(2) (I(W,,)) is Cauchy in the space of H-valued semi-martinagles.
In this case: I(V) := lim,, . [(V,,).
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with metric d(X,0) = E| [|X[],, A1].



Stochastic integral: final result

Letting M,,, be the modular space, define
LY(% My, ) == {X: Q— M,,, : measurable}

with metric d(X,0) = E| [|X[],, A1].

Proposition. For every sequence (W,,) of adapted, simple processes V¥,
the following are equivalent:

(1) (v,,) is Cauchy in LE(Q; M, );
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Stochastic integral: final result

Letting M,,, be the modular space, define
LY(% My, ) == {X: Q— M,,, : measurable}

with metric d(X,0) = E| [|X[],, A1].

Proposition. For every sequence (W,,) of adapted, simple processes V¥,
the following are equivalent:

(1) (v,,) is Cauchy in LE(Q; M, );
(2) (I(W,,)) is Cauchy in the space of semi-martingales on H.

Theorem. A predictable, stochastic process V: 2 x [0,7T] — Lo(G, H)
is integrable w.r.t. L if and only if ¥ € LY (Q; M,,,).



Key ingredient: decoupled tangent sequences

Decoupling inequality for tangent sequences:
e Jakubowski (1982),

e Kwapieri and Woyczynski (1988, 1992)

e Pefia and Giné (1999)



Decoupled tangent sequence

Definition. Let (Q,ff,P, (ﬂn)n@N) be a filtered probability space and
(X)nen an (#,)-adapted sequence of H-valued random variables.
If (Y, Z', P (F,)nen) is another filtered probability space, then a
sequence (Y},),en of H-valued random variables defined on (2xQ, .7 ®
F' PR P, (ﬁn®9’n)nem) is said to be a decoupled tangent sequence
to (X,)nen if

(1) for each w € 2, we have that (Y, (w,:))nen is a sequence of
independent random variables on (2, . %', P');

(2) the sequences (X,,)nen and (Y,,)nen satisfy for each n € N that
g(anﬁn_l X 9/n—1) = g(Yn‘gn_l X g&/n_l) Px P —a.s.

Here: X, (w,w’) := X, (w) forall (w,w’) € Q x Q.



Decoupled tangent sequence inequality

Theorem. (Kwapiern and Woyczynski). Let (X,,)nen an (%#,)-adapted
sequence of H-valued random variables on a probability space
(Q,Q,P, (ﬂn)n@N) with a decoupled tangent sequence (Y, )nen of
H-valued random variables defined on (2 x Q,.% @ F'. P @ P', (%, ®
F' ) nex) for another filtered probability space (Q/,. %', P, (#',)nex).

Then there exists a constant ¢ > 0 (independent of (X,,) and (Y},)) such

that
Ep A\ 1]

/\ 1 < CEP@P/

N
S,
k=1

N
S
k=1

for all V € N,



Decoupled tangent sequence for cylindrical Lévy

Lemma. Let L be a cylindrical Lévy processon G, 0=ty < ... <ty =T
be a partition of [0,7] and ©,: Q@ — Lyo(G,H) an .#; _,-measurable
simple random variable. By defining cylindrical random variables

L(t): G = Lyup(@x %R),  (L(t)g)(w,o) = (L()g) (),

~

it follows that (L(¢) : t > 0) is a cylindrical Lévy process on GG and the

sequence of its Radonified increments

~

(©n(L(ta) = Lita-))

defined on (Q X0, FRF PRP, (9,5”@9}%)”6{07“,7]\;}) is a decoupled
tangent sequence to the sequence of Radonified increments



Stochastic integral: final result

Letting M,,, be the modular space, define
LY(% My, ) == {X: Q— M,,, : measurable}

with metric d(X,0) = E| [|X[],, A1].

Proposition. For every sequence (W,,) of adapted, simple processes V¥,
the following are equivalent:

(1) (v,,) is Cauchy in LE(Q; M, );
(2) (I(W,,)) is Cauchy in the space of semi-martingales on H.

Proof simplified: (1) implies (I(¥,,)(¢))nen Cauchy in LY%(Q2; H) for each
t (0,7



Stochastic integral: key ingredient
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Stochastic evolution equations



Stochastic evolution equations

dX (t) = AX(t)dt + X dL(t) for all ¢t € [0,T]

e A generator of Cp-semigroup (S(%))i>0 in H;
e > : G — H linear and continuous; S(¢)X Hilbert-Schmidt

e (L(t): t > 0) cylindrical Lévy process in G.

Definition: A stochastic process (X (t) : t € [0,T]) in H is called
a weak solution if it satisfies for all h € D(A*) and ¢t € [0, T:

(X (1), ) = (X(0),h) +/O (X (s), A*h) ds + L(s)(Z*h).
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dX(t) = AX(t)dt + X dL(t) for all t € [0, T]

e A generator of Cp-semigroup (S(%))i>0 in H;
e > : G — H linear and continuous; S(¢)X Hilbert-Schmidt
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Theorem: The following are equivalent:
(a) t — S(t)X is stochastically integrable;
(b) there exists a weak solution (X () : t € [0,T]).

In this case, the weak solution is given by

X(t) :S(O)X(O)Jr/otS(t—s)ZdL(s) for all t € [0, T].



Stochastic evolution equations

dX(t) = AX(t)dt + X dL(t) for all t € [0, T]

e A generator of Cp-semigroup (S(%))i>0 in H;
e > : G — H linear and continuous; S(¢)X Hilbert-Schmidt

e (L(t): t > 0) cylindrical Lévy process in G.

Example: Let L be the canonical a-stable cylindrical Lévy process
with characteristic function ¢4 (9%) = e~ 191" Then there

exists a weak solution if and only if

T
/0 1S(s)X]| g ds < 0.

that is S(-)X € M,,, = L*([0,T}; L2(G, H)).



Temporal regularity

dX(t) = AX(t)dt + X dL(t) for all t € [0, T]

e A generator of Cp-semigroup (S(%))i>0 in H;
e > : G — H linear and continuous; S(¢)X Hilbert-Schmidt

e (L(t): t > 0) cylindrical Lévy process in G.

Theorem: Let v be the cylindrical Levy measure of L and (gx)ren an
ONB of GG. If there exists a constant KX > 0 such that

nli_}rr;()u({gEG: i(g,ekf >K}> = 00,

k=1

then there does not exist any modification X of the solution X such

~

that ((X(¢),h*): ¢t € [0,T]) has cadlag paths for each h* € H*.



Temporal regularity

dX(t) = AX(t)dt + X dL(t) for all t € [0, T]

e A generator of Cp-semigroup (S(%))i>0 in H;
e > : G — H linear and continuous; S(¢)X Hilbert-Schmidt

e (L(t): t > 0) cylindrical Lévy process in G.

Example: (Peszat, Zabczyk, Imkeller,....Liu, Zhai)
Let (L(t) : t > 0) be of the form

Z ek, §) N for all g € G,
k=1

where hy, are real-valued, a-stable processes and (o},) € ¢(22)/(2=a)\ p

Then the solution does not have a cadlag modification.



Temporal regularity

dX(t) = AX(t)dt + X dL(t) for all t € [0, T]

e A generator of Cp-semigroup (S(%))i>0 in H;
e > : G — H linear and continuous; S(¢)X Hilbert-Schmidt

e (L(t): t > 0) cylindrical Lévy process in G.

Example: (Brzezniak, Zabczyk)
Let (L(t) : t > 0) be of the form

L(t)v" =W (L(t))g for all g € G,
where W is a cylindrical but not a classical Wiener process in G and

¢ a real-valued Lévy subordinator. Then the solution has not a cadlag
modification.
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