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THE SPECTRAL SEQUENCE OF AN INCLUSION

M.G.Barratt

Manchester

Introduction.

In the absence of special circumstances, the study of
homotopy groups of a complex is an uncertain business. The
most flexible procedure available (and potentially as success-

ful as any) is the suspension method: it is also the least

systematically developed, so that the unsympathetic regard it
more as a way of life. The basic idea of the suspension method
is to study the effects on the homotopy groups of an inclusion
(X,A) —> (X',A'), where the relative homology is mapped 1so-
morphically, such as occurs when X' = XuA' and A' = Th is

a cone on base A . This example shows that in the category
of complexes the suspension method is equivalent to the study

of the homotopy groups of a cofibration

A — X —3 X/A .
It is, however, more convenient to retain the space
XuTA , rather than pinch A to a point, for then more cones
can be added to the same space A - a device first exploited

by S.C.Chang (unpublished).

This process leads to an exact couple, which defines a
filtration of, and a spectral sequence converging to, 7T, (X,4)
or ﬂ%(A) . In particular, when X 1is contractible, we have
a spectral sequence for ﬂ*(A) whose 'E1 terms depend on
the suspension EA (or, alternatively, an exact couple for
computing suspension). This machine generalizes G.W.Whitehead's
EHP sequence, and is most convenient for the calculation of
homotopy groups of spheres by induction on stems, or for the
deduction of the unstable groups from the stable ones.

The appropriate language to describe the E2 terms of
the spectral sequence is that of the cohomology of analysers
[31. 1In particular, the cohomology of the Lie ring analyser

is important for the homotopy groups of spheres.




Although this spectral sequence is 1n no sense dual to
the cohomology spectr rati

ien, 1t has an
S

e space,

involving the cohomology of the total sp: the fibre, and

J
the loops on the base. In the case of the classifying bundle

n o O

of a group, this seems to be the spectral sequence which

’ ; : R arises from the obvious filtration of the classifying space.

Remark: spaces are supposed to be simply-connected complexes.

1. The exact couple of an inclusion.

Let Pq, coey Pn 1 be spaces such that any two meet in
n-

Q, and let X =UP, , X =

UP. . Then (¥3X., eeey X __4)
.4 31 n-1
t$1
is an n-ad, and in fact is excisive, so that if (PiaQ) is
e

mi—ooﬁnected, the n-ad is E:mﬁ—COHneoted. Also, 1if Q is a
point, or is contractible,

e T
Tw W (X; X «nzs X ~ T (P, vP,Veas VP < T, (VP
(] /‘) _,(7\){! 1°? ’ l'l-/l) l _)e( 1 2 l'l—ll) ~.,¢< l>’

the subgroups of cross-terms. Since the only n-ads we shall

deal with are of this kind, it is convenient to make the

) = (j’\:,:anXz, evey X 1) y

Definition: ad(PW,..., P -

n-—1

ad (P»l) = (quQ) ®

Associated with each (n+1)-ad are n exact sequences.

In particular, there is an exact sequence

(18] wee ___.;,ﬂq(ad(Pw...,Pn_T)) M-_}ﬁq(ad(PTUPn, """'3,1_1UPn>)”"?’

m—

qP \)_.....%, s o e °

(ad<P1""’Pn_ql

g

Definition. The exact couple of an inclusion AC X 1is

the exact sequence of the pair (X,A) together with all ex-—
act sequences (1.2) with P,l =X, and P, a cone on A (i>1).

Thus, in the usual notation for exact couples,

‘ A= T(a)e T T (ad(X,T A, .0, T, 4A))
n‘zzz { A5 .
¢ = M(x)e M (X/4) e Y ML (X/AVELAV «vs vEn_,{A) ,
n>2 - '
on weplacing A1, (ad(XuT4, TZAUTA,Q..,Tn_qAUTA) by first

shrinking TA to a point and using (141)
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The spectral sequence of an inclusion is the

There is some freedom of choice in the indexing of the

spectral sequence: we choose

X O n e /o /1 n— /l e ,
E =C3 EI=%_(X), B’ =N X/A) ,
i ,i s 7 -~ I % ~:‘k > b, ’} n_{_*’ ( L, > ?
~ n-=mp an . T
E-/l - = .J:I 2__& L L \-‘v i_J _:’Y_L/J‘ ) ®
! £
Thus the differential d raises the filtrationm p by 1 ,

tra
and lowers the total degree by 1; it might be more usual to

reverse the sign of the total degree.
The spectral sequence is associated with a filtration of
1

7. (A) derived from the exact coup

N

0

(X,A) = Ker(ﬁn(A)«%ﬁn(X));

PO (&) =7, (a); P (A

n n

M+

PP (4) = Im(% (a0 (X, T o8, o0, T A)) =T, (A))

p

2, The first differential.

The differential d :??H(X)-—% ﬁn(X/A) is obviously

that induced by the map which pinches A 1o a point. In general

sl

dy t T,(X/Av.eeevEA) = S (X/AY «eev B o8)

is also induced by a geometric. map. The natural maps
EA ~¥ EA v BA , X/A — X/A v EA ‘(the latter is obtained from
| XuTA by pinching A to a point) induce an addition of maps

(track addition):

f,g : BA — ¥ | [ f+g:BA — ¥
t define ¢
h: X/A —Y | n+f:XA - Y -
Temma. d, : BR'77P— E§+1’““P‘2 is induced by the map

: W e s e /B A el X W e ee B .t’
£ ¢ X/A \;bph s X/A \fbp+1i

f|BA=1-0, f|X/A=1-06,
where 1 denotes the appropriate identity map, and 6 1is the
identity map EA —> B ¢1A .
Thus &, : 7, (BA) — TG (EAvEA) is equivalent to the

1
generalized Hopf invariant.
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3. Cohomology of Analysers.

Let P ©be a functor Ifrom the category of finitely gene-
rated free abelian groups and homomorphisms to the category

of abelian groups and homomorphisms, and let Fﬂ denote the

free abelian group on generators XqgeeesX, o Furthermore,

let homomorphisms ﬁi,iﬁg F = Fq_ be defined by
=1 I
. .
PP (1<3) N
°1 %5 T ' ’ OXy = Xi=Xppq o
! (5 ] ¢ J 17
‘ 1
XJ“"’! \ *~_2=J )
Let
i n S .
T —— - a N ) N
5._51" = '* (_/l ) L P A + (‘“"i ) _1:) ,:-; . }JF _ P'j‘ s
- T i n+1
then &g éP = 0 . (Note: P might not be additive).

Definition. The cohomology of the analyser of P 1is the

homology of the differential group (;E?Fn , %P) ;

This is based on a defini n of Lagard's, equivalent to

0
that given in [3] (seel2,§ 67).

The cohomology measures the non-additivity of P in

some sense; it is PF1 if P 1is additive.

Now, let X din § 1 be contractible, so that X/A = EA .

Theorem. There is a functor P such that

PP = S, (BAv «.. VEB_TA) , and the E, term of the spectral
sequence of the inclusion A«<X 1is the cohomology of the

analyser of P .

The homorphisms P® are induced by geometric maps
reallsing @i,{i « A slight but important modification of the
theorem is needed when X is not contractible. The proof is
based on a similar argument in § 7 of {21, and derives from

an unpublished theorem of Lazard's.

4. Homotopy groups of spheres.
] gl - _ . .
The cohomology (H") of the Lie ring analyser (discussed

in [3] and [1,2]] has a second grading derived from the degree

[
. . N g | s . A
of the Lie polynomials. The groups H% are finite, except for

H H ~Z « Let p be an odd prime, and let K? denote the

¢




Jo

T

n . .
HiZ 3 take a Iree resolution
n ¥ n N
O === M, == L, —=K| = ,
"k k k 5 ’

] + 1 . . )
such that Ly has the smallest possible number
In the following theorem (which generalizes the

2ll groups are reduced to their p-primary partse

Theorem. There is a spectral sequence converging to

% e 20 - . B o
Lﬁ%n(S 4y , graded by n , and sultably filtered, whose

terms &are

5]

in which d1 is % ® 1 on the latter summands, and O on
the former., %)

(Note: the differentials raise the filtration t , and lower
n by 1 .) Although there is a corregponding

p=2, it includes the EHP sequence, and probably reduces
to it.

Up to stems 210Z

(p-1)-4 the only relevant cohomology in

the ILie ring analyser is

1 S S,
A HD ~ HEY o~ H2p o~ 2
1= 2= 0 p="2p="p2= "p

- In this range the spectral sequence splits into two (associated

with alternate cohomology groups) yilelding E“ﬁ;(qu—T) and

P -1 : - .
P.H%(S4q ) . Here we have a simplified spectral segquence 1in

this range, converging %o Efﬁh_q(Sq-q) , with E1 terms
T,n=1_ &y 29+1 22y N=2_av 2po2qpt] SyN=3_~7
' E1 “""1’14—1(S -4 ) Ey - “n+2§s ) E1 _Jm+§o
phon—4_ gy (SQP2Q+1) 20, 0=5_ [ (Q2P2q+1\
1 T T n+4 £ 4 = T n+5VY £
*) The nature of d1 has been oversimplified; d, does
not respect the grading of Eq by k . In general, for a
homogeneous element x = u & € of degree k (@éiiﬁ%(Sng+1))

4

, _p , 5 s, g s
dqx will contain extra terms of degrees p k(s>1) , deter-
mined by 4,(6) in the spectral seguence of the suspension
2ka 2kqg+1 : e .
S L (i.e. by the Hopf invariants of 8) .

2ol | 1
s 9
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