André-Quillen (Co-)homology for Simplicial Algebras over Simplicial Operads

P. G. Goerss and M. J. Hopkins^�

July 27, 1999

Abstract

We develop a Quillen-type homology and cohomology theory for simplicial algebras over simplicial operads. In form, this theory follows closely that of the classical André-Quillen (co- )homology for commutative algebras: there are differentials, derivations, square-zero extensions and so on in this setting. For the needs of stable homotopy theory, we are led to consider operads, algebras, and so on in the category of Γ-comodules for some Hopf algebroid (R; Γ), and here we pick up the classical thread developed by Illusie. We close with a discussion of Postnikov towers in this setting. The observation here is that the stages in a Postnikov tower for a simplicial algebra are homotopically square-zero extensions.

In his work on homotopical algebra [21], Quillen was led to consider the homotopy theory and homology of simplicial modules over simplicial algebras. These problems arise naturally in the context of the homotopical algebra of R-algebras over some commutative ring R, as a cofibrant model (or resolution) of any R-algebra is a non-constant simplicial R-algebra. Since operads are to algebras what algebras are to modules, one might expect to encounter non-constant simplicial operads and, then, one must consider the homotopy theory of simplicial algebras over simplicial operads. We are especially interested in the André-Quillen homology of such simplicial algebras, as these are the groups that arise in the context of stable homotopy theory.

In fact, we were led to consider the simplicial operads because of the following computational difficulty that arises in homotopy theory. If F is an E_∞ operad over the linear isometries operad L – for example, F could be L itself, which is the case in [7] – and X is a spectrum, one would like to calculate with the free F-algebra F(X). In particular, if E is some generalized homology theory, one would like to compute E_∗F(X). In general this is very difficult, as it requires, at the very least, a thorough knowledge of the E_∗ Dyer-Lashof algebra. However, it is possible to resolve F by a simplicial operad T over L so that if E_∗ has a Künneth spectral sequence and E_∗X is projective as an E_∗ module, then the simplicial object E_∗T (X) is a free algebra over the simplicial operad E_∗T on E_∗X. This makes computations accessible. This application is discussed in detail in [14].

As this last paragraph indicates, we will not only be interested in simplicial operads in the category of R modules for some commutative ring R, but also in simplicial operads in the category of Γ comodules where (R, Γ) is some Hopf algebroid over R – for example, (E_∗, E_∗E).

This paper is the second in a series of three papers designed to come to terms with existence of multiplicative structures on spectra and with the homotopy types of spaces of multiplicative maps between multiplicative spectra. The other two ([12],[13]) are more homotopy theoretic in nature; this paper is something of an algebraic intermezzo. This paper, and, indeed, all of the work of these papers should be compared with the work of Robinson and Whitehouse; see [26] and [27] The theory of André and Quillen adapts in a fairly straightforward manner to define the homology and cohomology of simplicial algebras over a simplicial operad, at least when working in the base

�The authors were partially supported by the National Science Foundation.

category of R-modules over some commutative ring R. This is mostly because most of the necessary algebraic notions of commutative ring theory – modules, derivations, Kähler differentials and the like – have close generalizations in the operadic setting. The point of sections 1 and 2 is to explain this, and we suspect that there is very little new here; indeed, much of this seems to have been more or less understood by people working with operads – see, for example, [9] and, to our knowledge, Benoit Fresse and Muriel Livernet have thought about such things – but the prevailing emphasis on the differential graded category is slightly different than our emphasis on simplicial objects, and the latter is much more suitable for our purposes. The simplicial point of view has arisen, however; see [24].

Our purposes, in fact, take us into a slightly deeper waters. As mentioned above, we are interested in operads, algebras over operads, and so on in the category of Γ-comodules for some Hopf algebroid (R, Γ). The underlying abelian category will be simplicial Γ-comodules, and this category has the difficulty that in its natural closed model category structure, not every object is fibrant – making this category different than simplicial R-modules. (See §3.) As a result, many of the standard arguments need care and modification, and we drift very close to the situation encountered by Illusie [16] when he worked out the definitions and applications of André-Quillen homology and cohomology for commutative algebras in some category of sheaves or, more generally, in a topos. There one mixes locally-free sheaves and injective sheaves, and we adapt these techniques to our situation; however, we do add some model category underpinnings to our work. The reader aware of the connection between Γ-comodules and sheaves on an associated algebraic stack (c.f. the appendix to [28]) will realize that the connection of our work to Illusie’s is quite strong. We could have worked out the theory of simplicial algebras over simplicial operads and the associated cohomology theories in a topos, but it would require translation for our applications; thus, it seemed appropriate to leave that for another day. Also, in some sense, the homology of algebras in Γ-comodules can be computed as homology in algebras in R-modules (see Lemma 4.8, Proposition 4.9, and Proposition 4.11) – a fact that is important for our applications.

The fifth section is devoted to working out the theory of square-zero (or “infinitesimal”) extensions in both our categories of interest. The theory goes more or less as expected, although we work more generally than usual: we allow square-zero extensions of simplicial algebras by simplicial modules. This allows for a simple classification result and an easy connection to André-Quillen cohomology in all degrees, not simply in degree 1. It also makes our discussion of Postnikov towers for simplicial algebras presented in section 6 to be quite simple: in effect, the stages of a Postnikov tower are obviously weakly equivalent to a square-zero extensions, and the k-invariants are the cohomology classes corresponding to these extensions

Contents

1 Preliminaries on operads 3

2 Derivations, differentials, and (co-)homology 11

3 Comodules over a Hopf algebroid. 19

4 Simplicial algebras over a simplicial operad in comodules 24

5 Square-zero extensions 29

6 Postnikov towers for simplicial T -algebras 38

1 Preliminaries on operads

Here we review the basic definitions of operads, algebras over operads, modules, and the like. Our primary purpose is to establish language; none of this material is new, and can certainly be found in standard sources (e.g, [10], [17]). There is also an elegant exposition at the beginning of [8].

We fix an abelian category C with all limits and colimits equipped with a symmetric monoidal product · ⊗ · : C × C → C. We will assume the symmetric monoidal structure is closed in the sense there is an exponential functor hom : C^{op} × C → C so that Hom_C (M ⊗ N, K) ∼= Hom_C (M, hom(N, K)).

The two examples we have in mind are the category of R modules, where R is some commutative ring, and the category of Γ-comodules, where (R, Γ) is a Hopf algebroid ([23] §A.1). In the latter case, the symmetric monoidal structure is defined by (M, N) → M ⊗_R N. We now let C_Σ be the category of symmetric objects in C. This is the category with objects T = {T_n}_{n≥0} where T_n ∈ C is equipped with a Σ_n action in C. The morphisms in C_Σ are the obvious ones. This is the category of Σ objects in C. There is a pairing · ⊗_Σ · : C_Σ × C_Σ → C induced by the symmetric monoidal structure in C: S ⊗_Σ T = ⨁ n≥0 S_n ⊗_{Σn} T_n.

(1.1)

Here S_n ⊗_{Σn} T_n denotes the colimit of the diagonal Σ_n action on S_n ⊗T_n. Note that for fixed T ∈ C_Σ, the functor · ⊗_Σ T : C_Σ → C has right adjoint M → {hom(T_n, M)}_{n≥0} = hom_∗(T, M) where Σ_n acts on the source of hom(T_n, M).

Here are some common uses of these constructions. Example 1.1 Let M ∈ C. Define Φ(M) ∈ C_Σ by the formula Φ(M)_n = M ⊗ · · · ⊗ M ←n→ = M^{⊗n} with the permutation action. If T ∈ C_Σ we write T (M) = T ⊗_Σ Φ(M) = ⊕_n T_n ⊗_{Σn} M^{⊗n}.

Example 1.2 Let X and M be in C. Define Ψ(X, M) ∈ C_Σ by

Ψ(X, M)_n = n⨁ i=1 X ⊗ · · · ⊗ M_i ⊗ · · · ⊗ X again with the permutation action. If T ∈ C_Σ we write T (X, M) = T ⊗_Σ Ψ(X, M) ∼= ⨁ n T_n ⊗_{Σn−1} X^{⊗n−1} ⊗ M. This last formula suggests we introduce an operator on C_Σ D_∗ : C_Σ → C_Σ

(1.2) with (D_∗T )_n = T_{n+1} with Σ_n action induced by Σ_n ⊆ Σ_{n+1} fixing n + 1 ∈ {1, 2, . . . , n, n + 1}. Then T (X, M) = D_∗T (X) ⊗ M. Example 1.3 The category C_Σ itself inherits a symmetric monoidal structure from C. If S and T are objects in C_Σ define S ⊗ T ∈ C_Σ by (S ⊗ T )_n = ⊕_{p+q=n} Σ_n ×_{Σp×Σq} S_p ⊗ T_q.

In particular, if T ∈ C_Σ is some object, we can form T^{⊗n} ∈ C_Σ. This object has an external action of the symmetric group Σ_n in addition to the internal action of the symmetric group Σ_q on the object (T^{⊗n})_q . If S ∈ C_Σ is another object, define S ∘ T ∈ C_Σ by (S ∘ T )_q = S ⊗_Σ (T^{⊗n})_{q n} = ⊕_n S_n ⊗_{Σn} (T^{⊗n})_q .

This is the circle product ∘ : C_Σ × C_Σ → C_Σ.

Proposition 1.4 With the circle product, the category C_Σ becomes a closed monoidal category. The unit is given by 1 ∈ C_Σ where 1_n = { e n = 1 0 n ≠ 1 with e ∈ C the unit of the symmetric monoidal structure on C. The internal function object of C_Σ is given by the formula hom_{CΣ} (S, T )_n = ∏ q≥0 hom_{Σm} ((S^{⊗n}_q , T_q).

Note that this monoidal structure is not a symmetric monoidal structure; in particular S ∘T need not be isomorphic to T ∘ S. The next result is obtained by unwinding the definitions and regrouping the parentheses.

Proposition 1.5 Let S, T ∈ C_Σ and M, N ∈ C. Then there are natural isomorphisms 1) S(T (M)) ∼= (S ∘ T )M, and 2) S(T (M), T (M, N)) ∼= (S ∘ T )(M, N). Definition 1.6 An operad in C is a monoid object T ∈ C_Σ in the monoidal structure given by the circle product.

Thus if T is an operad, there are morphisms μ : T ∘ T → T and η : 1 → T in C_Σ so that the evident associativity and unitary diagrams commute. Let O be the category of operads on C.

If T is an operad, then the functor M → T (M) becomes the functor of a triple (i.e., monad) on C and a T -algebra is an algebra over this triple. In general, we will write A^T for the category of T -algebras in C. Example 1.7 If M ∈ C, then the object End(M) = {hom(M^{⊗n}, M)}_{n≥0} becomes an operad in C, called the endomorphism operad of M. If T is any operad, then the set of T -algebra structures on M is isomorphic to Hom_O(T, End(M)).

Definition 1.8 Let T be an operad and A a T -algebra. An object M ∈ C is an A-module over T if there is a morphism in C ϵ_M : T (A, M) → M so that the following diagrams commute: T (T A, T (A, M))^{T (ϵA,ϵM )} � ∼= �

T (A, M) ϵ_M� M (T ∘ T )(A, M)^{μ(A,M)} � T (A, M) ϵ_M �

and M = 1(A, M) � = � � � T (A, M) � M. The first diagram is an associativity condition, and uses Proposition 1.5. The second is a unit condition. If the operad is understood, we may simply refer to M as an A-module.

If we fix T and A, let M^T_A denote the A-modules over T . The summation map Ψ(A, A) → Φ(A) defines a composite T (A, A) → T (A)^{ϵA}−−−→ A making A ∈ M^T_A. Also, if f : A → B is a morphism of T -algebras, and M is a B-module over T , then M is a A-module over T via the composite T (A, M)^{T (f,M)} −−−−−→ T (B, M) → M.

Before going further, it will be useful to lay out the concepts of various kinds of special coequalizers. A reflexive coequalizer is a coequalizer diagram M_1^{d0}´_{d1} M_0 that can be equipped with a morphism s_0 : M_0 → M_1 so that d_0s_0 = d_1s_0 = 1. We will write d_0 for the map d_0 : M_0 → colim(M_1 ´ M_0).

For example, If A ∈ A^T is a T -algebra, the diagram, (T ∘ T )A ϵ_{TA}´ T_{ϵA} T (A)^{ϵA}→ A (1.3)

is a reflexive coequalizer diagram with s_0 = T_{ηA} : T A → (T ∘ T )(A). Write d_0 = ϵ_{T A}, d_1 = T ϵ_A and d_0 = ϵ_A. Notice that in C, this diagram comes equipped with s_{−1} = η : A → T A and s_{−1} : η : T A → T ∘ T (A) so that d_0s_{−1} = 1 and d_1s_{−1} = s_{−1}d_0. It follows that (1.3) is an equalizer diagram in C, hence in A^T – as we will see below.

In the closed symmetric monoidal category C, the product ⊗ preserves reflexive coequalizers in the strongest possible sense: if M_{1i} ´ M_{0i} → M_i, i = 1, 2 are reflexive coequalizers then so is M_{11} ⊗ M_{12} ´ M_{01} ⊗ M_{02} → M_1 ⊗ M_2.

To see this note that the functors M_1 ⊗ · and · ⊗ M_2 both preserve all coequalizers, being left adjoints, so one need only check the coequalizer of M_{11} ⊗ M_{12} ´ M_{01} ⊗ M_{02} is the colimit of the diagram M_{11} ⊗ M_{12} � � M_{11} ⊗ M_{02} � M_{01} ⊗ M_{12} � M_{01} ⊗ M_{02}.

To do this, we argue as follows: any map f : M_{01} ⊗ M_{02} → N which equalizes d_0 ⊗ d_0, d_1 ⊗ d_1 : M_{11} ⊗ M_{12} ´ M_{01} ⊗ M_{02} must also equalize 1 ⊗ d_0, 1 ⊗ d_1 : M_{01} ⊗ M_{12} ´ M_{01} ⊗ M_{12} and d_0 ⊗ 1, d_1 ⊗ 1 : M_{11} ⊗ M_{02} ´ M_{01} ⊗ M_{12}, since, for example, f(1 ⊗ d_0) = f(d_0 ⊗ d_0)(s_0 ⊗ 1) = f(d_1 ⊗ d_1)(s_0 ⊗ 1) = f(1 ⊗ d_1), where s_0 : M_{01} → M_{11} is any splitting.

Because ⊗ preserves reflexive coequalizers, so does T (·) : C → C where T ∈ C_Σ is any object. From this comes the following observation. Let T is an operad and let d_0, d_1 : A_1 ´ A_0 be two maps in A^T that can be split by s_0 : A_0 → A_1 in C. Then if A ∈ C is the coequalizer d_0 and d_1 in C, there is a unique map T (A) → A filling in the following diagram T (A_1) � � T (A)_0 � � T (A) � A_1 � A_0 � A.

This gives A the structure of a T -algebra and with this structure, A is the coequalizer of d_0, d_1 in A^T . In shorthand: the forgetful functor A^T → C makes reflexive coequalizers. It follows from this that A^T has all finite colimits. In our two main examples – R-modules and (R, Γ) comodules – the forgetful functor also makes filtered colimits, so the category A^T has all colimits. Finally, the forgetful functor also makes limits, A^T has all limits and colimits.

We now list a technical result needed in the results that follow.

Lemma 1.9 Let A_1 ´ A_0 → A be a reflexive coequalizer of T -algebras, and let M_1 ´ M_0 → M be a reflexive coequalizer in C. Suppose M_i, i = 1, 2, is A_i-module over T , i = 1, 2, d_0, d_1 : M_1 → M_0 are A_1 modules maps and s_0 : M_0 → M_1 is an A_0-module map. Then M has a unique structure as a A-module over T so that d_0 : M_0 → M is an A_0 module map.

Proof. The functor T (·, ·) preserves reflexive coequalizers in the strong sense of both variables at once; hence there is a unique map T (A, M) → M in C making the following diagram commute. T (A_1, M_1) � � T (A_0, M_0) � � T (A, M) � M_1 � M_0 � M.

Proposition 1.10 The forgetful functor M^T_A → C has a left adjoint M → A ⊗^T M. Proof. First assume A = T (N) for some N. Then A ⊗^T M ∼= T (N, M) with A-module structure over T defined by T (A, A ⊗^T M) ∼= (T ∘ T )(N, M) → T (N, M) = A ⊗^T M. The natural map, with K ∈ M^T_A Hom_C (M, K) → Hom_MT_A (A ⊗^T M, K) sending f : M → K to the composite A ⊗^T M = T (N, M) → T (T (N), M) = T (A, M)^{T (A,f )}−−−→ T (A, K) → K is an isomorphism with inverse sending g : A ⊗^T M → K to M = 1(N, M) → A ⊗^T M^g→ K. Note that if f : A_1 = T (N_1) → A_2 = T (N_2) is any morphism of T -algebras, the natural map M → A_2 ⊗^T M and the fact that f gives A_2 ⊗^T M the structure of an A_1 module yields, by adjointness, a map of A_1-modules over T f ⊗^T M : A_1 ⊗^T M → A_2 ⊗^T M.

To define A ⊗^T M for more general M, we use the reflexive coequalizer diagram of 1.3 of T -algebras T^2A^{d0}´_{d1} T (A)^{d0}→ A

and define A ⊗^T M by the coequalizer diagram in C T^2(A) ⊗^T M ´ T (A) ⊗^T M → A ⊗^T M.

(1.4) Lemma 1.9 supplies the A-module structure on A ⊗^T M.

To get the adjointness property note that under the situation described by the hypotheses of Lemma 1.9, there is a reflexive equalizer diagram of abelian groups Hom_MT_A (M, N) → Hom_MT_{A0} (M_0, N) ´ Hom_MT_{A1} (M_1, N) for any N ∈ M^T_A. Apply this to the sequence of Definition 1.4.

Lemma 1.11 The forgetful functor M^T_A → C makes all limits and colimits, and M^T_A is an abelian subcategory of C.

Proof. Because of the equation T (A, M) ∼= D_∗T (A) ⊗ M (see 1.2), the functor T (A, ·) preserves all colimits C. Hence, if M : I → M^T_A is any diagram, the colimit in C, colim_I M, acquires a module structure via T (A, colim_I M) = colim_I T (A, M) → colim_I M with their structure, colim_I M ∈ M^A_T becomes the colimit in M^A_T . The case of limits is easier.

Since the direct sum in M^A_T of two objects M_1, M_2 ∈ M^A_T is made in C, M^A_T is an additive subcategory. Since cokernels and kernels are, respectively, a colimit and limit, the result follows from the fact that colimits and limits are made in C.

Lemma 1.12 The category M^T_A is equivalent to the category of algebras over a triple with underlying functor A ⊗^T (·) : C → C. Proof. This follows from Lemma 1.11 and Beck’s Theorem. ([19], VI §7).

It is standard to note that M^T_A is, in fact, the category of some left modules over some algebra in C. This is proved by the following sequence of ideas. First note that if K ∈ M^T_A and M ∈ C, then the mapping object hom(M, K) ∈ C has a natural structure as an object of M^T_A; the evaluation formula T (A, hom(M, K)) → hom(M, K) is adjoint to the composite T (A, hom(M, K)) ⊗ M ∼= D_∗T ⊗ hom(M, K) ⊗ M → D_∗T ⊗ K ∼= T (A, K) → K. Similarly, K ⊗ M is an object in M^T_A with evaluation map T (A, K ⊗ M) ∼= T (A, K) ⊗ M → K ⊗ M. Lemma 1.13 There is a natural adjunction isomorphism, M, K ∈ M^T_A, N ∈ C Hom_MT_A (M ⊗ N, K) ∼= Hom_MT_A (M, hom(N, K)).

Proof. This is a result of the comparison of equalizers

Hom_MT_A (M ⊗ N, K) � � Hom_C (M ⊗ N, K) � ∼= � Hom_C (T (A, M ⊗ N), K) ∼= � Hom_MT_A (M, hom(N, K) � Hom_C (M, hom(N, K)) � Hom_C (T (M), hom_C (N, K)).

An immediate consequence of this result is that the natural map of A-modules over T A ⊗^T (M ⊗ N) → (A ⊗^T M) ⊗ N (1.5) is an isomorphism, as Hom_MT_A ((A ⊗^T M) ⊗ N, K) ∼= Hom_MT_A (A ⊗^T M, hom(N, K)) ∼= Hom_C (M, hom(N, K)) ∼= Hom_C (M ⊗ N, K) ∼= Hom_{MTA} (A ⊗T (M ⊗ N), K). Thus. if e ∈ C is the unit of the monoidal structure, the object A ⊗^T e gets a multiplication in C (A ⊗^T e) ⊗ (A ⊗^T e) ∼= A ⊗^T A ⊗^T e → A ⊗^T e, using the fact that A is an A module over itself. This multiplication is associative and has a unit e → A ⊗^T e. This object is the enveloping algebra of A. If M is a A-module over T , then M is naturally a left A ⊗^T e module via (A ⊗^T e) ⊗ M ∼= A ⊗^T (e ⊗ M) ∼= A ⊗^T M → M. With this assignment of left A ⊗^T e module structure we have

Proposition 1.14 The category M^T_A of A-modules over T is equivalent to the category of left A⊗^T e modules.

Proof. If M is A ⊗^T e module, then M becomes an algebra over the triple M → A ⊗^T M via A ⊗^T M ∼= (A ⊗^T e) ⊗ M → M. The result follows from Lemma 1.11.

Example 1.15 Suppose the underlying abelian category C is the category of R-modules over a commutative ring R with symmetric monoidal structure given by tensor product. Thus R itself is the unit of the symmetric monoidal structure and A ⊗_T R is the enveloping algebra of A. Then the forgetful functor M^T_A → C has a right adjoint. By the previous result, it is sufficient to argue that the forgetful functor from left A ⊗^T R modules to C has a right adjoint. This adjoint is given by the functor M −→ Hom_R(A ⊗^T R, M) where the target gets a left A ⊗^T R module structure via the formula (aψ)(x) = ψ(ax). The counit of adjunction M → Hom_R(A ⊗^T R, M) sends an element x of the left A ⊗^T R module to the homomorphism ψ_x with ψ_x(a) = xa.

Notice that the existence of this adjoint immediately implies that the category M^T_A has enough injectives, because the category of R-modules has enough injectives.

If R is a graded ring and C is the category of graded R-modules, similar observations apply. The graded adjoint is M −→ Hom^∗_R(A ⊗^T R, M) with Hom^n_R(A ⊗^T R, M) = Hom^n_R(A ⊗^T R, M_{∗+n}) where (M_{∗+n})_k = M_{k+n}. Again M^T_A will have enough injectives.

We next give a result allowing extension of scalars and change of operads. We have already noted that if A → B is a morphism of T -algebras we get a functor M^T_B → M^T_A which might be called restriction of scalars. Similarly if S → T is a morphism of operads, any T -algebra A becomes an S-algebra via S(A) → T (A)^ϵ→ A. Furthermore if M is a A-module over T , then M is an A-module over S via S(A, M) → T (A, M) → M. Thus we obtain functors A^T → A^S and M^T_A → M^S_A.

Lemma 1.16 1) If A → B is a morphism of T -algebras, the restriction of scalars functor M^T_B → M^T_A has a left adjoint B ⊗_A (·) : M^T_A → M^T_B characterized by the natural isomorphism B ⊗_A (A ⊗^T M) ∼= B ⊗^T M. 2) If S → T is a morphism of operads the forgetful functor A^T → A^S has a left adjoint T ⊗_S (·) characterized by T ⊗_S S(M) ∼= T (M). 3) If S → T is a morphism of operads and A is a T -algebra, the functor M^T_A → M^S_A has left adjoint T ⊗_S (·) characterized by T ⊗_S (A ⊗^S M) ∼= A ⊗^T M. Proof. All three follow from [2]. The argument is a modification of the argument given for Proposition 1.10

2 Derivations, differentials, and (co-)homology

André-Quillen cohomology is obtained as the right derived functors of derivations. We introduce and explore the relevant concepts.

If A is a commutative algebra over a commutative ring R and M is an A-module, then the abelian group of R-derivations d : A → M is naturally isomorphic to the abelian group of R-algebra maps over A A → A n M where A n M is the “square-zero” extension of A by M. As abelian groups A n M ∼= A ⊕ M, and the multiplication is defined by (a, x)(b, y) = (ab, ax + yb). For algebras over an operad, we will simply defined derivations to be maps into a square-zero extension; then we will give an alternative description more in line with the usual definition of derivation.

If T is an operad, A a T -algebra, and M a A-module over T , we need to define the square-zero extension of A by M. Note that if Φ(A) and Ψ(A, M) are the functors of Examples 1.1 and 1.2, then, in C_Σ, there is a decomposition, Φ(A ⊕ M) ∼= Φ(A) ⊕ Ψ(A, M) ⊕ L(A, M) hence a projection T (A ⊕ M) → T (A) ⊕ T (A, M).

The T -algebra A n M is the object A ⊕ M with algebra structure T (A ⊕ M) → T (A) ⊕ T (A, M)^{ϵA⊕ϵM}−−−−−→ A ⊕ M where ϵ denotes the evaluation map.

If we let A^T /A denote the category of T algebras over A, then A n M is an object in A^T /A; indeed, A n M is an abelian group object in the category of T -algebras over A, and all abelian group objects in A^T /A are of this form.

Definition 2.1 If T is an operad, A a T -algebra, and M a A-module over T , and B ∈ A^T /A, define the abelian group of T -derivations by the equation

Der_T (B, M) ∼= Hom_AT_{/A}(B, A n M).

We can give another characterization of this group. If we have a T -algebra map f : B → A n M, then as a morphism is C, we may write f = ϵ + d : B → A n M = A ⊕ M where ϵ : B → A is the augmentation. One traditionally thinks of d as the derivation and we’d like to know what properties this morphism has.

For fixed M ∈ C, there is a natural diagonal map

M^{⊗n} = Φ(M)_n → Ψ(M, M)_n = ⊕_n M^{⊗n}

and hence, for any operad T , a diagonal map Δ : T (M) → T (M, M). The following result, which is an exercise in definitions, gives an equivalent definition of derivations.

Proposition 2.2 Let A be a T -algebra and M a A-module over T . Then a T -derivation is determined by a morphism d : B → M is C so that the following diagram commutes T (B)^Δ � ϵ_B � T (B, B)^{T (B,d)} � T (B, M) ϵ_M � B^d � M. We next produce Kähler differentials. For fixed A ∈ A^T , the Kähler differentials on A is a module Ω_T A ∈ M^T_A representing the functor M → Der_T (A, M). The next result shows this object exists. Lemma 2.3 Let A be a T -algebra. Then there is a module Ω_T A ∈ M^T_A and a natural isomorphism Hom_MT_A (Ω_T A, M) ∼= Der_T (A, M).

Proof. First assume A = T (N) for some N ∈ C. Then the map, for M ∈ M^T_A Hom_C (N, M) → Der_T (A, M) sending f : N → M to the derivation induced (via Proposition 2.2) by the composite A = T (N)^Δ→ T (N, N)^{T (η,f )}−−−−→ T (T (N), M)^ϵ→ M. is an isomorphism. Hence we have Ω_T (N) ∼= T (N)^T⊗ N ∼= T (N, N). (2.1) If T (N_1) → T (N_2) is any morphism of T -algebras, we get a natural homomorphism for M ∈ M^T_{(N2)} Der_T (T (N_2), M) → Der_T (T (N_1), M) hence a morphism of T (N_2) modules T (N_2) ⊗_{T (N1)} Ω_T T (N_1) → Ω_T T (N_2).

For general A ∈ A^T , there is a coequalizer diagram of T -algebras T^2(A) ´ T (A) → A and we define Ω_T (A) by the coequalizer diagram A ⊗_T 2_A Ω_T T^2A ´ A ⊗_{T A} Ω_T T A → Ω_T A.

This completes the argument.

Implicit in the preceding proof is the following result.

Lemma 2.4 Let A → B be a morphism of T -algebras. Then there is an induced map of B-modules over T B ⊗_A Ω_T A → Ω_T B inducing the natural map Der_T (B, M) → Der_T (A, M).

Also, if S → T is a morphism of operads we get, for any T -algebra A, and M ∈ M^T_A, a map

Der_T (A, M) → Der_S (A, M)

which is, in turn, induced by a map A-modules over T

T ⊗_S Ω_S A → Ω_T A.

(2.2)

Note that if S(A) → T (A) is surjective, Der_T (A, M) → Der_S (A, M) is an isomorphism; hence T ⊗_S Ω_S A ∼= Ω_T A.

We now come to simplicial T -algebras. If T is an operad in C, we can form the category sA^T of simplicial T -algebras; however, for our applications, we need something more general. If T = {T_n} is a simplicial operad and X ∈ sC, then one can form the object T (X) = {T_n(X_n)} ∈ sC and a simplicial operad over T is an object X ∈ sC equipped with a multiplication ϵ : T (X) → X so that the usual diagrams commute. Write sA^T for the category of simplicial T -algebras. If T is any operad C, we may regard T as a constant simplicial operad and the two definitions of sA^T agree.

In a similar vein, if X ∈ sA^T a simplicial X-module over T is an object M ∈ sC equipped with a multiplication in sC ϵ : T (X, M) → M subject to the usual diagrams.

Finally, as a bit of notation, an augmented simplicial object Z is a simplicial object Z = {Z_n} equipped with a morphism d_0 : Z_0 → Z_{−1} so that d_0d_1 = d_0d_0 : Z_1 → Z_{−1}. With this condition, all possible compositions of face maps

d_{i0} d_{i1} · · · d_{in} : Z_n → Z_{−1}

are equal. The coequalizer of the two maps d_0, d_1 : Z_1 → Z_0, if it exists, is denoted π_0Z and the obvious map d_0 : Z_0 → π_0Z is initial among all augmentations.

In particular, if T → T_{−1} is an augmented simplicial operad, X → X_{−1} are algebra over over T → T_{−1} and M a T_{−1} module over X_{−1}, then M has a unique induced X_n module structure over T_n.

For the rest of this section we will assume that our base category of C is the category M_R of R-modules for some commutative ring R. This is because in this case, the category of simplicial T -algebras, for a simplicial operad T , has a good simplicial model category structure with every object fibrant. We will explore the case of Γ-comodules, where (R, Γ) is a Hopf algebroid in the next two sections.

Before stating the precise result, we introduce some terminology, If C is any category and sC is the category of simplicial objects in C, then an object X ∈ sC is called s-free if the underlying degeneracy diagram is free; that, is, there are objects Z_n ∈ C and isomorphisms X_n ∼= ⊔_{ϕ:[n]→[m]} Z_m where ϕ runs over the surjections in the ordinal number category, and these isomorphisms respect the degeneracy maps. If R is a commutative ring and T is a simplicial operad over R, then an object in X ∈ sA^T will be called free (following [21] §II.4) if the underlying degeneracy diagram is of the form T (M) where M is a degeneracy diagram of R-modules which is free on a set {P_n} of projective R-modules. A morphism X → Y is called free if the underlying morphism of degeneracy diagrams is isomorphic to one of the form X → X ⊔ Y^′ where Y^′ is free.

Proposition 2.5 The category sA^T , with the standard simplicial structure, has a cofibrantly generated simplicial model category structure so that f : X → Y is

1. a weak equivalence if and only if π_∗X → π_∗Y is an isomorphism of graded objects R-modules;

2. a fibration is, after normalization, it is surjection in positive degrees; and

3. a cofibration if it is a retract of a free map.

This follows from the general result of Quillen’s; see [21] §II.4. Similar remarks apply to sM^T_A. Indeed, since M^T_A is an abelian category with enough projectives, it, too has a simplicial model category structure with homotopy isomorphisms as weak equivalences and fibrations those maps which are, after normalization, a surjection in positive degrees. (See [21]). Cofibrations are retracts of those maps A → B which are appropriately free; that, is the underlying morphism of degeneracy diagrams is of the form A −→ A ⊕ B^′ where B^′ is s-free on a set A_n ⊗^{Tn} P_n with P_n a projective R-module.

Definition 2.6 Let A ∈ sA^T be a simplicial T -algebra. The cotangent complex of A is defined by the equation LΩT A^∼= A ⊗X ΩT X where X → A is a trivial fibration in sA^T with X cofibrant. The operad will be dropped from the notation when understood.

The André-Quillen homology of A is defined by

D^T_∗ (A) = D_∗(A) ∼= π_∗LΩ_T A.

If T → T_{−1} is an augmented simplicial operad, A → A_{−1} is an augmented T → T_{−1} algebra and M a A_{−1} module over T_{−1}, then the André-Quillen cohomology of A with coefficients in M is defined by D^∗_T (A, M) = D^∗(A, M) ∼= π^∗ Der_T (X, M) ∼= π^∗Hom_MT_A (LΩ_T A, M).

We make some remarks on the definition. If we assume X is free, then we may write the underlying degeneracy diagram of X as T (Z^0) where Z^0 is some free degeneracy diagram in C, and then the underlying degeneracy diagram of A ⊗_X Ω_T X = LΩ_T A is

A ⊗_X Ω_T X ∼= A ⊗^T Z^0

which is, in turn, free in sM^T_A.

Since every cofibrant object X in sA^T is a retract of a free object, Ω_T X is a retract of a free object in sM^T_X ; hence A ⊗_X Ω_T X is cofibrant in sM^T_A. It is also well-defined up to homotopy equivalence. Thus D_∗(A, M) and D^∗(A, M) are well-defined.

The next point to make is that André-Quillen cohomology is representable. Let A be a simplicial algebra over a simplicial operad T . If M is a simplicial A-module over T one can form the simplicial algebra A n M. If M is a π_0A-module over π_0T we may form a simplicial A-module K(M, n). As a simplicial object in C, NK(M, n) ∼= M concentrated in degree n (where N is the normalization functor) and K(M, n)_k acquires a A_k module over T_k structure via the augmentation. Write K_A(M, n) for A n K(M, n).

Proposition 2.7 Let Y ∈ sA^T /A. Then there is a natural isomorphism [Y, K_A(M, n)]_{sA}T_{/A} ∼= D^n(Y, M).

Proof. Definition 2.1 and the existence of Kähler differentials (Lemma 2.3), the functor A n (·) : sM^T_A → sA^T /A has left adjoint Y → A ⊗_Y Ω_T Y . Note A n (·) preserves all weak equivalences and fibrations. Hence A⊗_Y Ω_T (·) preserves cofibrations and weak equivalences between cofibrant objects and [Y, K_A(M, n)]_{sA}T_{/A} ∼= [LΩ_T Y, K(M, n)]_{sM}T_A ∼= Dn(Y, M). This finishes the proof.

For computing one has an attenuated form of the transitivity sequence and, perhaps more usefully, a Meyer-Vietoris sequence. For both of these, we need a relative version of the above concepts. Suppose A → X is a morphism of simplicial T -algebras and M is a π_0X-module over π_0T . Definition 2.8 The abelian group of T -derivations from X to M under A is defined by the exact sequence 0 → Der_A(X, M) → Der_T (X, M) → Der_T (A, M).

The functor M → Der_A(X, M) is representable; indeed, if we define Ω_T (X/A) ∈ sM^T_A by the exact sequence in sM^T_A X ⊗_A Ω_T A → Ω_T X → Ω_T (X/A) → 0 then there is a natural isomorphism Hom_{sM}T_A (Ω_T (X/A), M) ∼= Der_A(X, M).

(2.3)

Then LΩ_T (X/A) is defined as follows. Choose a cofibrant model A_0 → A for A in sA^T and factor the composite A_0 → A → X as A_0^j→ X_0^q→ X where j is a cofibration and q is a weak equivalence. Then LΩT (X/A) = X ⊗X_0 Ω(X0/A0). (2.4) The arrow A_0 → X_0 is a cofibrant model for the arrow A → X is the arrow category of sA^T with the Bousfield-Kan model category structure: level-wise weak equivalences and fibrations. (See [4]). Since every object in this arrow category is fibrant, LΩ_T (X/A) is well-defined in the homotopy category of simplicial X-modules. In fact, we have: Lemma 2.9 Suppose we have a diagram of T -algebras B � � A � Y � X with the horizontal maps weak equivalences. Then there is a natural weak equivalence of simplicial X-modules X ⊗_Y LΩ_T (Y/B)^≃−→ LΩ_T (X/A). Proof. Let A_0 → X_0 be a cofibrant model for the arrow B → Y . Then A_0 → X_0 is also a cofibrant model for the arrow A → X. Hence,

X ⊗_Y LΩ_T (Y/B) ≃ X ⊗_Y Y ⊗_{X0} Ω_T (X_0/A_0) ∼= X ⊗_{X0} Ω_T (X_0/A_0) ≃ LΩ_T (X/A).

Note that, in particular, this last result implies that if A_0 → X_0 is cofibrant model for A → X, then LΩT (X0/A0) = ΩT (X0/A0) → X ⊗ ΩT (X0/A0) = LΩT (X/A) is a weak equivalence.

We define the relative André-Quillen homology by D_∗(X/A) = D^T_∗ (X/A) = π_∗LΩ_T (X/A). One could also attempt to define LΩ_T (X/A) without recourse to resolving A; that is, factor A → X as A^{j′}→ Y^q→ X where q is a weak equivalence and j is cofibration, and consider L^′ Ω_T (X/A) = X ⊗_Y Ω_T (Y/A). This is again well-defined in Ho(sM^T_X ); however, this object may not be weakly equivalent to LΩ_T (X/A). We have the following result. As far as we know, they most important example where the “left proper” hypothesis of this Proposition is valid is the case of the commutative algebra operad.

Proposition 2.10 There is a natural map in Ho(sM^T_X ) LΩT (X/A) → L^′ ΩT (X/A) and this map is an isomorphism in Ho(sM^T_X ) if the simplicial model category sA^T is left proper. Proof. Let A_0 → X_0 be a cofibrant model for A → X. There is a sequence of arrows A^i→ A ⊔_{A0} X_0^p→ X and i is a cofibration. If sA^T is left proper, then p is a weak equivalence. In any case, factor p as A ⊔_{A0} X_0^f→ Y^g→ X where f is a cofibration and g is a weak equivalence. Then we have morphisms LΩT (X/A) = X ⊗X_0 ΩT (X0/A0) → X ⊗_{(X0⊔A0 A)} ΩT (X0 ⊔A_0 A/A) → X ⊗_Y Ω_T (Y/A) ≃ L^′ Ω_T (X/A).

If sA^T is left proper, we may choose f to be the identity; hence, the second map is an isomorphism in Ho(sM^T_X ). Also Ω_T (X_0 ⊔_{A0} A/A) ∼= (X_0 ⊔_{A0} A) ⊗_{X0} Ω_T (X_0/A_0), so the first map may be rewritten X ⊗_{X0} Ω_T (X_0/A_0) → X ⊗_{(X0⊔A0 A)} (X_0 ⊔_A A) ⊗_{X0} Ω_1(X_0/A_0), which is an isomorphism, completing the proof.

There is also a definition of relative André-Quillen cohomology. Given a morphism of simplicial T -algebras A → X and a π_0X module M over π_0X, we choose cofibrant model A_0 → X_0 for the morphism A → X and set D^∗_T (X/A, M) = π^∗ Der_A(X, M).

This can be rewritten in various ways. The module M has an induced structure as an X_q module over T_q – where q denotes the simplicial degree – and we obtain a cosimplicial object

Hom_{sM}T_X (LΩ_T (X/A), M) = {Hom_MTq_{Xq} (LΩ_T (X/A)_q , M)}

and Equation 2.3 immediately implies D^∗_T (X/A, M) ∼= π^∗Hom_{sM}T_X (LΩ_T (X/A), M). (2.5)

Also, relative André-Quillen cohomology is representable. If B is a π_0T algebra and M is a B module over π_0, then one way to make M into a π_0X module over π_0T is by specifying an augmentation X → B; indeed, if B = π_0X, this is the only way. If we form the simplicial T -algebra B nK(M, n) = K_B(M, n), the projection map K_B (M, n) → B has a natural section B → K_B(M, n) corresponding to the zero derivation. Let Let I = {0 → 1} be the category with two objects and one non-trivial morphism. The diagram category (sA^T )^I is the “arrow category” with objects the morphisms A → X in sA^T . As mentioned above, the category (sA^T )^I has a simplicial model category structure with level-wise weak equivalences and fibrations. Let (sA^T )^I /B denote the category of arrows over 1 : B → B. Then we have a natural isomorphism A B ↓ , ↓ X K_B (M, n) (sA^T )^I /B ∼= D^n_T (X/A, M) (2.6)

We now come to a version of the transitivity sequence. Compare the results of [22]. See also Remark 2.12 below.

Proposition 2.11 Let A → B → C be a sequence of morphisms in sA^T . Then there is a homotopy cofiber sequence in sM^T_C .

C ⊗_B LΩ_T (B/A) → LΩ_T (C/A) → LΩ_T (C/B).

Proof. Choose a free model A_0 → A of A in sA^T , factor the composition A_0 → A → B as A_0 → B_0 → B where the first map is free and the second a weak equivalence, then factor the composition B_0 → B → C as B_0 → C_0 → C where the first map is free and the second a weak equivalence. We thus obtain a diagram

A_0 � � � B_0 � � � C_0 � A � B � C where the vertical maps a weak equivalence, A_0 is free and the arrows labeled æ are free. We will show that the resulting composition of simplicial C-modules

C ⊗_{B0} Ω_T (B_0/A_0) → C ⊗_{C0} Ω_T (C_0/A_0) → C ⊗_{C0} Ω_T (C_0/B_0)

(2.7)

is level-wise split short exact. The result will follow.

For a fixed integer n ≥ 0, (A_0)_n ∼= T_n(V_n) for some V_n ∈ C,

(B_0)_n ∼= (A_0)_n ⊔ T_n(W_n)

for some W_n ∈ C and

(C_0)_n ∼= (B_0)_n ⊔ T_n(Z_n) for some Z_n ∈ C. It follows that Ω_T (B_0/A_0)_n ∼= B_0 ⊗^{Tn} W_n Ω_T (C_0/A_0)_n ∼= C_0 ⊗^{Tn} (W_n ⊕ Z_n) Ω_T (C_0/B_0)_n ∼= C_0 ⊗^{Tn} (Z_n). and Thus, at level n, (2.7) becomes 0 → C ⊗^{Tn} W_n → C ⊗^{Tn} (W_n ⊕ Z_n) → C ⊗^{Tn} (Z_n) → 0.

Remark 2.12 If sA^T is proper, one can replace LΩ_T (X/A) by L^′_T Ω(X/A). This is the case if T is the commutative algebra operad, as in Quillen’s original argument. Note that the spectral sequence Quillen invokes at the end of his proof implies that that category of simplicial commutative algebras is proper. This is also implied by the spectral sequences of [21] §II.6.

A similar proof leads to the following result.

Proposition 2.13 (Meyer-Vietoris) Let A be a fixed object in sA^T and let

B^f � j � X � C � Y. be a push-out diagram of objects under A. If A is cofibrant, if B and X are cofibrant under A, and if j : B → C is a cofibration, then there is a homotopy cofiber sequence in sM^T_Y Y ⊗_B LΩ_T (B/A) → Y ⊗_C LΩ_T (C/A) ⊕ Y ⊗_X LΩ_T (X/A) → LΩ_T (Y/A).

Proof. If j and f are both free maps, then an argument very similar to that given for Proposition 2.11 shows that there is a short exact sequence of simplicial Y modules over T 0 → Y ⊗_B Ω_T (B/A) → Y ⊗_C Ω_T (C/A) ⊕ Y ⊗_X Ω_T (X/A) → Ω_T (Y/A) → 0. The hypotheses imply that at each entry of the short exact sequence the simplicial module of differentials is in fact equivalent to the derived module of differentials and we have the result in this case. We show that other cases reduce to this one.

In general, factor j : B → C as a B → C^′ → C where the first map is free and the second map is a weak equivalence. Similarly factor f : B → X as B → X^′ → X where the first map is free and the second is a weak equivalence. Because j is a cofibration, and B, C, and X are cofibrant, Proposition 3.5 of [5] implies that the induced map C^′ ⊔_B X^′ → Y is a weak equivalence. We can now apply Lemma 2.9 to complete the argument.

The next result follows immediately from Proportion 2.13 and Equation 2.5 Corollary 2.14 Suppose given a push-out square as in Proposition 2.13, and suppose M is a π_0Y module over π_0T . Then there is a long exact sequence in André-Quillen cohomology 0 → D^0_T (Y/A, M) → D^0_T (X/A, M) × D^0_T (C/A, M) → D^0_T (B/A, M) → D^1_T (Y/A, M) → · · · .

3 Comodules over a Hopf algebroid.

This section and the next are devoted to proving that under a standard hypotheses (Definition 3.1 below) one has good homotopy theoretic properties for algebras over operads and related categories in the category of left comodules over some operad.

One begins with a Z-graded commutative ring R, which is typically the coefficient ring of some homology theory. If (R, Γ) is a Hopf algebroid and Γ is a flat R module, then the category C_Γ of left comodules over Γ is abelian. However, it doesn’t have enough projectives, so one must think a bit to get a good closed model category structure on sC_Γ.

It is extremely useful to place the following restriction on (R, Γ).

Definition 3.1 A Hopf algebroid (R, Γ) is an Adams Hopf algebroid if Γ is flat over R and there is a filtered system {Γ_α} of left Γ comodules so that each Γ_α is a finitely generated projective R-module and there is an isomorphism in C_Γ:

colim_α Γ_α ∼= Γ.

The terminology is justified by the following observation. Let D(·) denote the Spanier-Whitehead duality functor.

Example 3.2 In [1] Adams identified a condition under which a homology theory E_∗ had a universal coefficient spectral sequence; namely, if E is the representing spectrum for E_∗, then there is a weak equivalence

colim_α E_α → E

so that

1. the E_α form a diagram of finite CW spectra,

2. for all α, E_∗DE_α is projective as an E_∗ module, and

3. for all E module spectra F , the Künneth map

F^∗DE_α → Hom^∗_{E∗} (E_∗DE_α, F_∗)

is an isomorphism.

Given such a spectrum E, the pair (E_∗, E_∗E) might not form a Hopf algebroid. However, if E_∗E is flat over E_∗, then (E_∗, E_∗E) is a Hopf algebroid and it is an Adams Hopf algebroid. The only point to argue here is that the statement that if E_∗DE_α is a projective E_∗ module, then so is E_∗E_α. However, since E_α has the homotopy type of a finite CW spectrum, E_∗DE_α is necessarily a finitely generated E_∗ module. Then E_∗E_α ∼= E^{−∗}DE_α ∼= Hom^∗_{E∗} (E_∗DE_α, E_{−∗}) is the dual of a finitely generated projective module, hence a finitely generated projective module If E_∗ is a Landweber exact homology theory, then E_∗E is flat over E_∗ by Landweber’s theorem [18] and it satisfies the condition of Adams. This last statement is implicit in [1] and made explicit in [25]

For any Hopf algebroid, there is also a notion of a right comodule; that is, a graded R-module M with coproduct ψ : M → M ⊗_R Γ. The categories of left and right comodules are equivalent: if M is a right Γ-comodule, we define a left comodule structure of Γ via the composition, called ψ^∗_M , M^{ψM}−→ M ⊗_R Γ^t→ Γ ⊗_R M^{c⊗1}−→ Γ ⊗ M where t is the graded twist map t(a⊗b) = (−1)^{|a| |b|}b⊗a and c is the conjugation of Γ. The resulting functor from right comodules to left comodules has an obvious inverse.

It is worth pointing out that Γ is both a left and right Γ-comodule via Δ : Γ → Γ ⊗_R Γ and these two structures are different in the sense that the above functor from right comodules to left comodules doesn’t send one to the other; indeed, the diagram

Γ^Δ � c � Γ ⊗_R Γ^t � Γ ⊗_R Γ c⊗c � Γ^Δ � Γ ⊗R Γ shows that c : Γ → Γ defines an isomorphism between Γ with the right comodule structure obtained from its left comodule structure and Γ with the right comodule structure obtained from Δ.

Also note that if we have an Adams Hopf algebroid and if i_α : Γ_α → Γ are the maps of Definition 3.1, then c ∘ i_α : Γ_α → Γ define a system of right comodule maps so that colim_α Γ_α ∼= Γ as right comodules.

For the next construction we suppose M ∈ C_Γ is a left comodule and finitely generated and projective as an R-module. We define a comodule DM, called the dual of M ∈ C_Γ, as follows. As an R-module (DM)_k = Hom_R(M_{−k}, R) or, succinctly, DM = Hom^∗_R(M, R). This R-module has a right Γ-comodule structure via Hom^∗_R(M, R) → Hom^∗_R(M, Γ)^{∼=}←− Hom^∗_R(M, R) ⊗_R Γ where the first map sends ϕ to (ϕ ⊗ 1) ∘ ψ_M and the second sends ϕ ⊗ x to ϕ(·)x. This last map is an isomorphism because M is finitely generated and projective. Let DM ∈ C_Γ be the associated left comodule. Note that since M is a retract of ⨁ i R_{∗+ni} for some finite set {i}, DM is a retract of ⨁ i R_{∗−ni} ; hence, DM is finitely generated and projective as an R-module. The following results lists the properties of this construction.

Lemma 3.3 Let M ∈ C_Γ be finitely generated and projective of R.

1) The natural map M → D(DM) is an isomorphism of left comodules. 2) Let N_1, N_2 ∈ C_Γ. Then the adjoint isomorphism Hom_R(N_1 ⊗ M, N_2) ∼= Hom_R(N_1, Hom^∗_R(M, R) ⊗ N_2) restricts to an isomorphism Hom_Γ(N_1 ⊗ M, N_2) ∼= Hom_Γ(N_1, DM ⊗ N_2).

We belabored these ideas so that we could prove the following result. The proof is essentially the same as in [20].

Lemma 3.4 Let (R, Γ) be an Adams Hopf algebroid. The left comodules Σ^nDΓ_α, n ∈ Z, generate the category C_Γ. In particular, every left comodule is the filtered colimit of its sub-comodules which are finitely generated over R.

Proof. Let M ∈ C_Γ and let x ∈ M have degree n. We show there is a map g : Σ^nDΓ_α → M in C_Γ for some n and α so that x is in the image. Both claims follow.

Consider Γ ⊗_R M with the diagonal comodule action Γ ⊗_R M^{Δ⊗ψM} −−−−−→ Γ ⊗_R Γ ⊗_R Γ ⊗_R M^{1⊗t⊗1}−−−−−→ Γ ⊗_R Γ ⊗_R Γ ⊗_R M^{m⊗1}−−−−−→ Γ ⊗_R Γ ⊗_R M. This is isomorphic to the extended Γ comodule Γ ⊗_R M with action Γ ⊗_R M^{Δ⊗1}−−−→ Γ ⊗_R Γ ⊗_R M;

in fact, the isomorphism is given by Γ ⊗_R M^{1⊗ψM} −−−−−→ Γ ⊗_R Γ ⊗_R M^{m⊗1}−−−−→ Γ ⊗_R M. Hence (with the diagonal action) M_n ∼= Hom_Γ(Σ^nR, Γ ⊗_R M) ∼= colim_α Hom_Γ(Σ^nR, Γ_α ⊗ M).

Let f : Σ^nR → Γ_α ⊗ M map to x under this isomorphism and let g : Σ^nR ⊗ DΓ_α = Σ^nDΓ_α → M be the adjoint guaranteed by Lemma 3.3. This is the map needed to complete the proof.

We use the generators Σ^nDΓ_α ∈ C_Γ to build a simplicial model category on the category of simplicial objects sC_Γ. This category is naturally a simplicial category by ([21] §II.2). Temporarily, we consider the following sort of weak equivalence, fibration, and cofibration. Definition 3.5 Let (R, Γ) be an Adams Hopf algebroid. Define a morphism f : X → Y in sC_Γ to be a Quillen weak equivalence (or Quillen fibration) if and only if f_∗ : map_{sCΓ} (Σ^nDΓ_α, X) → map_{sCΓ} (Σ^nDΓ_α, Y ) is a weak equivalence (or fibration) of simplicial sets for all (n, α). Define f : X → Y to be a Quillen cofibration if and only if it has the left lifting property with respect to all acyclic Quillen fibrations. Remark 3.6 Since the object Σ^nDΓ_α is constant map_{sCΓ} (Σ^nDΓ_α, X)_m ∼= Hom_{CΓ} (Σ^nDΓ_α, X_m).

In particular, map_{sCΓ} (Σ^nDΓ_α, X) is a simplicial abelian group. Thus every object in sC_Γ is Quillen fibrant. Also note that colim_α map_{sCΓ} (Σ^nDΓ_α, X) ∼= colim_α map_{sCΓ} (Σ^nR, Γ_α ⊗_R X) ∼= map_{sCΓ} (ΣnR, Γ ⊗_R X) ∼= X_n.

Hence, if f : X → Y is a Quillen weak equivalence, then π_∗f : π_∗X → π_∗Y is an isomorphism of graded objects in C_Γ. The converse is not true however. We will repair this defect below in Proposition 3.11.

Proposition 3.7 With the definitions of 3.5, the category sC_Γ becomes a simplicial model category.

Proof. This follows from the arguments of ([21] §II.4) using the fact that every object is fibrant.

Remark 3.8 One can also characterize these cofibrations. If X ∈ sC_Γ, the normalization NX is a chain complex of left Γ-comodules. A morphism f : X → Y is a cofibration if it is a retract of a free map and a free map if Nf : NX_m → NY_m is the inclusion of a summand in C_Γ and there is an isomorphism in C_Γ NY_m/NX_m ∼= ⨁ A Σ^{ni}DΓ_{αi} where A runs over some indexing set of pairs (n_i, α_i). We refer to a map of chain complexes as “free”, also.

Because of the type of weak equivalences that arise in this model category structure (see Remark 3.6), these results are somewhat unsatisfactory. Hence: Definition 3.9 Define a morphism f : X → Y to be

1. a weak equivalence if π_∗f : π_∗X → π_∗Y is an isomorphism; 2. a cofibration if f is a Quillen cofibration;

3. a fibration if f has the right lifting property with respect to all morphisms which are at once cofibrations and π_∗ weak equivalences.

We will argue that, with these definitions, we have a simplicial model category structure. The argument goes back to [3], §11, and is now standard: it is a kind of localization. The key input is the next result; it proves there are enough generating acyclic cofibrations.

Let λ be an infinite cardinal greater than the cardinality of ⨁ n R_n. If N is a simplicial R-module, let #N be the cardinality of ⊕(N_n)_m, with n the internal degree and m the simplicial degree. Lemma 3.10 Let f : A → B be a acyclic cofibration in sC_Γ, and let x ∈ B. Then there is a sub-simplicial comodule B^′ ⊆ B so that A ∩ B^′ → B^′ is a acyclic cofibration, x ∈ B^′, and #B^′ ≤ λ.

Proof. We may, by Remark 3.8, assume f is free. We will then prove the following stronger assertion about chain complexes. Suppose C → D is an N-graded chain complex in C_Γ so that H_∗C ∼= H_∗D and for all m ≥ 0 there is an indexing set I_m so that C_m → D_m is isomorphic to C_m → C_m ⊕ ⨁ i∈I_m Σ^{ni} DΓ_{αi} .

Let x ∈ D_m for some m. Then there is a subchain complex D^′ ⊆ D so that #D^′ ≤ λ, x ∈ D^′, H_∗(C ∩ D^′) ∼= H_∗D^′, and for all m ≥ 0 there is a sub-indexing set I^′_m ⊆ I_m so that C_m ∩ D^′_m → D^′_m is isomorphic to C_m ∩ D^′_m → C_m ∩ D^′_m ⊕ ⨁ I_m Σ^{ni} DΓ_{αi} . We begin with the following observation.

Let M ⊆ D_m be a finitely generated sub-comodule. Then there is a sub-chain complex E(M) ⊆ D so that #E(M) ≤ λ, M ⊆ E(M)_m and C ∩ E(M) → E(M) is free. To see this, let {y_j } ⊆ M be a set of generators. Then there is a unique expression

y_j = y_{0j} + Σy_{ij}

where y_{0j} ∈ C_m and y_{ij} ∈ Σ^{ni} DΓ_{αi} . Then y_{ij} ≠ 0 for only finitely many pairs (i, j), hence for only finitely many i. Let N ⊆ C_m be a finitely generated sub-comodule containing {y_{0j} }. Set E(M)_m = N ⊕ ⨁ I(M) Σ^{ni} DΓ_{αi}

where I(M) = {i ∈ I_m|y_{ij} ≠ 0 for some (i, j)}. Since E(M)_m is finitely generated, so is ∂D(M)_m ⊆ D_{m−1}. Choose D(M)_{m−1} in the same manner. A downward recursion finishes the argument.

To finish the proof of the lemma, we define sub-complexes

D_0 ⊆ D_1 ⊆ D_2 ⊆ · · ·

so that #D_k ≤ λ, C ∩ D_k → D_k is free, x ∈ D_0 and H_∗(D_k/C ∩ D_k) → H_∗(D_{k+1}/C ∩ D_{k+1}) is zero.

To define D_0, let M ⊆ D_m be any finitely generated sub-comodule with x ∈ M and let D_0 = E(M). Having defined D_k, let a_t ∈ H_∗(D_k/C ∩ D_k) be a set of generators and let x_t ∈ D_k pass to a_t. Since H_∗(D/C) = 0 there exists y_t ∈ D so that ∂y_t = x_t mod C. Let M_t ⊆ D_k be any finitely generated sub-module containing y_t and let

D_{k+1} = D_k + ∑ t E(M_t). This finishes the proof.

Proposition 3.11 With these definitions, and its usual simplicial structure, sC_Γ becomes a simplicial model category.

Proof. Lemma 3.10 and the small object argument supply the “trivial cofibration – fibration” factorization. To obtain the other factorization, we examine the Quillen model category structure on sC_Γ. There one obtains a factorization of any morphism as a cofibration (in either sense) followed by a morphism which has the right lifting property with respect to all cofibrations. Thus it is a fibration in the sense of Definition 3.9 and a weak equivalence in the Quillen model category structure. By Remark 3.6 it is a π_∗ isomorphism, as required. To prove the lifting axiom, we note that half of this axiom is the definition of fibration. To obtain the lifting of cofibrations against trivial fibrations, note that we have shown that one can factor any trivial fibration p : X → Y as a composite X^j−→ Z^q−→ Y where j is a cofibration and q is a trivial cofibration with right lifting property with respect to all cofibrations. Then j is a trivial cofibration and we use this to show that p is a retract of q. Since the morphism q has the requisite lifting property, so does p.

To prove Quillen’s corner axiom SM7 that supplies the simplicial part of the simplicial model category structure, we prove the following equivalent statement: if i : A → B is a cofibration in sC_Γ and j : K → L is a cofibration of simplicial sets, then i ⊗ j : B ⊗ K ⊔_{A⊗K} A ⊗ L → B ⊗ L is a cofibration which is a weak equivalence if i or j is. It is certainly a cofibration, as SM7 holds in the Quillen structure on sC_Γ in the Quillen structure. To see that it is a weak equivalence, note that Remark 3.8 implies that i is a cofibration of simplicial R-modules. Thus if i or j is a weak equivalence, i⊗j is a weak equivalence of simplicial R modules, because SM7 holds for that category. Thus i ⊗ j is a π_∗ isomorphism, as required. This completes the proof.

4 Simplicial algebras over a simplicial operad in comodules

In this section we promote the model category structure on sC_Γ to a model category structure on sC^T_Γ , where T is a simplicial operad in C_Γ and a simplicial T modules over a simplicial T -algebra A. We concentrate on the homotopy weak equivalence structure of Proposition 3.11.

Fix a simplicial operad T in C_Γ and let sC^T_Γ denote the algebras in sC_Γ over T .

Definition 4.1 Let f : X → Y be a morphism in sC^T_Γ . Then

1. f is a weak equivalence if π_∗f : π_∗X → π_∗Y is a weak equivalence;

2. f is a fibration if it is a fibration in sC_Γ;

3. a cofibration if it has the left lifting property with respect to all trivial fibrations.

The category sC^T_Γ has a canonical simplicial structure (see [13], §1), and the first result is the following.

Proposition 4.2 With these definitions sC^T_Γ becomes a simplicial model category.

Since the model category on sC_Γ is cofibrantly generated and the forgetful functor U_T : sC^T_Γ → sC_Γ preserves filtered colimits and is continuous in the sense that for all K ∈ S

U_T (X^K ) ∼= U_T (X)^K ,

this falls into the standard situation where one is trying to lift a model category structure ([6], [15], §II.6). There are two crucial lemmas which we now state and prove.

Let I = {Σ^nDΓ_α ⊗ ∂Δ^k → Σ^nDΓ_α ⊗ Δ^k} be the generating cofibrations of sC_Γ and let J = {i_β : C_β → D_β } be the generating trivial cofibrations of sC_Γ. Let M_{T (I)} be the class of morphisms in sC^T_Γ generated by the morphisms {T (Σ^nDΓ_α) ⊗ ∂Δ^k → T (Σ^nDΓ_α) ⊗ Δ^k}; thus M_{T (I)} is the smallest class of morphisms containing the listed morphisms and closed under isomorphism, coproducts, cobase change, sequential colimits, and retracts. Similarly, we may define M_{T (J)}. If i_β : C_β → D_β is in J, then T (i_β) ∈ M_{T (I)}; hence M_{T (J)} ⊆ M_{T (I)}. Here are the crucial lemmas.

Lemma 4.3 Every morphism in M_{T (J)} is a weak equivalence in sC^T_Γ .

Proof. Since i_β : C_β → D_β is a trivial cofibration of simplicial R-modules, and every simplicial R-module is fibrant, i_β is a strong deformation retraction of simplicial R-modules. Hence i_β has a retraction r_β : D_β → C_β and there is a homotopy D_β → D^{Δ1}_β from 1_{Dβ} to i_β r_β . It follows from the natural map T (D^{Δ1}_β ) ∼= T (D_β)^{Δ1} that T i_β : T C_β → T D_β is a strong deformation retraction of simplicial algebras over T , regarded as a simplicial operad in R-modules. Thus T C_β → T D_β is a weak equivalence of simplicial R-modules, which is all that is required.

Lemma 4.4 Let M ∈ sC_Γ. Then T (M) ∈ sC^T_Γ is small with respect to the class of morphisms M_{T (I)}.

Proof. The comodule M is small with respect to the class of morphisms X → Y in sC_Γ which are level-wise inclusions. Since Hom_{sC}T_Γ (T (M), X) = Hom_{sCΓ} (M, X), we need only show that the morphisms in M_{T (I)} are level-wise inclusions.

Since the generating morphisms T (Σ^nDΓ_α ⊗ ∂Δ^k) → T (Σ^nDΓ_α ⊗ Δ^k) are free (see [11]), every morphism in M_{T (I)} is a retract of a free morphism. Since retracts of inclusions are inclusions, we need only show s-free morphisms in sC^T_Γ are level-wise inclusions. If A → B in sC^T_Γ is free there is, for each k ≥ 0, a comodule M_k ∈ C_Γ and an isomorphism of A_k → B_k with

i_1 : A_k → A_k ⊔ T_k(M_k)

where the coproduct is as T_k-algebras. The unique map of comodules M_k → 0 defines a map

r : A_k ⊔ T_k(M_k) → A_k ⊔ T_k(0) ∼= A_k

which is a retraction of i_1. The result follows.

Proof of Proposition 4.2: A morphism f : X → Y in (sC_Γ)^T is a trivial fibration if and only if it has the left lifting property with respect to the morphisms T (Σ^nDΓ_α ⊗∂Δ^k) → T (Σ^nDΓ_α ⊗Δ^k), and f is a fibration if and only if it has the left lifting property with respect to the morphisms T (C_β) → T (D_β). The small object argument now applies, because of Lemma 4.4. That the small object argument to produce the “trivial cofibration-fibration” factorization works follows from Lemma 4.3. The Axiom SM7 holds because SM7a ([21], §II.2) holds in (sC^T_Γ ), which follows from the facts that it holds in sC_Γ and that the forgetful functor preserves exponential objects.

Remark 4.5 It is possible to characterize the cofibrations in (sC_Γ)^T as retracts of the free morphisms. If we write (nC_Γ)^T as the non-negatively graded T -algebras in C_Γ, where T is regarded as a discrete operad, and (s_+C_Γ)^T for the T -algebras in s_+C_Γ (degeneracy diagrams) with T regarded as an operad with only its degeneracy morphisms, then the restriction functor

r_∗ : (s_+C)^T → (nC)^T

has left adjoint r^∗ with

r^∗{Z_∗}_k = T_k ⊗_r∗_T ( ∐ ϕ:[k]→[j] Z_j )

with ϕ running over the morphisms of Δ_+ and r^∗_AT = ∐ ϕ:[k]→[j] T_j → T_k the coproduct of operads.

A morphism A → B in sC^T_Γ is s-free if the underlying degeneracy diagram is isomorphic to i_1 : A → A ⊔ r^∗Z for some Z ∈ (nC)^T . It is free if Z_j = T_j (M_j ) where M_j is a sum of the comodules Σ^nDΓ_α. Certainly, every cofibration created by the small object argument is free; conversely, if a morphism is free a skeletal decomposition (as in [13],§1) shows the morphism is a cofibration; if in fact A → colim sk^A_n B ∼= B where sk^A_{n−1}B = A and there are push-out diagrams

T (M_n) ⊗ ∂Δ^n � � sk^A_{n−1}B � T (M_n) ⊗ Δ^n � sk^A_n B.

Note that every cofibration in (sC_Γ)^T is a cofibration in (sM_R)^T .

If we fix a T -algebra A, the same sort of discussion puts a model category structure on the category of simplicial A-modules in C_Γ. Recall that T is a simplicial operad, and let (sC_Γ)^T_A be the category of A-modules over T . Then (sC_Γ)^T_A acquires a simplicial structure and we have: Proposition 4.6 There is a simplicial model category structure on (sC_Γ)^T_A where f : M → N is a weak equivalence or fibration if and only if it is a weak equivalence or fibration in sC_Γ. Proof. The forgetful functor (sC_Γ)^T_A → sC_Γ has a left adjoint, so again the small object argument will work, provided one proves the requisite analogs of Lemmas 4.3 and 4.4. The proofs remain virtually unchanged.

Remark 4.7 Again, the cofibrations are retracts of free morphisms, which we now define. Let (nC_Γ)^T_A and (s_+C_Γ)^T_A be the evident restricted categories. Then the restriction functor r_∗ : (s_+C_Γ)^T_A → (nC_Γ)^T_A has a left adjoint. If M = {M_k} ∈ (nC_Γ)^T_A, then each M_k is a A_k module over T_k. If ϕ : [k] → [j] is any surjection in Δ, then ϕ^∗ : A_j → A_k is a morphism of T_j algebras, and induces a morphism of T_k algebras T_k ⊗_{Tj} A_j → A_k . Thus we may form a A_k module over T_k. T_k ⊗_{Tj} (A_k ⊗_{Aj} M_j ) ∼= A_k ⊗_{(Tk ⊗T j Ak )} (T_k ⊗_{Tj} M_j ).

Then the left adjoint to r_∗ is defined by (r^∗M)_k = ⨁ [k]→[j] T_k ⊗_{Tj} (A_k ⊗_{Aj} M_j ).

In particular, if M_j = A_j T_j⨂ N_j , then (r^∗M)_k ∼= ⨁ [k]→[j] A_k^{Tk} ⨂ N_j ∼= A_k^{Tk}⨂( ⨁ [k]→[j] N_j ). A morphism X → Y in (sC)^A_Γ is free if there exist N_k ∈ C_Γ, k ≥ 1, so that each N_k is a direct sum of comodules of the form Σ^nDΓ_α, and so that in (s_+C_Γ)^T_A, the map X → Y is isomorphic to

X → X ⊕ r^∗({A_k T_k⨂ N_k}_{k≥0}). In particular, every cofibration in (sC_Γ)^T_A is a cofibration in (sM)^T_A.

We finish the section by writing down a comparison result for André-Quillen cohomology. The forgetful functor from Γ-comodules to R-modules has a right adjoint which sends an Rmodule to the extended Γ-comodule: M → Γ ⊗_R M.

If T is a simplicial operad in Γ-comodules, then T is an operad in R-modules. If A is a simplicial algebra over T in Γ comodules and M is a simplicial A-module over T in R modules, then Γ ⊗_R M is a simplicial A-module over T in Γ comodules: the structure map T (A, Γ ⊗_R M) → Γ ⊗_R M is adjoint to the map T (A, Γ ⊗_R M) → T (A, M) → M induced by the unit of the adjunction Γ ⊗_R M → M; in fact, the extended comodule functor is the right adjoint to the forgetful functor

(sC_Γ)^T_A → (sM_R)^T_A.

This has implications for derivations and differentials. For operads T in Γ-comodules and A over T in Γ-comodules, the formalism of section 2 applies: if A → X is a morphism of T -algebras in Γ-comodules, we have an R-module of derivations

Der^Γ_A(X, M)

of T -derivations in Γ-comodules. These are morphisms of Γ-comodules d : X → M so that the diagram of Proposition 2.2 commutes and so that d = 0 on A. This functor is representable; see Equation 2.3 – the same argument apply. Let Ω_{Γ(T )}(X/A) be the representing object; it is an Amodule over T in Γ-comodules. (The Γ in the notation is to indicate that the underlying abelian category is C_Γ.) Let Ω_T (X/A) be the module of Kähler differentials of A in R-modules.

Lemma 4.8 The A-module over T in R-modules Ω_T (X/A) has a natural structure of a Γ-comodule and, with this structure, Ω_T (X/A) ∼= Ω_{Γ(T )}(X/A).

Proof. This could be argued directly by examining the construction of Lemma 2.3 and Equation 2.3 or as follows. If we let Der^Γ_A denote the T -derivations in the category of Γ-comodules Der_A denote derivations in the category of R-modules, then using Proposition 2.2, we see that there is an isomorphism of R-modules Der_A(X, M) ∼= Der^Γ_A(X, Γ ⊗_R M).

and, hence, a natural isomorphism

Hom_MT_X (Ω_T (X/A), M) ∼= Hom_{(CΓ)}T_X (Ω^Γ_T (X/A), Γ ⊗_R M) ∼= Hom_MT_X (Ω^Γ_T (X/A), M).

The result follows.

We explore the ramification of Lemma 4.8 in André-Quillen homology and cohomology. For example, if T is a simplicial operad in Γ-comodules and A → X is a morphism of T -algebras in Γ-comodules, then we define

D^{Γ(T )}_∗ (X/A) = π_∗Ω_{Γ(T )}(X/A) ∼= π_∗[X ⊗ Ω_{Γ(T )}(X_0/A_0)]

(4.1)

where A_0 → X_0 is a cofibrant model for the map A → X.

Note that if X is a simplicial T algebra and M is a simplicial X-module over T , then π_∗M is a π_∗X module over π_∗T .

Proposition 4.9 There is a natural isomorphism of π_∗X modules over π_∗T D^{Γ(T )}_∗ (X/A) ∼= D^T_∗ (X/A).

Proof. Choose a weak equivalence A_0 → A in (sC_Γ)^T with A_0 free, and then factor the composite A_0 → A → X as

A_0 → X_0 → X

where A_0 → X_0 is free. Then, by Lemma 4.8

D^{Γ(T )}_∗ (X/A) = π_∗[X ⊗ Ω^Γ_T (X_0/A_0)] ∼= π_∗[X ⊗ Ω_T (X_0/A_0)]

Thus we need only check that A_0 → X_0 is cofibration with cofibrant source in (sM_R)^T . Since each of the generating cofibrations of (sC_Γ)^T

T (Σ^nDΓ_α ⊗ ∂Δ^k) → T (Σ^nDΓ_α ⊗ Δ^k)

is a cofibration in (sM_R)^T – since Σ^nDΓ_α is a projective R-module – we have the result.

Defining André-Quillen cohomology of T -algebras in comodules is a bit harder, because an arbitrary simplicial Γ-comodule need not be cofibrant. We return to [21] §5 for the definition, and then give an interpretation.

Let I = {0 → 1} be the category with two objects and one non-trivial morphism. If C is any category, the diagram category C^I is the “arrow category” with objects the morphisms A → X in C. In Γ-comodules, let T → T_{−1} be an augmented simplicial operad, B a T_{−1} algebra, and M a B-module over T_{−1}. Then we may form the augmented algebra B n K(M, q) over B and we define, for any arrow A → X of T -algebras over B,

D^q_{Γ(T )}(X/A, M) = Ho_{(sC}T_{Γ /B)}I A B ↓ , ↓ X B n K(M, q) (4.2)

where sC^T_Γ /B denotes the category of simplicial algebras over B. The map B → B n K(M, n) is the zero section. Since this map need not be fibrant and since A → X need not be cofibrant in (sC^T_Γ /B)^I , this definition needs an explication.

We first produce a fibrant model for B n K(M, n). The category (sC_Γ)^{T−1}_B has a model category structure, by Proposition 4.6. Let K_f (M, n) be a fibrant model for K(M, n) in this category. Then we may form a weak equivalence of augmented T algebras over B: B n K(M, n) → B n Kf (M, n). Since K_f (M, n) is fibrant in (sC_Γ)^{T−1}_B it is fibrant in sC_Γ; thus the projection B n Kf (M, n) → B is a fibration in sC_Γ. It follows that this projection is a fibrant object in (sC_Γ)^T /B and, therefore, the zero section B → K_f (M, n) is a fibrant object in (sC^T_Γ /B)^I . This is the desired fibrant model. Using this we can prove the following result. The symbol [·, ·] means the left homotopy classes of maps; that is, the set of maps modulo the standard homotopy relation defined using a cylinder object.

Lemma 4.10 Let A → X be a morphism of T -algebras over B. Then for any k ≥ 0

D^q_{Γ(T )}(X/A, M) ∼= π_k map_{(sC}T_{Γ /B)}I

A_0 B ↓ , ↓ X_0 B n K_f (M, q + k)

∼= π_k map_{(sCΓ)TX} (X ⊗_{X0} Ω_{Γ(T )}(X_0/A_0), K_f (M, q + k)).

∼= [LΩ_{Γ(T )} (X/A), K_f (M, q)]_{(sCΓ)TX}

where A_0 → X_0 is a cofibrant model for A → X and we take the zero map as the basepoint of both mapping spaces.

Proof. The second isomorphism simply follows from the fact that differential represent derivation. Compare Equation 2.3. In the first isomorphism, the case k = 0 is the definition. Thus we need only show that for any cofibrant object N in (sC_Γ)^T_X , there is a natural isomorphism

π_k map_{(sCΓ)}T_X (N, K_f (M, q + k)) ∼= π_0 map_{(sCΓ)}T_X (N, K_f (M, q)).

But this is standard. The third isomorphism is similar.

Lemma 4.10 has the following immediate consequence.

Proposition 4.11 Let T → T_{−1} be an augmented operad in Γ comodules and A → X morphism of T algebras over a T_1 algebra B, again in Γ-comodules. Let M be a B-module over T_{−1} in R-modules. Then there is a natural isomorphism D^∗_{Γ(T )}(X/A, Γ ⊗_R M) ∼= D^∗_T (X/A, M). Proof. Combine Lemma 4.10, Lemma 4.8, the representability of cohomology of T -algebras in R-modules and the fact that K(Γ ⊗_R M, n) ∼= Γ ⊗_R K(M, n) is automatically fibrant.

5 Square-zero extensions

One of the important features of André-Quillen cohomology in the classical case is the identification of the first cohomology group with a group of square-zero (or “infinitesimal”) algebra extensions – much in the way group cohomology is used to compute central extensions. We extend this theory here in two ways: first, to simplicial algebras over a simplicial operad, and, second, we allow extensions by a simplicial module. In form, our discussion parallels that of Illusie [16]. We apply this theory in the next section to study Postnikov towers.

We begin with operads, and so on, in R modules for some commutative ring R. Let T be an operad in R modules and f : E → B a morphism of T -algebras. The kernel of f, as a morphism of R-modules, is a sub E-module over T of E, regarded as an E-module over itself. Any such sub-module is an ideal; furthermore, given an ideal I ⊆ E, the quotient map of R-modules E → E/I is a morphism of T -algebras in a unique way. An ideal I ⊆ E is a square-zero ideal if the module structure map ϵ : T (E, I) → E factors through the quotient T (E, I) → T (B, I). Such a factoring is unique if it exists, and makes I into B-module over T . Note that the factorization condition is equivalent to asserting that ϵ(a ⊗ x_1 ⊗ · · · x_{n−1} ⊗ y) = 0 whenever a ∈ T (n), x_i ∈ E, y ∈ I and at least one x_i ∈ I. This justifies the term “square-zero”. If q : E → B has a square-zero kernel I, we say that E is a square-zero extension of B by I, and we may write X = {I −→ E^q−→ B} for such an extension. As usual, one defines an equivalence relation on square-zero extensions by setting X = {I −→ E^q−→ B} ∼ Y = {I −→ E^{′ q′}−→ B} if there is a morphism of T -algebras g : E → E^′ making the following diagram commute I � = � E^q � g � B = � I � E^′_{q′} � B. Note that g is necessarily an isomorphism. We write Exal(B, I) for the set of equivalence classes. Note that the operad does not appear in the notation; we hope never to need it.

Square-zero extensions are preserved under-base change; that is, if X = {I −→ E −→ B} is square-zero extension f : A → B is a morphism of T -algebras, then f^∗X = {I → f^∗E = A ×_B E → A} is also a square-zero extension. Similarly, square-zero extensions are preserved under cobase change in the fiber: if X = {I −→ E −→ B} is a square-zero extension and ϕ : I → J is a morphism of B modules, then f_∗X = {J → J ⊕_I E → B} is a square-zero extension. This last assertion requires some checking, and is implied by the next lemma. Granting that, we have that the set Exal(B, I) acquires the structure of an abelian group in the usual way. The neutral object is the abelian extension B n I → B of section 2; it is the unique square-zero extension X = {I −→ E −→ B} so that E → B has a T -algebra section.

Lemma 5.1 Let q : E → B be a morphism of T -algebras with kernel I, J a B-module over T , and ϕ : I → J a morphism of E-modules over T . Then there is a T -algebra structure on J ⊕_I E so that the following diagram is a commutative diagram of T -algebras: E � q � J ⊕_I E p � B_= � B.

Furthermore {J → J ⊕_I E → B} is a square-zero extension.

Proof. Because J is an E-module, we can form the abelian extension E n J; this is a T -algebra over E. Define f : I −→ E n J by f(a) = (a, −ϕ(a)). This is an injection, and one checks, using the fact that J is actually a B-module, then f identifies I with an ideal in E n J. The desired algebra structure on J ⊕_I E is then E n J/f(I). The other assertions of of this result are easily checked.

All of the above has a relative version: if A → B is a morphism of T -algebras, a square-zero extension X = {I −→ E −→ B} is a square-zero extension under A if E → B is a morphism of T - algebras under A. Similarly, the equivalence relation on such extensions must respect this structure. We let Exal_A(B, I) be the resulting abelian group.

Finally, all of these definitions make sense simplicially: if T is a simplicial operad in R-modules, A → B a morphism of simplicial T -algebras and I a simplicial B-module over T , then we can form the abelian group Exal_A(B, I) by copying the above definitions.

There is an abelian version of the forgoing. Let T be a simplicial operad and B a simplicial T -algebra. Denote by sM^T_B the category of simplicial B-modules over T . If N and I are objects in sM^T_B, we define Ext^1_B (N, I) to be equivalence classes of short exact sequences in sM^T_B 0 → I → M → N → 0; the equivalence relation is similar to that above. Again, note that the operad is missing from the notation of the Ext group.

The group Ext^1_B (N, I) can be computed using the homotopy theory of simplicial B-modules over T . As noted in section 2 (see after Proposition 2.5), the category sM^T_B is a simplicial model category. As a result, we have a functorial suspension object defined as follows. If K is any pointed simplicial set and M ∈ sM^T_B , we can define M ∧ K by the push-out diagram in sM^T_B M ⊗ ∗ � � M ⊗ K � 0 � M ∧ K. The suspension of M is then defined by ΣM = M ∧ [Δ^1/∂Δ^1]. If we define the cone of M by C(M) = M ∧ Δ^1 with d^1(Δ^0) as the basepoint, then there is short exact sequence in sM^T_B 0 → M^{M⊗d0}−→ C(M) −→ ΣM → 0. Since π_∗C(M) = 0, we have a natural isomorphism π_nM ∼= π_{n+1}ΣM. There is a natural map

α : [N, ΣI]_{sM}T_B → Ext^1_B (N, I)

defined as follows: if f : N → ΣI is a morphism in sM^T_B , define an extension by pulling back C(I) → I along f. The symbol [·, ·] stands for the left-homotopy classes of maps; two morphisms N → ΣI are left homotopic if they extend over N ⊗ Δ^1. If N is not cofibrant, then this is not necessarily compute the morphisms from N to ΣI in the homotopy category. Indeed, we compute

Ho(N, ΣI) = [N^′, ΣI]_{sM}T_B

where N^′ → N is a weak equivalence with N^′ cofibrant. If we wish to avoid making a specific choice of a such cofibrant model for N, then we may write, since every object in sM^T_B is fibrant.

Ho(N, ΣI) ∼= colim N_0 −→_≃ N [N, ΣI]_{sM}T_B

where the colimit runs over all weak equivalences N_0 → N.^1

Note that the definition of the homomorphism α uses that fact that left-homotopic maps induce isomorphic pull-backs.

Here is the standard isomorphism result; the colimit is required if N is not cofibrant.

1The reader may object that we are taking a colimit over a category which is not small. Nonetheless, the colimit exists, as the displayed equation shows.

Proposition 5.2 Let N ∈ M^T_B be a cofibrant simplicial B-module over T and let I ∈ M^T_B be any object. Then α : [N, ΣI]_{sM}T_B → Ext^1_B (N, I) is an isomorphism. More generally, for an arbitrary N ∈ sM^T_B there is an isomorphism Ho(N, ΣI) ∼= colim N_0 −→_≃ N

[N, ΣI]_{sM}T_B^α−→ colim N_0 −→_≃ N

Ext^1_B (N, I)

where the colimit runs over all weak equivalences N_0 → N.

Proof. The statement about the colimit follows from the first, for if N^′ → N is a weak equivalence with N^′ cofibrant, then the canonical map [N^′ΣI]_{sM}T_B → colim N_0 −→_≃ N [N, ΣI]_{sM}T_B

is an isomorphism.

For the first statement, the usual argument adapts, so we only give a sketch. We must give an inverse to α.

If I → M → N is a representative for an element in Ext^1_B (N, I), then we can form the diagram (c.f., [16] §I.3.2.2)

0 � I^{d0} � C(I) � ΣI � 0

0 � I = �

= � j� C(I) ⊕ M pr1 �

pr2 � � K p �

� s � 0

0 � I � M � N � 0 where j is forced by the fact the diagram commutes. The map s is an acyclic fibration; therefore, because N is cofibrant, s has a section, unique up to homotopy, and determines a class in [N, ΣI]_MT_B . One checks that isomorphic extensions give homotopic maps. This is defines a map Ext^1_B (N, I) −→ [N, ΣI]_{sM}T_B and one now checks this map is the desired inverse.

This result has a technical consequence, which we record for later use.

Corollary 5.3 Let C → B be a morphism of simplicial T -algebras, N a cofibrant simplicial Cmodule, and I a simplicial B-module, all over T . Then the natural map of C-modules over T η : N −→ B ⊗_C N induces an isomorphism α^∗ : Ext^1_B (B ⊗_C N, I)^{∼=}−→ Ext^1_C (N, I).

Proof. We use the previous result and the fact that [B ⊗_C N, ΣI]_{sM}T_B ∼= [N, ΣI]_{sM}T_C .

Now let A → B be a morphism of simplicial T -algebra and I a simplicial B-module over T . We define a homomorphism γ : Ext^1_B (Ω_T (B/A), I) → Exal_A(B, I).

There is a canonical morphism of T -algebras under B f : B → B n Ω_T (B/A) adjoint to the universal derivation under the isomorphism Der_A(B, Ω_T (B/A)) ∼= Hom_{T −alg/B} (B, B n Ω_T (B/A)). Then, if 0 → I → M → Ω_T (B/A) → 0 represents an element of Ext^1_B (Ω_T (B/A), I), there is square-zero extension X = {I → B n M → B n Ω_T (B/A)}. Define γ([X]) to the be the class of f^∗X. The main result of this section is the following. In order to get a general statement, we need an indexing category of weak equivalences. If f : A → B is a morphism of T -algebras, let W(f) denote the category with objects the diagrams of T -algebras

A_0 ≃ � f0 � B_0 ≃ � Af � B with the vertical maps weak equivalences.

Theorem 5.4 Suppose that A is a cofibrant simplicial T -algebra, A → B is a cofibration of T - algebras and I is a simplicial B module over T . Then the homomorphism γ : Ext^1_B (Ω_T (B/A), I) → Exal_B (A, I) is an isomorphism. More generally, if f : A → B is any morphism of T -algebras, we obtain an isomorphism Ext^1_B (LΩ_T (B/A), I) → colim_{W(f )} Exal_{A0} (B_0, I).

Proof. In outline, the argument is the same as that if Proposition 5.2. Note that the second statement follows from the first and Corollary 5.3; for if f^′ : A^′ → B^′ is a cofibrant model for f, then B ⊗_B′ Ω_T (B^′/A^′) is a model for LΩ_T (B/A) and the canonical composite Ext^1_B (B ⊗_B′ Ω_T (B^′/A^′), I) → Ext^1_B′ (Ω_T (B^′/A^′, I) → colim_{W(f )} Ext^1_{B0} (Ω_T (B_0/A_0, I)

is a composition of isomorphisms.

We will give the proof of the first statement below. Our model is again [16], this time §§III.1.1 – III.1.3. It involves constructing a map backwards, and this depends on a lemma about differentials. See Lemma 5.10.

Before doing that, we first give a number of consequences. The first is formal: the module

LΩT (B/A) is a cofibrant object in sM^T_B ; thus Proposition 5.2 and Theorem 5.4 immediately imply

Corollary 5.5 Suppose that A is a cofibrant simplicial T -algebra, A → B is a cofibration of T - algebras and I is a simplicial B module over T . Then the there is a natural isomorphism [Ω_T (B/A), ΣI]_{sMR} ∼= Exal_B (A, I).

More generally, there is an isomorphism

[LΩT (B/A), ΣI]sM_R^∼= colim_{W(f )} ExalA_0 (B0, I).

In particular, we have the following situation. Suppose that T is actually an augmented simplicial operad T → T_{−1} and B is an augmented algebra B → B_{−1} over the augmented operad. Suppose that M is a B_{−1} module over T_1. Then we can form the simplicial B_{−1} module K(M, n) over T_{−1}, and K(N, n) can be regarded as an object in sM^T_B by restriction of structure. Then we have Corollary 5.6 Suppose that A is a cofibrant simplicial T -algebra, A → B is a cofibration of T - algebras. Then there is a natural isomorphism D^{n+1}_T (B/A, M) ∼= Exal_A(B, K(M, n)). More generally, there is an isomorphism D^{n+1}_T (B/A, M) ∼= colim_{W(f )} Exal_{A0} (B_0, K(M, n)).

Proof. This follows from the previous result, the fact that ΣK(M, n) ≃ K(M, n + 1), and the natural isomorphism [LΩT (B/A), K(M, n + 1)]sM_R^∼= D^{n+1}_T (B/A, M) of Proposition 2.7. (See the equation in the proof of that result.)

In a very special case, one can remove the cofibrancy hypotheses and obtain something very close to the classical results. Note that this result is essentially a constant result: we have an operad T , rather than a simplicial operad, and so on.

Corollary 5.7 Suppose T is an operad in R-modules, B a T -algebra, and I a B-module over T . Then there is an isomorphism Exal(B, I) ∼= D^1_T (B; I).

Proof. Choose a weak equivalence q : X → B of simplicial T -algebras with X cofibrant. Then the previous result says that there is an isomorphism Exal(X, K(I, 0)) ∼= D^1(X; I) ∼= D^1(B; I).

Cobase change along q defines a map q^∗ : Exal(B, I) → Exal(X, K(I, 0)), and we claim that this map is an isomorphism. Indeed, the inverse map sends a square-zero extension K(I, 0) −→ E −→ X to I ∼= π_0K(I, 0) → π_0E → π_0X ∼= B. Note that none of K(I, 0), E, or X has any higher homotopy.

We now come to the proof of Theorem 5.4. We begin by examining the behavior of Kähler differentials under quotient maps of T -algebras under A. Suppose that q : E → B is a surjective map of T algebras and M is a B-module over T . Then Proposition 2.2 implies that if d : E → M is an A derivation over T , then the restricted A-module map d : I → M is actually a morphism of E-modules over T . Furthermore, if d : E → M is an A-derivation which restricts to the zero homomorphism on I, then the induced map d̄ : B → M of A-modules over A-modules over T is automatically a derivation. Thus we obtain an exact sequence 0 → Der_A(B, M) → Der_A(E, M) → Hom_MT_E (I, M) ∼= Hom_MT_B (B ⊗_E I, M).

(5.1) By passing to representing objects we obtain an exact sequence, valid for all B-modules over T :

0 → Hom_MT_B (Ω_T (B/A), M) → Hom_MT_B (B ⊗_E Ω_T (E/A), M) → Hom_MT_B (B ⊗_E I, M)

(5.2) Note that the canonical differential d : E → Ω_T (E/A) passes to a morphism of B modules d : B ⊗_E I → B ⊗_E Ω_T (E/A) and that this map induces the surjection in Equation 5.2. Thus we come to the analog of the “second exact sequence” for differentials. In the example of the commutative algebra operad, we have that B ⊗_E I ∼= I/I^2. Lemma 5.8 Let T be an operad in R-modules and q : E → B a surjection of T -algebras under a T -algebra A. Then there is an exact sequence of B-modules over T B ⊗_E I^d−→ B ⊗_E Ω_T (E/A), M) −→ Ω_T (B/A) → 0. If the map q : E → B has splitting as T -algebras under A, then this sequence is also exact on the left; indeed, a choice of splitting yields a splitting of the resulting short exact sequence. Proof. Only the statement about exactness on the left doesn’t follow from Equation 5.2. This remaining claim can be proved as follows. Let ϕ : I → B ⊗_E I be the canonical map of E-modules given by the unit of the adjunction. Use Lemma 5.1 to form a diagram of T -algebras under A E � q � (B ⊗_E I) ⊕_I E p � B_= � B.

The morphism p : (B ⊗_E I) ⊕_I E → B is a square-zero extension. A choice of splitting of q : E → B gives a choice of splitting of p, and an isomorphism of square-zero extensions (B ⊗_E I) � = � (B ⊗_E I) ⊕_I E � ∼= � B = � (B ⊗_E I) � B n (B ⊗_E I) � B.

The resulting map E → B n (B ⊗_E I) of algebras under A and over B gives an A-derivation d : E → B ⊗_E I. Composition with d yields a homomorphism d^∗ : Hom_MT_B (B ⊗_E I, M) → Der_A(E, M) that splits Equation 5.1 and, hence, Equation 5.2. The result follows.

Remark 5.9 An example where there is always the type of splitting required by this past lemma is supplied by the case where B ∼= A ⊔ T (M) where M is a projective R-module. Also notice that if E → B is a square-zero extension, then I is a B-module, so I ∼= B ⊗_E I.

We can now supply the inverse to the homomorphism

γ : Ext^1_B (Ω_T (B/A), I) → Exal_A(B, I)

of Theorem 5.4. Suppose that T is a simplicial operad, that A → B is a cofibration of T algebras, and that X = {I → E → B} is square-zero extension of T -algebras under A. Then, because of the characterization of cofibrations of T -algebras given in Proposition 2.5, and because of Remark 5.9, Lemma 5.8 supplies a short exact sequence of B modules 0 → I −→ B ⊗ Ω^T (E/A) −→ Ω^T (B/A) → 0. (5.3)

Define δ : Exal_A(B, I) → Ext^1_B (Ω^T (B/A), I) by sending the class of X to the class of the extension Equation 5.3. Notice that δ is defined only when A → B is a cofibration.

Theorem 5.4 now follows from the next result, which is an exercise in definitions.

Lemma 5.10 The homomorphisms

γ : Ext^1_B (Ω^T (B/A), I) � ExalA(B, I) : δ � are inverse to each other.

We would also like to address the relationship between André-Quillen cohomology and squarezero extensions for algebras over operads in the category of (R, Γ) comodules. The analog of Theorem 5.4 holds; indeed, in light of Lemma 4.8, the proof goes through with only a change of notation, and we have

Theorem 5.11 Let T be a simplicial operad in Γ-comodules, let A be a cofibrant simplicial T - algebra, and A → B a cofibration of T -algebras. If I is a simplicial B-module over T , we have an isomorphism γ : Ext^1_{Γ(B)}(Ω^T (B/A), I)^{∼=}−→ Exal_{Γ(A)}(B, I).

More generally, there is a natural isomorphism

Ext^1_{Γ(B)}(LΩ^T (B/A), I) ∼= colim_{W(f )} Exal_{Γ(A0)}(B_0, I).

The appearance of the Γ in the subscript is to indicate that all the relevant definitions and constructions occur in the ground category of Γ-comodules.

To interpret this result in terms of the homotopy theory of simplicial B-modules over T , all in the category of Γ-comodules, we must come to terms with the fact that not every B-module in this category is fibrant.

If N and M are arbitrary simplicial modules in sM^T_{Γ(B)}, then

Ho_{sM}T_{Γ(B)} (N, M) ∼= [N^′, M^′]_{sM}T_{Γ(B)}

where N^′ → N is a weak equivalence with N^′ cofibrant and M → M^′ is a weak equivalence with M^′ cofibrant. The choice-free way to write this is as

Ho_{sM}T_{Γ(B)} (N, M) ∼= colim N^′ −→_≃ N colim M −→_≃ M^′ [N^′, M^′]_{sM}T_{Γ(B)} .

Here N^′ → N and M → M^′ run through all maps that are weak equivalences.

We would now like to define a map

α : Ho_{sM}T_{Γ(B)} (N, ΣI) → colim N^′ −→_≃ N colim I −→_≃ J Ext^1_{Γ(B)}(N^′, J).

(5.4)

This will again be done by a pull-back.

First, since sM^T_{Γ(B)} is a simplicial model category, we have internal mapping objects M^K , where M ∈ sM^T_{Γ(B)} and K is a simplicial set. If K is a pointed simplicial set, we can define a pointed mapping object hom_∗(K, M) by the pull-back square

hom_∗(K, M) � � M^K � 0 � M ∼= M^∗.

Thus we have a path-loops sequence

ΩM = hom_∗(Δ^1/∂Δ^1, M) → hom_∗(Δ^1, M) → M.

Note that π_nΩM ∼= π_{n+1}M and, for this category at least, the unit of the adjunction N → ΩΣN is a weak equivalence. In particular, suppose we are given a morphism f : N → J in sM^T_{Γ(B)} and a weak equivalence ΣI → K. Then we may pull back that path-loops fibration for J via f and obtain an extension 0 → ΩK −→ M −→ N → 0 equipped with a weak equivalence I → ΩK. This defines the morphism α of Equation 5.4 Here, then, is out substitute for Proposition 5.2 The proof is now nearly identical to that of Illusie.

Proposition 5.12 The induced homomorphism

α : Ho_{sM}T_{Γ(B)} (N, ΣI) → colim N^′ −→_≃ N colim I −→_≃ J Ext^1_B (N^′, J)

is an isomorphism.

Proof. We must construct the inverse map. We choose a representative for an element of the colimit 0 → J → M → N^′ → 0. We may assume that N^′ is cofibrant. As in the proof of Proposition 5.2 we investigate the diagram

0 � J^{d0} � C(J) � ΣJ � 0

0 � J = �

= � j� C(J) ⊕ M pr1 �

pr2 �

� X p �

� s � 0

0 � J � M � N^′ � 0

The morphism s remains a weak equivalence, but it is not an acyclic fibration, in general. If we factor s as X^i−→ Y^q−→ N^′ with i an acyclic cofibration and q a fibration, then q is an acyclic fibration and, since N^′ is cofibrant, has a section N^′ → Y , unique up to homotopy. If we form the push-out diagram

X^p � i � ΣJ � Y � K Then ΣJ → K is a weak equivalence and we obtain a composition N^′ → Y → K, which induces a morphism in Ho_{sM}T_{Γ(B)} (N, ΣI). This is the inverse to α.

Each of the Corollaries 5.5 – 5.7 has an analog in this setting. In particular, we record the analog of Corollary 5.6, which has an application in the next section.

Suppose we are working in the base category of Γ-comodules. Suppose that T is an augmented simplicial operad T → T_{−1} and B is an augmented algebra B → B_{−1} over the augmented operad. Suppose that I is a B_{−1}-module over T_1. Then we can form the simplicial B_{−1} module K(I, n) over T_{−1}, and K(I, n) can be regarded as an object in sM^T_{Γ(B)} by restriction of structure.

Corollary 5.13 There is a natural isomorphism

D^{n+1}_{Γ(T )}(B/A, M) ∼= colim_{W (f )} colim I −→_≃ J Exal_{Γ(A0)}(B_0, J).

6 Postnikov towers for simplicial T -algebras

If X ∈ sA^T is a simplicial T -algebra, the standard Postnikov tower of X, regarded as a simplicial R-module, refines to a Postnikov tower of simplicial T -algebras. In this section we say what that means, and spell out the details. We then close with some remarks on the case of algebras in comodules over some Hopf algebroid.

Let X ∈ sM_R be a simplicial R-module. A Postnikov tower for X is a tower in sM_R · · · → P_nX^{qn}−→ P_{n−1}X → · · · → P_2X^{q2}−→ P_1X^{q1}−→ P_0X equipped with maps f_n : X → P_nX so that q_nf_n = f_{n−1} and so that π_k P_nX = 0 for k > n and π_kf_n : π_kX → π_kP_nX is an isomorphism for k ≤ n.

More generally, if f : X → B is a fibration of simplicial R-modules,^2 let F = f^{−1}(0) be the fiber at zero. Then a Postnikov tower for the morphism f is a tower in sM_R

· · · → P_n(f)^{qn}−→ P_{n−1}(f) → · · · → P_2(f)^{q2}−→ P_1(f)^{q1}−→ P_0(f) = B

equipped with maps f_n : X → P_nX so that q_nf_n = f_{n−1}, f_0 = f, and so that

π_kP_n(f) = π_kX k ≤ n; coker{π_{n+1}F → π_{n+1}X} ∼= ker{π_nB → π_{n−1}F } k = n + 1; π_kB k > n + 1 Note that the successive fibers of P_n(f) form a Postnikov tower for F . The Postnikov tower of an object X, as defined above, is the Postnikov tower of the unique morphism X → 0.

2Recall that a fibration of simplicial R-modules is a morphism for which the associated morphism of associated normalized chain complexes is surjective in positive degrees

Such towers are essentially unique and the Moore-Postnikov tower, which we now define, gives an example of such.

To define the Moore-Postnikov tower for a fibration f : X → B in sM_R, again let F be the fiber, fix n, and let s ≥ 0. Let I_{s,n} = ⋂ ϕ:k→s ker{ϕ^∗ : X_s → X_k} ∩ F_s ⊆ X_s (6.1)

where ϕ runs over all injections with k ≤ n. Define P_n(f) ∈ sM_R by the equation (P_n(f))_s = X_s/I_{s,n}. There are fibrations f_n : X → P_n(f) and q_n : P_n(f) → P_{n−1}(f). If we are considering the absolute case of the Postnikov tower of an object X (i.e., of the morphism X → 0), then X = F and it is a simple exercise to show that the normalized chain complex NP_nX of P_nX is given by · · · → 0 → B_nX → NX_n → · · · → NX_1 → NX_0, with B_nX = Im{∂ : NX_{n+1} → NX_n} ∼= NX_{n+1}/ ker(∂), so that π_∗P_nX is as required. For a general fibration f : X → B, the normalized chain complex NP_n(f) of P_n(f) fits into a diagram of chain complexes, with the columns short exact: · · · � 0 � � B_nF � � NF_n � � · · · � NF_1 � � NF_0 � · · · � NP_n(f)_{n+2} � � NP_n(f)_{n+1} � � NP_n(f)_n �

� · · · � NP_n(f)_1 � � NP_n(f)_0 � · · · � NB_{n+2} � NB_{n+1} � NB_n � · · · � NB_1 � NB_0.

Again, this implies that π_∗P_n(f) is as required. Also one immediately has that if F_n(f) is the fiber of P_n(f) → P_{n−1}(f), then π_k F_n(f) = { π_nF k = n; 0 k ≠ n (6.2)

Now suppose that T is a simplicial operad in R modules, and that X is a simplicial T algebra, or, more generally, that f : X → B is a fibration of simplicial T -algebras. Recall that a morphism of simplicial T -algebras is a fibration if and only if it is a fibration of simplicial R-modules. Then the fiber F of f is a simplicial ideal in the T -algebra X. In fact, because the intersection of ideals is an ideal, the sub-R-modules I_{s,n} ⊆ X_s of Equation 6.1 are ideals in the T_s algebra X_s, and we have: Proposition 6.1 Let f : X → B be a morphism of simplicial T -algebras. Then the Moore-Postnikov tower for f, regarded as a simplicial R-module, is a tower of simplicial T -algebras.

In particular, simplicial T -algebras have Postnikov towers. The next point is to refine k-invariants to T -algebras. To begin this, we first note what properties a fiber sequence of T -algebras has. If f : X → B is a fibration of T -algebras, then f : X → B is a morphism of T -modules over X. If f is surjective (that is, π_0X → π_0B is onto), then we get a diagram of exact sequences T (X, F ) � � T (X, X) � � T (X, B) � � 0

0 � F � X � B � 0.

So that F → X → B is a fibration sequence of simplicial X-modules over T . This is simply a rephrasing of the remark that F is an ideal and f is surjective. If B happens to be flat over R, then the top row of this diagram is actually short exact, and if we apply homotopy, we get that a long exact sequence · · · π_∗F → π_∗X → π_∗B^∂−→ π_{∗−1}F → · · · and each of the maps is a morphism of π_∗X modules over π_∗T except the map ∂, which is a π_∗X modules over π_∗T up to sign. This means that if a ∈ π_∗T (n), x_i ∈ π_∗X, y ∈ π_∗B and ϵ_M : (π_∗T )(π_∗X, M) → M is the module multiplication, then ∂ϵ_{π∗B} (a ⊗ x_1 ⊗ · · · x_{n−1} ⊗ y) = (−1)^kϵ_{π∗F} (a ⊗ x_1 ⊗ · · · x_{n−1} ⊗ ∂y) where k is the degree of a ⊗ x_1 ⊗ · · · x_{n−1}. We will simply say we have a long exact sequence of π_∗X modules over π_∗T , and leave the sign understood.

In B happens not to be flat over R, we can recover this structure as follows. Choose a weak equivalence of simplicial operads S → T where S is cofibrant as a simplicial operad, and choose a weak equivalence q : B^′ → B where B^′ is a cofibrant S algebra. Then B^′ is flat over R and if we pull back the fibration f : X → B via q to a fibration f^′ : X^′ → B^′, then the long exact sequence in homotopy · · · → π_∗F → π_∗X^′ ∼= π_∗X → π_∗B^′ ∼= π_∗B → π_{∗−1}F → · · · is a long exact sequence of π_∗X^′ ∼= π_∗X modules over π_∗S ∼= π_∗T . Hence we have proved:

Proposition 6.2 Let T be a simplicial operad and let f : X → B be a surjective fibration of simplicial T -algebras. Then the long exact sequence in homotopy of F → X → B is a long exact sequence of π_∗X modules over π_∗T .

In particular, suppose we have a fibration of simplicial T -algebras q : E → B and suppose that fiber F has one non-zero homotopy group π = π_nF , n ≥ 1. Then π is a π_0B ∼= π_0E module over π_0T . Thus we can form the simplicial π_0B module K(π, n). By restriction of scalars, this is a simplicial B module over T and there is a weak equivalence F → K(π, n) of simplicial E modules over T . If we then apply Lemma 5.1 we obtain a diagram of fibration sequences F � ≃ � E^q � ≃ � B = � K(π, n) � K(π, n) ⊕_F E � B

(6.3)

with the vertical maps all weak equivalences and the bottom row a square-zero extension. We define the k-invariant of q : E → B to be cohomology class k(q) ∈ D^{n+1}(B, π) corresponding to this square-zero extension. Here we use Corollary 5.6. If q happens to be a morphism of T -algebras under some fixed T -algebra A, then the k-invariant refines to an element k(q) ∈ D^{n+1}(B/A, π). Notice that k(q) depends on the choice of weak equivalence F → K(π, n) and is, thus, well-defined up to automorphisms of π as a π_0B module over π_0T .

One immediately notes that Corollary 5.6 has another implication. We may represent the cohomology class k(q) ∈ D^{n+1}(B/A, π) as a morphism κ(q) : B^′ → π_0B n K(π, n) of T -algebras over π_0B and under A, where B^′ → B is a weak equivalence of T -algebras with B^′ cofibrant. Then there is a diagram K(π, n) ⊕_F E � E^′ ≃ � �

� π_0B n L(π, n + 1) � B B^′ ≃ �^{κ(q)} � π_0B n K(π, n + 1)

(6.4) where L(π, n+1) → K(π, n+1) is a fibration of π_0B modules over π_0T with L(π, n+1) contractible, the right-hand square is a pull-back, and the left hand square has horizontal weak equivalences.

Combining Equation 6.3 and Equation 6.4 we obtain the following result.

Proposition 6.3 Let q : E → B be a fibration of simplicial T -algebras under a T -algebras A so that the fiber F has one non-zero homotopy group π = π_nF , n ≥ 1. Then the morphism q is weakly equivalent to a square-zero extension with fiber K(π, n) classified by a cohomology class k(q) ∈ D^{n+1}(B/A, π) and q is weakly equivalent to a morphism q^′ of T -algebras under A defined by a pull-back square E^′ q^′ �

� π_0B n L(π, n + 1) � B^′_{κ(q)} � π0B n K(π, n + 1)

In particular, if f : X → B is a fibration of T -algebras under some fixed T -algebra A then there are k-invariants k_n ∈ D^{n+1}(P_{n−1}(f)/A, π), n ≥ 1, and the morphisms P_n(f) → P_{n−1}(f), n ≥ 1, of the Moore-Postnikov tower are weakly equivalent to morphisms P^′_n(f) → P^′_{n−1}(f) which fit into a pull-back diagram of the sort supplied by Proposition 6.3.

Now let us examine the case where we change the base category of Γ-comodules, where (R, Γ) is a Hopf algebroid of Adams type, as in Definition 3.1. Let T be a simplicial operad in Γ comodules, and let f : X → B is a fibration simplicial T -algebras in Γ-comodules, or, more generally, simply a fibration of simplicial R-modules. The the Moore-Postnikov tower for f is a tower in T -algebras in Γ-comodules. Thus Postnikov towers exist in this category.

Next suppose E → B is a morphism of simplicial T -algebras in Γ-comodules which is fibration of simplicial R-modules and suppose the fiber F has one non-zero vanishing homotopy group π = π_nF , n ≥ 1. Then π is a π_0B-module over π_0T in Γ-comodules; let K_f (π, n) be a fibrant model for K(π, n) in the category of simplicial π_0B-modules over π_0T , in Γ-comodules. If we then apply Lemma 5.1 we obtain a diagram of fibration sequences F � ≃ � E^q � ≃ � B = � K_f (π, n) � K_f (π, n) ⊕_F E � B

(6.5)

with the vertical maps all weak equivalences and the bottom row a square-zero extension. If q : E → B is a morphism of T -algebras under A in Γ-comodules, then Corollary 5.13 now supplies the k-invariant k(q) ∈ D^{n+1}_{Γ(T )}(B/A, π) and a diagram of T -algebras under A K_f (π, n) ⊕_F E � E^′ ≃ � �

� π_0B n L_f (π, n + 1) � B B^′ ≃ �^{κ(q)} � π_0B n K_f (π, n + 1).

(6.6)

The T -algebra B^′ will be a cofibrant model for B in the category of T -algebras in Γ-comodules. Combining Equations 6.5 and 6.6 yields the analog of Proposition 6.3 in this context:

Proposition 6.4 Let q : E → B be a morphism of simplicial T -algebras under a T -algebras A in Γ-comodules. Suppose Q is a fibration of simplicial R-modules and suppose the fiber F has one non-zero vanishing homotopy group π = π_nF , n ≥ 1. Then the morphism q is weakly equivalent to a square-zero extension of simplicial T -algebras in Γ-comodules with fiber K_f (π, n) classified by a cohomology class k(q) ∈ D^{n+1}(B/A, π) and q is weakly equivalent to a morphism q^′ of T -algebras under A defined by a pull-back square E^′ q^′ �

� π_0B n L_f (π, n + 1)

� B^′_{k(q)} � π0B n Kf (π, n + 1)

In particular, this result again applies to the successive stages of the Moore-Postnikov tower for a fibration; for example, if f : X → B is a fibration under A, there are k-invariants k_n ∈ D^{n+1}_{Γ(T )}(P_{n−1}(f)/A, π), n ≥ 1. References

[1] J. F. Adams, Stable homotopy and generalised cohomology, University of Chicago Press, Chicago, 1974.

[2] M. Barr and C. Wells, Toposes, Triples, and Theories, Grundlehren der Mathematischen Wissenschaften 278, Springer-Verlag, Berlin 1985.

[3] A.K. Bousfield, “The localization of spaces with respect to homology”, Topology 14 (1975), 133-150.

[4] A. K. Bousfield and D. M. Kan, Homotopy limits, completions, and localizations, Lecture Notes in Math. 304 (2^{nd} corrected printing), Springer-Verlag, Berlin-Heidelberg-New York, 1987.

[5] W. Chachólski and J. Scherer, “Homotopy meaningful constructions,” preprint 1998.

[6] W. G. Dwyer, P. S. Hirschhorn, D. M. Kan, “Model categories and more abstract homotopy theory”, manuscript available at http://www-math.mit.edu/∼psh.

[7] A. D. Elmendorff, I. Kriz, M. A. Mandell, J. P. May, “Rings, modules, and algebras in stable homotopy theory”, Mathematical Surveys and Monographs 47, AMS, Providence, RI, 1996.

[8] B. Fresse, “Lie theory of formal groups over an operad”, J. of Algebra 202 (1998), 455-511.

[9] E. Getzler and J.D.S Jones, “Operads, homotopy algebra, and iterated integrals for double loop spaces”, preprint 1994.

[10] V. Ginzburg and M. Kapranov, “Koszul duality for operads,” Duke Math. J. 76 (1994), 203–272.

[11] P. G. Goerss and M. J. Hopkins, “Multiplicative Stable Homotopy Theory”, manuscript MIT, 1997

[12] P. G. Goerss and M. J. Hopkins, “Resolutions in model categories”, manuscript, University of Washington, 1997.

[13] P. G. Goerss and M. J. Hopkins, “Simplicial Structured Ring Spectra”, manuscript, University of Washington, 1997.

[14] P. G. Goerss and M. J. Hopkins, “Realizing commutative ring spectra as E_∞ ring spectra”, manuscript, Northwestern University, 1999.

[15] P. G. Goerss and J. F. Jardine: Simplicial Homotopy Theory. Submitted to Birkäuser Verlag AG, Basel. It can be viewed on line at

http://www.math.uwo.ca/~jardine/papers/simp-sets

[16] L. Illusie, Complexe Cotangent et Déformations I, Lecture Notes in Math. 239, Springer-Verlag, Berlin-Heidelberg-New York, 1971.

[17] I. Kriz and J.P. May, “Operads, algebras, modules, and motives” Astérisque 233 (1995).

[18] P.S. Landweber, “Homological properties of comodules over MU_∗MU and BP_∗BP ”, Amer. J.

Math. 98 (1976), 591-610.

[19] S. MacLane, Categories for the Working Mathematician, Graduate Texts in Math. 5, Springer- Verlag, Berlin-Heidelberg-New York, 1971.

[20] H.R. Miller and D.C. Ravenel, “Morava stabilizer algebras and the localization on Novikov’s E_2-term”, Duke Math J. 44 (1977), 433-477.

[21] D. Quillen, Homotopical Algebra, Lecture Notes in Math. 43, Springer-Verlag, Berlin-Heidel-berg-New York, 1967.

[22] D.G. Quillen, On the (co)-homology of commutative rings, Proc. Symp. Pure Math. 17 (1970), 65–87.

[23] D.C. Ravenel, Complex Corbordism and Stable Homotopy Groups of Spheres, Pure and Applied Mathematics 121, Academic Press, Orlando, 1986.

[24] C. W. Rezk, “Spaces of algebra structures and cohomology of operads”, Thesis, MIT, 1996.

[25] C. W. Rezk, “Notes on the Hopkins-Miller theorem”, in Homotopy Theory via Algebraic Geometry and Group Representations, M. Mahowald and S. Priddy, eds., Contemporary Math. 220 (1998) 313-366.

[26] A. Robinson and S. Whitehouse, “Γ-homology of commutative rings and E_∞ ring spectra”, Warwick preprint 76/1995.

[27] A. Robinson and S. Whitehouse, “Operads and Γ-homology of commutative rings”, Prépublications Mathématiques de l’université de Paris 13 (1998).

[28] A. Vistoli, “Intersection theory on algebraic stacks and on their moduli spaces,” Inventiones Math. 97 (1989), 613–670.

Department of Mathematics Northwestern University Evanston IL 60208

pgoerss@math.nwu.edu

Department of Mathematics MIT Cambridge MA 02139

mjh@math.mit.edu