THH AND TAQ

JOHN ROGNES

I. SYMMETRIC RING SPECTRA (SEPTEMBER 19TH 2006)

We follow Hovey, Shipley and Smith (Symmetric spectra, JAMS, 1999).

I.1. Symmetric sequences.

Let ¥ be the skeleton category of finite sets and bijections, with 0b% = Ny (the
non-negative integers), 3(n,n) = ¥,, (the symmetric group on n letters) for n > 0,
and X(m,n) = 0 (the empty set) for m # n.

Disjoint union of finite sets defines a functor +: ¥ x ¥ — ¥ that takes (m,n) to
m~+n and maps X(m,m) X 3(n,n) = X, X X, to X(m+n,m+n) = X,,, by the
standard inclusion ¥, X ¥, — ¥,,1,. It makes (3, +,0) a permutative (= strict
symmetric monoidal) category.

A symmetric sequence of pointed simplicial sets, is a functor X : ¥ — 8., where
S, is the category of pointed simplicial sets. Equivalently, it is a sequence of pointed
simplicial sets X,,, with a pointed left ¥,-action on X,,, for each n > 0. Here
X, = X(n) and m € ¥,, acts on X,, by X(7): X(n) - X(n). We refer to X,, as
the space at the n-th level of X.

A map X — Y of symmetric sequences is the same as a natural transformation
of functors from 3, or equivalently, a sequence of 3,,-equivariant maps X,, — Y,,,
for n > 0. We write 8> for the category of symmetric sequences. Similarly, we
can consider symmetric sequences of pointed topological spaces, or in any other
category.

1.2. The tensor product.

Given two symmetric sequences X and Y, we can form their external smash
product X®Y', which is the functor ¥ x ¥ — 8, that takes (p,q) to the smash
product X, A'Y, of pointed simplicial sets, with the obvious ¥, x ¥,-action.

The left Kan extension of this functor along +: ¥ x ¥ — 3 is, by definition, the
tensor product X ® Y of the two symmetric sequences.

Its value at n > 0 is given by the following colimit formed in S, over the left fiber
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category +/n:

(X®Y), = ;:J(r);i_rg X, NY,
= \/ Znt Asyxm, XpAY
p+qg=n

We can present a k-simplex in (X ® Y),, as (o,x Ay), where z € X, and y € Y,
are k-simplices, and o € ¥,, is a morphism p + ¢ — n in ¥. For (o,7) € ¥, x &,
we have (a(o x 7),x Ay) = (a,0(x) AT(y)).

The tensor product is coherently associative and unital, having the symmetric
sequence I with Iy = S° and I,, = x (a point) for n > 0 as a unit. The role of
the symmetric groups is to also make the tensor product commutative, up to the
following coherent isomorphism.

The twist isomorphism 7: X ®Y — Y @ X takes (o, z Ay) to (ap,y Ax), where
p: q+p— p+qis the (q,p)-shuffle bijection.

TNy p+qg——n
|
ap
yNx q+p

It makes (8, ®,I) a symmetric monoidal category.

I.3. The sphere symmetric sequence.

Let St = A'/OA! be the simplicial circle, and let S = S* A--- A S! (n times)
be the simplicial n-sphere, for n > 0. The symmetric group ¥, acts on S™ by
permuting the smash factors. This defines the sphere symmetric sequence S, with
S, =8".

There is a unit map e: I — S that is the identity at level 0.

We now define a multiplication map m: S ® S — S in 8. At the level of the
n-th spaces, it is the X,,-equivariant map

\V Tt As,xs, SPAST— 8"
ptg=n

whose restriction to the (p, ¢)-summand is left adjoint to the identity map SPAS? —
S™, viewed as a (3, x X, = X, )-equivariant map.

Key Lemma. (S,m,e) is a commutative monoid in 8.

Commutativity is the assertion that m =m7: S® S — S.
((Also discuss function objects.))

I.4. Symmetric spectra.

By definition, a symmetric spectrum is a left S-module in the category of sym-
metric sequences. In other words, it is a symmetric sequence X together with a
map S ® X — X that is associative and unital. We write Sp~ = S-Mod for the
category of symmetric spectra.

Equivalently, a symmetric spectrum is a symmetric sequence X together with
structure maps

o: S'AX, — Xi4n
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for each n > 0, such that the m-fold composite map
o™ S"MAX, = Xoan

is (X, X 3, — ¥ 4n)-equivariant, for each m,n > 0. Here %, acts on S, = S™,
Y, acts on Xy, X4 acts on X,y4q, and 2, X X, — X4, is the standard
inclusion.

To see this, note that the map S ® X — X is a sequence of Y,,-equivariant maps

V Sy Agyam, SPA Xy = X,
ptg=n

for n > 0, which is equivalent to a sequence of (£, x ¥, — ¥,,)-equivariant maps
SP N Xy — Xptq, for p,g > 0. The associativity condition satisfied by the module
action ensures that it is enough to specify these maps for p = 1, i.e., to give the
structure maps o.

I.5. The smash product.

Recall that for a commutative ring R, the tensor product ® of abelian groups
gives rise to an internal tensor product ® g of left R-modules, given by the coequal-
izer diagram

MRIROIN_—ZZMRXN—>MQ®grN.

Here M and N are left R-modules, but by commutativity M may also be regarded
as a right R-module, and the two maps on the left are derived from the module
actions M ® R -+ M and R ® N — N, respectively. By commutativity, again, the
left R-module action on M also induces one on the coequalizer M ®r N.

Since S is a commutative monoid in symmetric sequences, the category Sp* = S-
Mod can be given an internal pairing ®g in the same way, which we prefer to denote
by A. So for two symmetric spectra X and Y, we define their smash product X AY
by the coequalizer diagram

XRSQ]Y — XY — X AY.

In other words, X AY is the colimit in symmetric sequences of the left hand part of
the diagram, and this limit can be formed level-wise as the colimit of the diagram

Vit jiren Znt Asixs;xs, Xi ASTAYe =2V gop Bnt Asyxs, Xp A Yy

of pointed ¥,,-spaces. As in the algebraic case, the resulting symmetric sequence
X A'Y is naturally a symmetric spectrum.

The smash product of symmetric spectra is coherently associative and unital,
having the sphere spectrum S as a unit. The twist isomorphism of symmetric
sequences also induces a twist isomorphism 7: X AY = Y AX of symmetric
spectra.

Proposition. (Sp*, A, S) is a symmetric monoidal category.

((Also discuss function spectra.))
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I1.6. Algebraic structures.
A symmetric ring spectrum is a symmetric spectrum R with a unit mape: S — R
and a multiplication map m: R A R — R, making the diagrams

o7

(RANR)ANR RA(RAR)
del lmm
RAR——> R<—"—RAR
(associativity) and
SARLERARIRAS

R
~ 3
\

(unitality) commute. If furthermore the diagram

RAR RAR

BN

R

IR [~

(commutativity) commutes, then R is a commutative symmetric ring spectrum.

Let R be a symmetric ring spectrum. A left R-module is a symmetric spectrum
M with a map RAM — M, such that the usual associativity and unitality diagrams
commute. Similarly for right modules. We sometimes refer to R-modules as R-
module spectra, for emphasis. Let R-Mod denote the category of R-modules and
R-module maps.

If M is a right R-module and N is a left R-module, the smash product M Ar N
is defined as the coequalizer

MANRANN—/=MAN-—>MArN

in symmetric spectra.

If R is commutative (so that the distinction between left and right R-modules dis-
appears), then M Ar N is also naturally an R-module. In this case, (R-Mod, Ag, R)
is a symmetric monoidal category. An R-algebra A is a monoid in R-Mod. This
amounts to a map R — A of symmetric ring spectra, such that R is central in A.
A commutative R-algebra A is a commutative monoid in R-Mod. This amounts to
a map R — A of commutative symmetric ring spectra.

I.7. Homotopy and homology.

There is a stable model structure on symmetric spectra, whose associated homo-
topy category Ho(Sp™) is equivalent to Boardman’s stable homotopy category. Fur-
thermore, the smash product of symmetric spectra induces a symmetric monoidal
pairing on Ho(Sp™) that agrees with the smash product in Boardman’s category,
under the claimed equivalence.

The k-th homotopy group of a symmetric spectrum X is defined as the sequential
colimit

mr(X) = co}lim Ttk (Xn)
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over the composite maps

E O
Ttk (Xn) = T1naw (ST A Xn) =5 Trpng k(X)) -

Taken together, these form a graded abelian group m.(X). The action by the
symmetric groups plays no role here, so these are the homotopy groups of the
underlying sequential spectrum of X. For a symmetric ring spectrum R, 7.(R) is
a graded ring. For a commutative symmetric ring spectrum R, 7.(R) is a graded
commutative ring.

A map of symmetric spectra X — Y that induces an isomorphism 7,(X) —
m(Y) is called a m.-equivalence. Each m.-equivalence is a weak equivalence in the
stable model structure on Sp¥, i.e., a stable equivalence, but the converse does not
generally hold.

The stably fibrant symmetric spectra are the symmetric {2-spectra, i.e., those X
for which each X, is a Kan (= fibrant) simplicial set, and each adjoint structure map
5: X, — QXpp1 = 84(Sh, X,,11) is a weak equivalence. For maps X — Y between
symmetric {2-spectra, the stable equivalences are the same as the m.-equivalences.

((Discuss orthogonal spectra. For symmetric spectra coming from orthogonal
spectra, stable equivalences and m,-equivalences agree. So for these, the homotopy
groups are the homotopy invariant ones.))

I.8. The sphere spectrum.

The sphere spectrum S is a commutative symmetric ring spectrum, with the
unit map e: S — S being the identity and the multiplication map m: SA S — S
being the natural isomorphism.

An S-algebra is the same as a symmetric ring spectrum, and a commutative
S-algebra is the same as a commutative symmetric ring spectrum.

The homotopy groups 7, (S) = w2 are the stable homotopy groups of spheres.

*

1.9 Eilenberg—Mac Lane spectra.

Let A be an abelian group. For each set U let A[U] = @,y A, and for each
pointed set U let A(U) = A[U]/A[*], where * is the base point in U. This construc-
tion is natural in U, so that each pointed function f: U — V induces an abelian
group homomorphism A(f): A(U) — A(V). By forgetting structure, we can view
A(f) as a function of pointed sets.

For each simplicial set W,, let A(W,) be the pointed simplicial set [¢] — A(W).
This makes sense by the naturality property just stated.

For example, when W, = S' = Al/9A! A}] consists of the (¢ + 2) morphisms
[q] = [1]in A, so W, = S(} consists of the ¢ surjective morphisms [q] — [1], together
with the base point. Hence A(S;) = A®---® A = A9, and A(S') = BA is the bar
construction on A. We usually write [a1]...|ay] for an element of A(S]) = BA,.

Iterating n times, the Filenberg—Mac Lane spectrum H A is defined as the sym-
metric spectrum with n-th space HA,, = A(S™) = B™A, where ¥,, permutes the
smash factors in 8™ = S A --- A S, or equivalently, the ordering of the n bar
constructions. The structure map o: S' A HA,, — HA,,, is given in degree q by
the inclusion S§ A A(S7') — A(S; A ST).

The n-fold bar construction HA,, = B" A is a K(A, n)-complex, with homotopy
groups T4+ B"A = A for k = 0 and = 0 for k # 0. Being a simplicial (abelian)
group, it is a Kan simplicial set. Furthermore the adjoint structure map ¢: HA,, —
QHA;,, equals the weak homotopy equivalence B"A — QB"A so HA is a
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symmetric {)-spectrum (= stably fibrant). Hence the homotopy groups my HA = A
for k =0 and = 0 for k£ # 0 are homotopically significant.

Let R be an associative ring. There is a natural multiplication map m: HR A
HR — HR and unit map e: S — HR that make HR a symmetric ring spectrum,
alias an S-algebra. The multiplication map is derived from a map HRQHR — HR
of symmetric sequences, which at the n-th level is a wedge sum over (p,q) with
p+ g = n of ¥,-equivariant maps. These are left adjoint to the (X, x £, = X,)-
equivariant maps

R(SP) A R(S?) — R(SP A S7) = R(S™)

Z iz N Z iy Z i (zi A yj)
( J 4,

where ri,r;- € R, the x; are simplices in S? and the y; are simplices in S?. The
product ;7% is formed in the ring R.

The opposite multiplication, m7: HR AN HR — HR is likewise derived from the
map given by

mei N ZT;‘yj = P(Zrﬁi(yj ANx;)) = Zréri(l‘z‘ Ayj)-

( J 1,J ,J

given by

Hence HR is a commutative symmetric ring spectrum if and only if R is a commu-
tative ring.

The Eilenberg—Mac Lane functor A — H A embeds abelian groups into symmet-
ric spectra, rings into symmetric ring spectra, and more generally embeds algebra
into topology in the form of stable homotopy theory.

Proposition. Let R be a ring, M a right R-module and N a left R-module. Then
HM s a left HR-module, HN is a left HR-module, and

7i(HM Aggr HN) = Tor? (M, N) .

((Similarly, 7; Firr(HM, HN) = Exty,' (M, N) for two left R-modules M and N,
where Fyr denotes the H R-module function spectrum.))

1.10 Thom spectra.

To any Euclidean R™-bundle {: E — X, with principal O(n)-bundle P — X, we
can associate the Thom complex Th(€) = Py Aoy S™. Now S™ = S®" = R"U{oo}
as a pointed topological space, still with S® = St A ... A ST,

((Universal case v with principal bundle FO(n) — BO(n).))

((See also Chapter V.))

II. THH: STRUCTURAL PROPERTIES (OCTOBER 3RD 2006)

Recall the Hochschild-Kostant—Rosenberg theorem: for a smooth algebra A over
a commutative ring k, the Hochschild homology H H,.(A) is isomorphic to the ex-
terior algebra Q% of differential forms on A, generated by the Kahler differentials
HH,(A) = QL. Connes’ B-operator HH,,(A) — HH,1(A) then corresponds to
the exterior derivation d: Qy — QZ“. For commutative, non-smooth A there is
still a map Q% — HH.(A), and the Hochschild homology can even be defined for
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non-commutative A. It is therefore common to interpret HH,(A), with Connes’
operator, as a kind of non-commutative de Rham complex over A.

We will study the extension of this de Rham theory to brave new rings, i.e., to
associative S-algebras, where S is the sphere spectrum. To be concrete, let B be a
symmetric ring spectrum. Its topological Hochschild homology, denoted TH H (B),
can be defined in several equivalent ways. We begin with one that is rather explicit.

I1.1. The Hochschild complex.

Definition. Let THH(B), be the simplicial symmetric spectrum
lq = THH(B), = BABA---AB
((¢ + 1) copies of B), with face maps

bqu/\bl/\"'/\bq—l fOT’iZO,

di(bo Aoy AN -+~ Nby) =
o n b 2 {bO/\"'/\bin—l/\"'/\bq for 0 <@ <gq,

and degeneracy maps
8i(bo Aby A+ Aby)=Dbg A+~ Abj AL Abj1 A+ Aby

for 0 < j <gq. Let
THH(B)=|THH(B),|

be the geometric realization.

These formulas must be interpreted in terms of the product and unit maps
p: BAB — B and n: S — B, and the cyclic twist map 7: BNt — pAatl)
Note that 1 Abg A --- A by is not degenerate, unless some b; = 1.

The explicit Hochschild complex can also be interpreted as the homology of B
as a B-bimodule (= left B A B°?-module):

THH(B) = Tor?"B” (B, B) := B Agnper B.
If B is resolved as a B-bimodule by the two-sided bar complex
B(B,B,B)e: [qJ—=> BABA---ANBAB

((q + 2) copies of B), then THH(B)s = B Apaper 3(B, B, B)a.

I1.2. Cyclic structure.
The simplicial construction admits the refined structure of being a cyclic object.

Definition. THH (B), is a cyclic symmetric spectrum, with cyclic twist operators
tg(bo Aoy A+ ANbg) =bg ANbg A+ ANbg_1 .
Hence TH H(B) naturally admits a left S'-action

a: SEANTHH(B) — THH(B).
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For example, the Sl-action takes a O-simplex b € THH(B)q once around the
geometric realization of the 1-simplex ¢150(b) = 1 A b.

The inclusion of O-simplices defines a map n: B — THH (B). When combined
with the S'-action, we obtain a map

w: Si ANB—THH(B).
The retraction S§ — 14 in the cofiber sequence
1, - S — St

defines a preferred stable section o: S1 — S}r. Combined with the S'-action on
THH (B), it defines a stable map a(o A id) that we denote

d: STHH(B) — THH(B).

((The author usually writes o in place of d for this map, called the suspension
operator.)) In terms of this preferred splitting of Si ANTHH(B), we can write «
as (id, d).
As observed by Hesselholt (1996, 1.4.4), the iterated map dd: X*THH (B) —
THH (B) satisfies
dd =dn=nd,

where now 1 € m1(.5) denotes the stable Hopf map. For the composite stable map
oNo ~ m
St A St —>Si/\5i >~ (S1 x 81, —+>S41_

factors as the stable map
stast st %8t
where 7 arises (after one suspension) as the Hopf construction on the multiplication

m: St x St — S1. See [Ha61] for details. Thus dd is null-homotopic whenever 7
acts trivially on TH H(B), up to homotopy.

I1.3. Tensored structure.
When B is commutative, there is a more concise definition

THH(B)s = B® S},

where S! = A'/OA! is the simplicial circle, with (¢ + 1) simplices in degree g.
The tensor product B ® X, for simplicial sets X, is defined by prolongation of
the smash power
BeY = \ B,
yey

defined for (finite) sets Y. The two-sided bar construction can then be written as
B(B,B,B)s = B® A, where A! has (¢ + 2) simplices in degree q.

The topological formula THH(B) = B ® St also exhibits the S'-action a, by
rotation in the S'-term. Since these constructions take place in the category of
commutative symmetric ring spectra, the unit map

n:B=B®1—-B®S'=THH(B)
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makes T H H(B) a commutative B-algebra. The collapse map S — 1 induces an
augmentation

e: THHB)=B®S' - B®1=0B.

The pinch map S — SV .St the fold map S'Vv.S! — S! and the flip map S* — S*
induce maps

W: THH(B) — THH(B) Ag THH(B)
¢: THH(B) Ag THH(B) — THH(B)
x: THH(B) = THH(B)

that make TH H(B) a commutative Hopf algebra over B.

Note that v takes values in the smash product over B, not in the smash product
over S. Furthermore, it is only A, coassociative and counital. Similarly, x is only
a homotopy inverse.

I1.4. E, -algebras.

Intermediate between strictly associative ring spectra and strictly commutative
ring spectra, we have the notion of an F,, ring spectrum, which comes with an action
of an operad weakly equivalent to the little n-cubes operad. The FE; ring spectra
are the same as A, ring spectra, which can be rigidified to strictly associative ring
spectra, while the F,, ring spectra can be rigidified to strictly commutative ring
spectra. By restriction of the operad action, an E, ;1 ring spectrum is in particular
an F, ring spectrum.

Fiedorowicz and Vogt show that an F,,; ring spectrum B can be rigidified to
an F,, algebra in strictly associative ring spectra, i.e., to a strictly associative ring
spectrum with an action by an F,, operad, in that category. This FE,, operad action
carries over for topological functors from strictly associative ring spectra to other
categories. Basterra and Mandell have announced similar results.

For example, T'H H is a functor from symmetric ring spectra to symmetric spec-
tra with S'-action. Hence THH of any E,; ring spectrum B produces an E,
algebra in symmetric spectra with Sl-action. In other words, TH H(B) is then an
E, ring spectrum with S!-action. Similarly, the natural map n: B — THH(B) is
then an FE,, ring spectrum map.

For n = oo, this recovers the fact that TTH H of a commutative symmetric ring
spectrum B is again a commutative B-algebra. However, there are natural examples
of spectra that admit an F,, ring spectrum structure for some finite n > 2, that are
not known to admit an E, structure.

I1.5. Many objects.
There is also a more flexible definition, in terms of the category of finite cell
B-modules, enriched in symmetric spectra.

Definition. Let C be a small category enriched in symmetric spectra. Its topo-
logical Hochschild homology T'HH(C) is the geometric realization of the cyclic
symmetric spectrum

THH(C), = \/ Clco,cq) N Cler,co) N+ AN C(eq, Cq—1) ,

€0 ,-.-,Cq€EO0bLC
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with simplicial face and degeneracy operators, and cyclic operators, suggested by
composition, identity and twist in the diagram

\/

When C is the enriched category with only one object %, and C(x,*) = B, then
this definition simplifies to the original definition of TH H(DB).

For another example, let € = Fp be the category of finitely generated free B-
modules, with objects \/" B = B Any for n > 0, and morphisms

Fs(\/B.\/B) =[]V B

as symmetric spectra. The previous example embeds into this one, taking * to the
free B-module of rank 1, and the induced map

THH(B) — THH(F5)

is an equivalence. See Dundas et al, Lemma 2.5.17, for the proof when B is con-
nective. We refer to this equivalence as Morita equivalence.

Presumably, letting € = Cp be the category of finite cell B-modules and B-
module maps, the inclusion Fp — Cp also induces an equivalence

THH(F5) —» THH(Cg).

((Find a reference.))
It may also be useful to work with T"H H(C), where C is a category of coherent
crystals over B.

I11.6. Etale maps.

Let A be a commutative S-algebra, and let B be an A-algebra, commutative or
not. We can define the relative topological Hochschild homology TH H*(B) as the
geometric realization of the simplicial spectrum

lq] = THH*(B);=BAAsBA4s---AaB.
There is a commutative diagram

A——=THH(A) ——— 4

| |

B——=THH(B) —=THH*(B).

By assumption, A is central in B, so THH (B) is a THH(A)-module. The induced
map

THH(B) Arama) A — THH*(B)

is an equivalence, so the left hand side may also be taken as the definition of the
relative topological Hochschild homology. ((Check this for non-commutative B!))
If B is commutative, this map is an equivalence of commutative B-algebras.
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Definition. We say that A — B is formally thh-étale if the relative unit map
n: B — THHA(B) is an equivalence.

In that case, the space of associative A-algebra derivations of B with values in
any symmetric bimodule M is contractible, and conversely. This uses the cofiber
sequence

B Appapor Ipja — B — THH?(B)

and the equivalences
ADerA(B,M) >~ MB/\ABop(IB/A,M) >~ MB(B /\B/\ABop IB/A,M)

for symmetric B-modules M. See Lazarev (2001) and Rognes (Galois, Proposition
9.2.5). Here Ip/4 is the homotopy fiber of B Ay B — B.

I1.7. Quasi-coherence.

Lemma. If the natural map
BANATHH(A) - THH(B)

is a weak equivalence, then A — B is formally thh-étale.

Conversely, if A — B is formally thh-étale and either (1) e: THH(A) — A
is faithful, (2) A and B are connective, or (3) A — B is separable, then B N4
THH(A) - THH(B) is a weak equivalence.

Proof. If the induced map
BANysTHH(A) - THH(B)

is an equivalence, then A — B is formally thh-étale, by base change along e.

Conversely, if we assume that e: THH(A) — A is faithful, then BAATHH(A) —
THH(B) is an equivalence for all formally étale A — B, so that THH is a quasi-
coherent étale sheaf over A.

Similarly, if A and B are connective, and A — B is formally étale, then B A4
THH(A) — THH(B) is an equivalence. For its cofiber C is then connective and
satisfies C Argp(ay A =~ *, which implies C' ~ * since moTHH(A) = myA. These
hypotheses are most relevant when A = HR and B = HT are both ordinary rings,
with R — T (formally) étale, when they show that THH is a quasi-coherent étale
sheaf over A = HR.

Along the same lines, there are equivalences

B/\ATHH(A):B/\AA/\A/\AAEB/\A/\AA
= ANAapa B ~ (B/\A BOp) ABABop B:THH(B,B/\A B),

which is equivalent to THH(B) if THH(B,Ip/4) ~ *. This condition holds if
A — B is separable, so that u: B Ay B — B admits a bimodule section o, and the
resulting idempotent § = oy in mg(BA 4 B°P) = B§'(B) lifts to mg(BAB°P) = By(B).
For then B ~ B[§~'] as a B A B°?-module, while I5,4[67"] ~ %. Compare Geller
and Weibel (1991). O

((In what generality is Bg'(B) — Bo(B) surjective on idempotents?))
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I1.8. Galois descent (October 24th 2006).
Lemma. If A — B is a faithful G-Galois extension, with G finite, then

i: THH(A) — THH(B)"¢

1s a weak equivalence.

Proof. Tt suffices to show that 1 Ai: BAyTHH(A) — BAyTHH(B)"C is a weak
equivalence, since B is faithful over A. To see this, we factor 1 A4 as the following
chain of weak equivalences:

BAATHH(B)"Y — (BAy THH(B))C
< (BAg BAyTHH(A)C
— (F(G4,B) AA THH(A))"®
— F(G4,BAyTHH(A))"Y ~ BAy THH(A)
These use that B is dualizable over A, B is separable over A, B is Galois over A
and G is finite, respectively. [J

Are there similar quasi-coherence (resp. Galois descent) results for relative the-
ories THH(A|K) and THH(B|L) (to be defined later), under weaker hypotheses
(tame ramification, resp. something more general) on A — B?

REFERENCES

[Ha61] Hardie, K.A., A generalization of the Hopf construction, Q. J. Math., Oxf. II. Ser. 12
(1961), 196—204.

ITI. THH: CALCULATIONS (OCTOBER 10TH 2006)

To make calculations, we compare the spectrum level structures with the induced
structures at the level of homotopy and homology, usually with mod p coefficients.

II1.1. Homotopy.

For spectra X and Y we write [ X, Y] for the abelian group of maps from X to Y
in the stable homotopy category. More generally, [ X, Y], = [X"X, Y] is the abelian
group of degree n maps, and [X, Y], is the resulting graded abelian group.

The homotopy groups of a spectrum X are defined by

T (X) =[S, X]..
The stable homotopy groups of spheres is the graded commutative ring
T (S) =[5, 9]« ,
which naturally acts on 7, (X) by composition:
T.(S) @z 1 (X) =[S, 5], @2 [S, X]w = [S, X = ma(X).

However, the groups ,(.S) are mostly unknown, and its homological properties are
terrible, so it is usually not convenient to work with the 7, (5)-module 7.(X) as an
algebraic invariant of X.
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II1.2. Homology.

Let p be a prime, and write HIF), for the mod p Eilenberg-Mac Lane spectrum. It
is a commutative S-algebra, with unit n: S — HF, and product p: HF, A HF,, —
HTF,. We have graded IF),-modules

H,(X;F,) =nm.(HF, N X)

and
H*(X;Fp) = [X, HFp| .

for all spectra X. There are universal coefficient and Kiinneth isomorphisms
H*(X;Fp) = Hom(H.(X;Fp), Fp)

and
H,(X;F,)® H(Y;F,) 2 H(X NY;Fp)

for all spectra X and Y, with Hom and ® formed over F,. These extend the usual
results for the reduced mod p (co-)homology of based spaces.
The mod p Steenrod algebra is the non-commutative algebra

A= H"(HF,; F,) = [HF),, HFp] .

of stable cohomology operations, with multiplication ¢ defined by composition. It
admits a cocommutative coproduct, and the dual Steenrod algebra

A, = H,(HF,;F,) = m.(HF, A HF,)

is the Hom-dual commutative algebra, with a non-cocommutative coproduct . In
other words, A and A, are dual Hopf algebras. The (canonical) coproduct x on A,
is induced by the twist map 7: HF, A HF, — HIF, N HF,,.

For each spectrum X, composition of stable maps defines a homomorphism

A® H"(X;Fp) = [HF,, HF,|_. ® [X, HF,] . = (X, HFp] - = H*(X;Fp)

that makes H*(X;IF,) a left A-module. In the special case X = HIF,, this recovers
the product ¢. Dually, for each spectrum X the natural map

X=SAX 2 HF, A X

induces a homomorphism
v: H (X;F,) - H.(HF, N X;F,) 2 A, @ H (X;Fp).

In the special case X = HTF,,, this is the coproduct ¢: A, — A, ® A,. In general,
the coaction map v makes H,(X;F,) into an A,-comodule.

For spectra X of finite type, for which H,(X;IF,) is finite in each degree, we
can go back and forth between the A-module H*(X;F,) and the A.-comodule
H,(X;F,), via Hom-duality. However, when H,(X;F,) not finite in each degree, it
is better to work in homology. We therefore will view mod p homology as a functor
from spectra to A,-comodules. This covariant point of view is also more convenient
when discussing algebra structures, etc. ((Explain A,-comodule structure on tensor
products and Hom-duals?))

To go back from homology to homotopy we can then use the Adams spectral
sequence

Ey' = Ext5' (Fy, H (X;Fy)) = m_s(X)) .

When X is of finite type, m.(X,) = m.(X) ®z Z,, otherwise the p-completion is
more subtle.
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I11.3. The dual Steenrod algebra.
The structure of the dual Steenrod algebra was described by Milnor. For p odd,
we have

A, =P(& | k>1)® E(ty, | k> 0)

where |&,| = 2p* — 2 and |71,| = 2p* — 1. Here P(—) denotes the polynomial algebra
over [F,, on the listed generators, and E(—) denotes the exterior algebra over F),.
The coproduct is given by the formulas

we =Y & o

i+ji=k

and

) =mel+s > & .

i+j=k

In all such formulas, &y is to be read as 1. The class 7y is dual to the Bockstein
operation 3, while ¢F is dual to the Steenrod reduced power operation P*.
((Discuss relation to H, (K (F,,1);F,).))
It will be more convenient for us to work with the conjugate generators & = Y&
and T, = x7k. We still have

A, =P k> 1)@ B(T | k>0)

with €] = 2p* — 2 and |7| = 2p* — 1, but

vE) =Y Lo

i+i=k

and .
Y(R)=107%+ » TR
i+j=k
As before, & is to be read as 1.
((Include formulas for p = 2, too.))

I11.4. Homology of THH.

Let B be a symmetric ring spectrum. The 0-simplex inclusion n: B — THH (B)
and the circle action a: ST ATHH(B) — THH(B) induce A,-comodule homo-
morphisms 7 : H,(B;F,) - H.(THH(B);F,) and

a: E(s))® H,(THH(B);F,) - H.(THH(B);F,),

respectively. Here H, (S} ;F,) = E(s1), with s; in homological degree 1. The stable
map d: YXTHH(B) — THH(B) induces the A,-comodule homomorphism

d: H(THH(B);F,) — H,(THH(B);F,)
given by d(z) = a(s; ® x).

The Hopf map n: S* — S° induces the zero map on homology, so dd = 0 at the
level of homology, i.e., d is a differential on H,(TTHH (B);F,).
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The adjoint map &: THH(B) — F(S,THH(B)) to the circle action, and the
canonical stable equivalence v: DST A THH(B) — F(S1,THH(B)), induce an
A,-comodule homomorphism

v 'a: H(THH(B);F,) = E(11) ® H.(THH(B);F))

given by
(vla)(z) =1®@z+ 1 @dx.

Here DS} = F(S1,S) denotes the functional dual, and
H.(DSL;F,) 2 H *(SY;F,) = E(11),

with ¢ in homological degree (—1), dual to s;.

If B is a commutative symmetric ring spectrum, then & and v are commutative
ring spectrum maps. Here we give F(SL,THH(B)) and DS} = F(Si,S) the
pointwise multiplications, induced from the products on T"HH (B) and S, respec-
tively, and the diagonal coproduct on S}r. It follows that v='a is a H.(B;F,)-
algebra homomorphism, so

(v la)(zy) = 1@ oy + 1 ® d(zy)
equals
(va)(@) - (vra)(y) = 1@z +u®dr) - 1oy +u ©dy)
=1®zy+u ®(dx-y+(—1)|x‘:z;-dy).

Hence
d(zy) = dz -y + (-1)1*lz - dy,

and d acts as a derivation on H.(THH (B);F,).
II1.5. The Bokstedt spectral sequence.

Proposition. Let B be a symmetric ring spectrum. (a) The skeleton filtration of
THH(B) induces a spectral sequence of A.-comodules, with

E;,*(B) = H*(B§Fp) X H*<B;Fp> R ® H*(B, ]Fp)
(with q copies of H.(B;F,) = coker(n.: F, = H.(B;F,)) and
E;.(B) = HH,(H.(B;F,)),

converging strongly to H,(THH (B);F,).
(b) The edge homomorphism

Ey.(B) = H.(B;F,) — HHy(H.(B;Fp)) = Ej ,(B) — H.(THH(B);Fp)

equals the homomorphism induced by the inclusionn: B — THH (B) of 0-simplices.
(c) Connes’ operator

By .(B) = HH,(H.(B;F,)) = HHgy1(H.(B;Fp)) = Eg,, .(B)
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abuts to the homomorphism d: H,(THH (B);F,) - H..1(THH(B);F,) induced
by the map d: XTHH(B) - THH(B).

Proof. This is the spectral sequence associated to the unraveled exact couple of
A,-comodules obtained by applying H.(—;F,) to the cofiber sequences

|skq_1THH (B)| — |sk,THH(B)| — S9ANTHH(B)7?,

where T'HH (B)gd = BABA--- A B models the non-degenerate g-simplices. Here
B denotes the cofiber of n: S — B, which we implicitly take to be a cofibration.
Hence

B} (B) = Hysu(S° A THH(B) F,)
~ H(BABA---AB;F,)
~ H,(B;F,) ® H.(B;F,) ® --- ® H.(B;F,).

By a standard inspection, the d!-differential is induced by the alternating sum of
the simplicial face maps, hence recovers the boundary operator in the normalized
Hochschild complex for H,(B;F,). ((Reference to Segal?)) Thus the E?-term is
given by the homology of that complex, i.e., by the indicated Hochschild homology
groups.

((Circle action, edge homomorphism.)) O

When B is commutative, the Bokstedt spectral sequence reflects the multiplica-
tive structure on TH H(B). The algebra structure on Hochschild homology is given
by the shuffle product.

Proposition. Let B be a commutative symmetric ring spectrum. (a) The Békstedt
spectral sequence

Eq.(B) = HHy(H.(B;F,)) = H.(THH(B);F})
is an augmented commutative A,-comodule H,(B;F,)-algebra spectral sequence.
(b) If each term E}_(B) is flat over H.(B;F,), then E (B) is a commutative
A, -comodule H,(B;F,)-Hopf algebra spectral sequence.
((See Angeltveit-Rognes (2005).))

((There is a similar E-based spectral sequence converging to E.(THH (B)), for
each S-algebra F, see [EKMM].))

IT1.6. First calculations.

We write P(z) = Fp[z] and E(z) = P(z)/(2? = 0) = F,{1,z} for the poly-
nomial algebra and the exterior algebra on a generator x, respectively. We also
write P,(x) = P(z)/(z" = 0) for the truncated polynomial algebra of height h.
Furthermore we write

L(y) =Fp{w(y)) [ k> 0}

for the divided power algebra on y, with v;(y) - v, (y) = (4, J)vi+;(y), where (3, j) =
(i +7)!/(3'5!). We identify vo(y) = 1 and 71 (y) = y. There is an isomorphism

T(y) = ) Pl (v)) -

((T'(y) is Hom dual to P(n), where y is dual to 7.))
To compute the E?-term of a Bokstedt spectral sequence, the following standard
calculations are useful.
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Lemma. (a)
HH,(P(x)) = P(x) ® E(dr)

for |z| even, with de € HH,(P(x)) represented by 1 ® x in the Hochschild complez.
The coproduct is given by (dx) = dx ® 1 + 1 ® dz, i.e., dx is P(x)-coalgebra
primitive.
(b)
HH.(E(x)) = E(x) @ I'(dz)
for |x| odd, with vi(dx) € HHy(E(zx)) represented by 1 @ x @ --- @z (with k copies
of x) in the Hochschild complex. The coproduct is given by

Y(w(dr)) = Y yildr) ®v;(dx),

itj=k

i.e., dx is E(x)-coalgebra primitive.
((What about p = 27))

Proof. We can compute HH,(P(x)) as P(x)-bimodule Tor. There is a short free
resolution

0= P(z) @ Fp{dz} ® P(z) > P(2) ® P(z) & P(z) = 0

of P(x), viewed as a P(x)-bimodule by the algebra multiplication yu, where 9(dx) =
1®x—2x®1. It maps to the two-sided bar resolution by taking dz to 1 ® x ® 1.
Tensoring with P(x) over P(z) ® P(z)°P we get the complex

0 — P(z) @ Fy{dz} 2 P(z) = 0

with homology P(z) ® E(dz), mapping to the Hochschild complex by taking dx to
1®x. The induced map in homology is an isomorphism, and identifies P(z)® E(dz)
with HH,(P(x)). ((Discuss product and coproduct.))

((Do E(x) too.)) O

((Reference to Cartan—Eilenberg. See Proposition 3.3 of Ausoni (2005) for a
more complicated case.))

We now study the example B = HF,, which is a commutative symmetric ring
spectrum. Its homology algebra is

H.(HF,;F,) = A, = P& | k> 1)@ E(7 | k>0).
Thus the Bokstedt spectral sequence has E?-term
E2.(F,) = HH.(A) 2 A, @ E(dé, | k> 1)@ T(d7, | k> 0).

It is free, thus flat, over A,.

The A,-algebra generators of this E2-term are the exterior classes d¢, in filtration
¢ =1, and the divided powers v, (d7y) in filtration ¢ = p°, for e > 0.

The A,-coalgebra primitives constitute the free A,-module generated by the
classes d€j, and d7y,, all in filtration ¢ = 1. Among these, the A,-comodule primitives
constitute the F,-module generated by the same classes.
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Suppose that the shortest nonzero differentials in the Bokstedt spectral sequence
are of length r > 2, i.e., are d"-differentials, so that E*(F,) = E"(F,). The A.-
comodule A,-Hopf algebra structure on the E?-term then remains (unchanged) at
the E"-term, and the d"-differentials are generated, by this structure, by differ-
entials from A,-algebra generators to A,-coalgebra primitives that are also A,-
comodule primitives.

Any such generating differentials must map from a class ype (d7) with e > 1,
to a class d€;, or d7j;, not necessarily with the same index k. The total degrees of
these classes are 2p**¢, 2pF — 1 and 2p”, respectively, so the only possibilities are
the differentials

& (e (071)) = dse

where r = p® — 1, for some e > 1. More precisely, this formula might hold up to
a unit in F,, which we suppress. In fact, the differential structure is as rich as
possible, i.e., for each k > 0 the differential above for e = 1 occurs.

Proposition. (a) In the Bikstedt spectral sequence for B = HF,,, with
E2.(F,) = A, @ E(dé, | k> 1) @T(d7y | k> 0)
there are nonzero differentials
& (p(d7)) = s

for each k > 0.
(b) By the A.-coalgebra structure, these imply differentials

AP~ (y;(d7y)) = d€gsr - vi—p(dT)
for each j > p, k > 0, which leave the EP-term
EL,(Fp) = As @ Pp(dTy | k > 0).

For filtration reasons, this equals the E°°-term.

To establish the differentials in (a), we appeal to the homology operations in
H,(IT'HH(B);F,) that are derived from its E.-ring spectrum structure. These
also allow us to make the following deductions.

Proposition. (a) There are multiplicative extensions
(d7k)? = dTy 41
in H(THH (F,);F,), for all k>0, so
H.(THH(F,):F,) = A, ® P(dr)

as a commutative A,-comodule A.-Hopf algebra, with |dTy| = 2.
(b) There is an F,-algebra isomorphism

m THH(F,) = P(u)

where [y, in degree 2, is represented by dTy.
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II1.7. Power operations.

A commutative symmetric ring spectrum B has a canonical structure as an F.,
ring spectrum. In terms of the positive model structure on commutative symmetric
ring spectra, this can be seen as follows: A (positively) cofibrant B has the property
that the X;-action on the j-th smash power

BN =BA---AB,
permuting the smash factors, is free off the base point at each level. Hence the map
EXji Ay, BN — BV /3%,

that collapses EX; to a point, is a weak equivalence. The (strictly) commutative
product p: B A B — B induces maps

BN /% — B

and the composite maps .
fji E2j+ /\2]. B - B

for j > 0 provide the structure maps for an F., ring spectrum structure on B, for
the Barratt-Eccles operad € with j-th space £(j) = EX,;. The point of replacing
BM /¥; with the extended power

D;(B) = ESj4 A, BY

is that the homology of the latter can be readily computed. We focus on the case
j = p, where D,(B) extends the p-fold smash power B"P. By a transfer argument,
there is a split surjection

H.(ECy+ Ao, B";Fp)) = Ho(ESyt As, B";Fy),

where C), C 3, is the cyclic subgroup generated by 7' = (12...p). As a model for

EC, we can take S*° = S(C*), with its usual C,-CW structure. The associated

mod p cellular complex is W, = C,(EC);F,), with W; = F,[C,]{e;} for each i > 0,

d(e;) = (1 —T)e;_q for i odd and d(e;) = (1 +T +---+ TP 1)e;_; for i > 2 even.
There is then an isomorphism

H.(ECyy Ao, B"?;F,) = H,(W. @c, H.(B;F,)%?)

and these homology groups are generated by the cycles e; ® x®P for i > 0 (and
eo®T1®- - -®xp), where x (and the z1, ..., x,) ranges through a basis for H, (B;F)).
It follows that

H*(Dp(B>§Fp> = H*(E2p+ Ny, B/\p§Fp)

is generated by the cycles e; @ z®P for i = —1,0 mod 2p — 2 and |z| even, and for
i=p—2,p—1 mod 2p—2 and |z| odd (and ey ® 1 @ - - - @ ). We define Q;(x)
in H.(B;F,) to be the image under

(§p)«: Ho(Dy(B);Fp) — Hu(B;Fy)
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of the class of e; ® x®P, for these ¢ and x. We can write the degree of Q;(x) as
i+ pla] = |z[+7r(2p—2) —¢

for unique » > 0 and € € {0, 1}, and it is traditional to rewrite @; in terms of upper
indices as follows:

BQ(z) = Qi(z) = (&)« (e; ® 7).
Here 8 = 8'Q° is the mod p homology Bockstein operation, of degree (—1), and
Q" = B°Q" has degree r(2p — 2).
These extended power homology operations

BQ": H*(B§]Fp) - H*(B§Fp)

(for commutative symmetric ring spectra B) are known as Dyer—Lashof operations.
Dyer and Lashof first described these operations for p = 2, while the odd-primary
case is due to Araki and Kudo. See Steinberger (1986) for a list of the formal
properties of these operations.

For |z| = 2r even (with € = 0 and ¢ = 0), the operation Q" (z) = Qo(z) is the
image under (). of the class of eg @ z®P. Since &, extends the usual p-fold product
B""? — B, it follows that in this case

Q" () = a?

in the algebra structure on H,(B;F,). The other Dyer-Lashof operations are of
higher degree.
In the special case of B = HIF,, the operations

R : A, — A,
were first described by Leif Kristensen, see Steinberger’s paper for a published

reference. We need the following facts:

k- _
QY (&) = &p+1
for k > 1,
k
QY (Tk) = Tht1
for £ > 0, and B
B(Tk) = &k
for k > 0, where £ = 1, as usual. These formulas are all forced by the formal
properties of the Dyer—Lashof operations, such as the Nishida relations.
In the special case B = DX, = F(X,,S), for a finite CW complex X, the

Dyer-Lashof operations on H,(B;F),) are compatible with the Steenrod operations
on H*(X;F,) under the isomorphisms

H.(B;F,) = m.(HF, A F(X,,S)) 2 7. F(X, HF,) = H*(X;F,).

More precisely, Q" corresponds to SP~".
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The maps
THH(B) % F(S\,THH(B)) <~ DS. ATHH(B)

are maps of commutative symmetric ring spectra, hence the induced homomorphism
v la: H.(T'HH(B);F,) - E(11) ® H.(THH(B);F,)

in homology commutes with the Dyer—Lashof operations. In view of the formula
(v71a)(z) =1 ® x + 11 ® dx, this implies the relation

LR (dx) = d(S°Q"x)

for all » > 0, € € {0,1}, x € H,(THH(B);F,). The argument uses the Cartan
formula for the Dyer—Lashof operations in the homology of DSI A THH (B), and
the relation with Steenrod operations mentioned above for X = S}F.

As a corollary, we can deduce the multiplicative relation

(dry)? = Q" (d7) = dQ¥" (74) = dTpin

for each £ > 0.

IT1.8 Differentials.
Following Ausoni (2005), we show that there are differentials

P (7)) = dEiia

for £ > 0, in the Bokstedt spectral sequence for H,(T'HH (F,);F,). In the abut-
ment, we can compute that

A1 = d(BTrs1) = B(dTes1) = B((d7)P) =0

since B acts as a derivation, and we are working in characteristic p. Hence d€j 1
must be hit by a differential.

In the lowest case, k = 0, the only possible source of this differential is v,(d7).
It follows from the coalgebra structure that there are also differentials

dp_l(’yj (d7o)) = dgl : Vj—p(dfo)

for all j > p. The homology of this differential acting on E(d&;) ® I'(d7) is thus
P,(d7).

Turning to the next case, £ = 1, only possible sources of differentials hitting
d&s were 7, (d7) and v,2(d7p), but we have just seen that the latter class already
supported a dP~!-differential. Hence there is a differential dP~1(v,(d7)) = d&2, and
the coalgebra structure implies that there are also differentials dP = (vy;(d71)) = d&s-
vj—p(d71) for all j > p. The homology of this differential acting on E(d&;) @ T'(dr)
is P, D (d7_' 1).

By induction on k it follows that we have precisely the dP~!-differentials listed
above, killing the classes d€y1, together with their coalgebraic consequences

dP~ 1 (v;(d7k)) = d€pst1 - Vi—p(dTi)
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for all £ > 0 and 57 > p. By the Kiinneth formula, we are left with the EP-term
EP (F,) = A, @ Py(dT, | k>1).

Here all the algebra generators are in Hochschild filtration 1, so there is no room
for further differentials, and this also equals the E°°-term.
In view of the multiplicative relations (d7;)? = d7x+1 in H (THH(F,);F),), we
deduce that
H.(THH (F,);F,) = A, ® P(d7)

as a (bi-)commutative A,-comodule A,-Hopf algebra.
The class d7y is A.-comodule primitive, since the coaction can be calculated as

v(dr) = (10d)(Y(7) =1@dio+ 7o ®dl =1®d7.
Hence the Adams spectral sequence
Ey' = Exty! (Fp, H(THH(F,);F,)) = m_ THH(F,)

collapses to the s = 0-line, where 7,THH (F),) is identified with the subalgebra
P(d7p) of A.-comodule primitives in H.(T'"HH (F,);F,). We let

o = dTg € WQTHH(FP)
be the generating homotopy class, and conclude that
. THH(F,) = P(uo) -

Heuristically, we might think of HIF), as an S-algebra built from S by attaching a
1-cell labeled 7y by a degree p map, together with higher cells. The Kéhler differen-
tials of HIF), over S then receive a contribution called d7y, in bidegree (1,1). Going
from the symmetric algebra on the Kahler differentials to THH, the calculation
above shows that this class freely generates all of THH (F),).

IV. THE ku-ALGEBRA STRUCTURES ON ku/p (OCTOBER 11TH)

((Discuss the Lazarev obstruction theory classifying A, ku-ring spectrum struc-
tures on ku/p, working up its Postnikov tower. The extensions of the (2m — 2)-th
Postnikov section P = P?™~2ku/p to the (2m)-th section are classified by the A
ku-algebra derivations

ADer, (P, X*™ HZ,/p) = THH™ (P, HZ/p) = Z/p{yg" ", y1.m}
that map to the underlying ku-module extension in
Hp "N (P HZ/p) = Z/p{Q1,m} -

Here y1  — Q1,m, so there are p choices of ku-algebra extensions for each Postnikov
stage.))
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V. THOM SPECTRA (OCTOBER 16TH)

We focus on the real case. Complex Thom spectra can be handled in much the
same way, taking MU,, = F(S™, MU (n)) as the n-th space.

V.1. The Thom spectrum MO.

Let EO(n) be the simplical space with g-simplices Map([q], O(n)) = O(n)4T1.
The group O(n) acts freely on the contractible space EO(n), both from the left
and from the right, and these actions commute. Let BO(n) = EO(n)/O(n) be the
orbit space for the right action. The remaining left O(n)-action on BO(n) is given
by the adjoint (= conjugation) action of O(n) on O(n), together with functoriality
of the bar construction. We will write BO(n)?? for this left O(n)-space.

The Thom spectrum MO is the orthogonal spectrum

n— MO, = MO(n) = EO(n); Aom) S"

with left O(n)-action induced from the left O(n)-action on EFO(n). The n-th stuc-
ture map o: S' A MO,, —+ MO;,, equals the composite

SYAEO(n) 4+ Nom) S™ = EO(n)4 Aoy (ST AS™) = EO(L+n)4 Aogtn) ST

The underlying symmetric spectrum is the same sequence of based spaces, with
left 3,,-action given by restricting the O(n)-action along the inclusion ¥,, C O(n).
There are product maps
(EO(m)+ Nowm) S™) AMEO(n)+ Aom) S™)
= E(O(m) x O(n))+ Ao(m)xo(m) (8™ N S™)
— EO(m +n)4 Aogmn) S™"

that make MO a commutative orthogonal ring spectrum.

V.2. The suspension spectrum of BO.
Let S[BO]* be the orthogonal spectrum

n +— S™ A BO(n)*

with O(n) acting diagonally on S(n) and BO(n)%?. There are obvious structure
maps
o: S'AS™ A BO(n)* — S A BO(1 4 n)*? .

There are product maps

(8™ A BO(m)®®) A (8™ A BO(n)*)
=~ 8™ A S™ A B(O(m) x O(n))*
— ST A BO(m +n)™

that make S[BO]* a commutative orthogonal ring spectrum.

Let BO = colim,, BO(n), and let ¥*°BO, be the unreduced orthogonal sus-
pension spectrum of BO, with n-th space S™ A BO,. Here O(n) acts only on the
S™-factor, fixing BO.
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The underlying sequential spectrum of S[BO]*? maps to the underlying sequen-

tial spectrum of X*° B0, via the inclusion
at level n. The induced map of homotopy groups

colim g4, (S™ A BO(n)4) — colim w1, (S™ A BO~.)

n n

is an isomorphism for each integer k, so these sequential spectra are stably equiva-
lent. But the homotopy category of orthogonal spectra is equivalent to the homo-
topy category of sequential spectra, so it follows that also the orthogonal spectra
S[BO]* and ¥*°BO, are stably equivalent.

Note that the orthogonal ring spectrum structure on S[BO]%¢ is commutative
and easy to describe, while that on X*°B0, is only an E, ring spectrum structure.

V.3. The Thom diagonal.
The Thom diagonal map

0,: MO(n) — MO(n) A BO(n)%
extends the proper map
(id,m): B(y") = E(y") x BO(n)"

over E(y") = EO(n) xom) R® € MO(n). It is O(n)-equivariant for the diago-
nal action in the target, when O(n) acts on BO(n) by the left adjoint action, as
indicated.

We continue the Thom map with the usual inclusions

MO(n)ABO(n)4* — F(S™, MO(n)AS™ ABO(n)%) — F(S™, (MO A S[BO]*%),,,)
to get a map of orthogonal ring spectra
0: MO — {n+— F(S™,(MO A S[BO]*")5,)}.
For any orthogonal spectrum X there is a map of orthogonal spectra
g: X={n— X} = {n— F(S", Xa,)}
that at the n-th level is adjoint to the iterated structure map
o S"ANX, = Xpgn = Xon

The latter is O(n)-equivariant via the diagonal embedding O(n) — O(n) x O(n) C
O(2n), so the adjoint map ¢": X,, — F(S™, Xa,) is also O(n)-equivariant. When
X is an orthogonal ring spectrum, the product maps

F(Sm, Xgm) A F(Sn,Xgn) — F(Sm A Sn,XQm A Xgn) — F(Sm+n,X2(m+n))

make {n — F(S™, X5,)} an orthogonal ring spectrum, too. ((Check!)) The map &
induces an isomorphism

colim 7g 1, (X, ) — colim 7y, (F'(S™, Xop,)) = colim w10, (Xap,)

of homotopy groups for each integer k, hence is a stable equivalence.
There results a chain of maps of commutative orthogonal ring spectra

MO L5 {n s F(S™, (MO A S[BO*Y),)} <~ MO A S[BOJ*

and a stable equivalence of orthogonal (E, ring-)spectra

MO A S[BO]* ~ MO AN Y*°BO, = MO A BO,. .
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V.4. A Hopf—Galois structure.

We wish to view 3, or 713, as the coaction in a Hopf-Galois extension S — MO,
with Hopf algebra H = S[BO]*.

((Is there a good coproduct ¢: H — H A H, lifting the diagonal map ¥*°BO, —
¥.°(BO x BO)y 23*°BO4y ANX°BO.,7))

(ETC))

VI. THH OF THE INTEGERS

((Consider the case B = HZ, with H,(HZ) = P(&, | k> 1)@ BE(7 | k> 1)
A,. The Bokstedt E2-term equals HH,(H,(HZ)) = H,(HZ) ® E(d&, | k > 1)
[(d7 | k > 1). The differentials dP~1(v,(d7x)) = d€g41 for k > 1, leave EX(Z) =
H,(HZ)®E(d¢)@P,y(dm | k > 1) and H.(THH(Z)) = H.(HZ)RE(d&)® P(d7).
We find generating A.-comodule primitives

I ® N

M= 1AdE
ulzl/\dﬁ—km/\d{l

in H,(V(0) N\ THH(Z)), where H,(V(0)) = E(79), so
V(0).THH(Z) = E(A\) © P(u1) -

A Bockstein spectral sequence arguement implies

7 for x =0,
. THH(Z) =< Z/n forx=2n—-1>0,
0 otherwise.

VII. THH FOR LOCAL FIELDS

VII.1. Kahler forms.
((Define derivations, differentials, relation to H Hy, higher forms, map to H H,,
étale, polynomial and smooth examples, HKR-theorem.))

VII.2. Rings of integers in local fields.

We follow Hesselholt-Madsen:

Let A be a complete DVR (discrete valuation ring) with perfect residue field k
of characteristic p, and fraction field K of characteristic 0. For example, K can be
a finite extension of @, and A its valuation ring. In that case k is a finite field.

Let m = mg be a uniformizer, so v(r) = 1 where v = vk is the normalized
valuation, 74 = (w) C A is the maximal ideal, k = A/(7) and K = A[x "]

EE ALK,
Let W = W (k) be the Witt ring of k, with uniformizer p. We can write

A =Wiz]/(6(x))
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where the irreducible polynomial of m over W is an Eisenstein polynomial

¢(x) = z° — pf(x)

in W{z], where 0(x) is of degree < e and 6(0) is a unit in W. It follows that 6(m)
is also a unit. Hence 7¢ = pf(7) and p = 7¢0(7)~! in A. The formal derivative is
¢ (x) = ex®~t — pf'(x), so

¢ () = er*" — pb' ()

and
Q= A/ (¢ (7)) {dr} .

If p t e, we say that A is tamely ramified over W. Then v(¢' (7)) = v(m¢™ 1) =
e—1, (p) € (¢ (7)), and Qzlq/w =~ k{1,n,...,m 2}

Example 1: K = Q,, A=W =Z,, m =p,e=1, ¢(x) =z —p, 0(z) =1,
#(m) = 1.

Example 2: K = Qy((p), A =Zpy[¢p), m=1—(p, e =p—1, ¢(x) = 2P~ —
prt =g (1P Yp, Ow) = 24 (<1)7F, () = (p— )~ — ph (),
QY =FeL
A/W P

If p | e we say that A is wildly ramified over W. Then v(¢'(7)) > v(p) = e and
(&' (m)) < (p)

Example 3: K = Q,(¢/p), A =Zy[ /D], 7 = ¢/D, e =p, ¢(x) = 2P —p, O(x) =1,
¢/(W) — pﬂ_p—l — g2p—1

Following Lindenstrauss—Madsen:

HH,(Zy) — Z, is a p-adic equivalence, so HH, (W) — HH;ZA”(W) >~ Wisa
p-adic equivalence, the Witt ring W is unramified over Z,. Similarly, HH,.(A) —
HHY (A) is a p-adic equivalence.

From A = Wz]|/(¢(x)) we get a 2-periodic resolution of A over A° = A @y A,

p L or—l 186 (e)— ()1
r—x —
A & A° ¢ A€ 18770 A — ...

and calculate

A for x =0,
HHY (A) =4 A/(¢'(n)) for + =2n—1>0,
0 otherwise.

Thus this is also HH,(A), up to p-adic equivalence.
If p | e, then
V(0).HH(A) = A/p® E(dr) @ T'(114) .
Here pa € V(0)oHH(A) has Bockstein image a generator of the p-torsion in QY
say (¢'(m)/p)dm. Note that (Q%)/p = A/p ® E(dn).
In view of the pushout square of commutative S-algebras

THH(Z) — 7,

|

THH(A) —> HH(A)
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with V(0).THH(Z) = E(A)® P(p1), this fits well with the Lindenstrauss—Madsen
calculation
V(0).THH(A) = A/p® E(dr) @ P(u4).

Note that (2%)/p = A/p ® E(dr). ((Does pq map to p,? Does A suspend
to vp(pa)? Can one extract THH(A) from the other three terms in the square
above?))

For p t e the answers are more complicated.

Get a weak equivalence

BAATHH(A) —» THH(B)

for B C L like A C K, when K — L is an unramified (thus étale) extension, but

not more generally.
((What about HH,(k) (in the derived sense, over the ground ring Z) and
HH.(AK)?))

VII.3. Log poles.
Quillen’s K-theory localization theorem gives a cofiber sequence

5k

K(k) 15 K(4) 25 K(K).
In homotopy, we get the exact sequence
0 A IS KX %7 0

where v: m— 1.
By analogy, Hesselholt and Madsen define the target THH (A|K) for a trace
map from K(K) to sit in a cofiber sequence:

THH(k) —“> THH(A) —'> THH(A|K) —2~ STHH(k)

In homotopy we get an extension

res

0—>Q}41>Q%A|K) —%k—0
where
Qajryw = A/(m¢! (7)) {dlog 7},

j:dm— mdlogm and res: dlogm — 1.

Now
7¢/ (7)) = en® — prf (1) = (e — w0 (7)O(m) ™)

so (¢’ (7)) C (7€) = (p) for all values of e. Furthermore,

dlog p = dlog(7°0(7) 1) = (e — w6’ (7)0(w) 1) dlog 7,
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so dlogp generates the p-torsion in Q%AIK)' (The term 78’ (m)f(w)~! is known as
the elasticity of 6(r).)

Thus V(01 THH(A|K) = A/p{dlogn}, while V(0);THH(A|K) = A/p{ko},
where the Bockstein image of kg equals dlog p.

Hesselholt—-Madsen prove

V(0),THH(A|K) = A/p® E(dlogm) ® P(ko) .
Note that (27, x))/p = A/p® E(dlog), while V(0),T'HH (Zy|Qp) = P(ro). This
formula turns out to hold for all e, divisible by p or not.
One gets a weak equivalence

BNy THH(AIK) - THH(BI|L)
for B C L like A C K, when K — L is a tamely ramified extension, but not more
generally.

((Check whether THH (A|K) — THH (B|L)"“ is a weak equivalence for a faith-
ful G-Galois extension K — L, wildly ramified or not.))

((See how k¢ comes from V(0);THH(Z,|Q,). Make the homotopy exact se-
quence for THH (k), THH(A), THH(A|K) clear.))

((Also consider the case of

k< A=k[z] = K = k[z, 2™ "]
with QY = A{dx}, Q%A|K) = A{dlogz} and QL = K{dz}.))
VII.4. The trace map.

The trace map tr: K(A) - THH(A) - HH(A) extends the map BGL;(A) —
THH(A) — HH(A) that takes [a] in the bar complex, representing the symbol
{a} in K{(A), to a=! ® a in the Hochschild complex. This equals the Kihler form
a"'da, so

tr: Ki(A) = QY = THH,(A) = HH,(A)
satisfies tr({a}) = a71da, for a € A*.

Let U}y € A* be the kernel of A* — k*. The exponential map exp(z) =
>, 50x™/n! defines a group isomorphism exp: TA — Uy (for p odd), and the
composite

TA “plﬁc:AX—fKﬂA)ﬁ$Qh

equals the composite
TAc AL QL.
because exp(mx)~ldexp(rz) = d(nz).

The extended trace map tr: K(K) — THH(A|K) takes {r} to dlogm. ((Justify,
almost by definition.))

We have U} /(UY)P = AX/A*P_ since k is perfect, and AX/AXP = V(0); K(A),
since A is local(?), so there is an isomorphism A/p = V(0); K(A) given by z +—
{exp(mz)}.

This provides a complete calculation of

tr: A/p = V(0)1 K (4) = (24)/p
with tr({exp(wz)}) = d(mzx), and the extension
tr: V(0)1K(K) = (Qax))/p = A/p{dlog 7}

with tr({m}) = dlogm. Note that the map A/p =2V (0);K(A4) — (Q)/p, given by
x — d(mx), is not A-linear, but is a degree < 1 differential operator.
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VIII. TOPOLOGICAL ANDRE—QUILLEN (CO-)HOMOLOGY (NOVEMBER 22ND)

Let A — B be a map of commutative S-algebras, X a based space. Each square
in

A B X ®a B

|

B—>B/\AB—>X®B(B/\AB)

m

B———> X&p(B A4 B)

is a pushout in commutative A-algebras. The composite in the middle column is
the identity, so the composite in the right hand column is an equivalence

X®A32X®B(BAAB).

Thus the suspension spectrum of B Ay B in the category Cp/B of augmented
commutative B-algebras

EX(BAaB)={nw— S"®p(BAa B)},
is equivalent to the sequential spectrum
{n— S"®4 B}.
Here S!' ®4 B = THH*(B), and we think of S ®4 B as the n-th higher A-based
THH of B.
To compute, we use
Tor® ®48(B,B) = $""' @, B
to get a spectral sequence
EZ, = Tor; " #48) (r,(B), m.(B)) = m.(S™*" @4 B)
for n > 0. Passing to augmentation ideals and their underlying B-modules,
TAQY(B) ~ {n— Ig(S" ®4 B)}

as B-module (bi-)spectra.



