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Abstract

The real bordism spectra for unoriented, oriented, spin, and string bordism
each have an orientation map which is a map of F, ring spectra. In the first
three cases the orientations have sections, but these sections are not maps
of F, spectra. In this text the author uses Dyer-Lashof operations to place
bounds on the existence of E,, sections of the orientation maps, as well as
the existence of E,, sections of the topological Hochschild homology of the
orientation maps.
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Chapter 1

Introduction

In [Tho54], René Thom showed that the the unoriented and oriented bordism rings N,
and (2, are isomorphic to the homotopy groups of the MO and M SO, the Thom spectra
associated with the classifying spaces of the orthogonal and special orthogonal groups.
Thom determined the structure of N, by producing an equivalence of spectra between
MO and a wedge sum of suspensions of the Eilenberg-Maclane spectrum HF,. Similarly,
in [Wal60], C.T.C Wall determined the structure of €, by demonstrating a 2-local
equivalence between M SO and wedge sums of suspensions of HFy and HZ. Associated
to the 4 and 8 connective covers of BO, there are the string and spin bordism spectra
M Spin and M String. Just as MO has an orientation map MO — HIFy and M SO has
an orientation M.SO — HZ, there are canonical orientation maps M Sping — ko and
MString — tmf. In, [ABP67], D.W. Anderson, E.H. Brown Jr., and F.P. Peterson
demonstrated a splitting of the orientation M Spin — ko analogous to those produced
by Thom and Wall, but no such splitting is currently known for M String.

The bordism spectra MO, MSO, MSpin, and MString are not just spectra,
however. They are F, ring spectra, each having an action by an F,, operad defining
a product which not only commutes up to homotopy, but for which all commuting
homotopies are themselves homotopic, all homotopies between commuting homotopies
are homotopic, and so on. The spectra HFy, HZ, ko, and tmf are also E spectra, and
the orientation maps MO — HFy, MSO — Hz, M Spin — ko, and M String — tmf
respect this F, structure, but the sections of these maps do not. By a result of Mark
Mahowald in [Mah77], there exists an Fj section of MO — HIFy, but this is still a long
way from the F, section we might hope for. Thus the question arises: how commutative
can a section of these orientation maps be?

One of the best ways to find obstructions to the existence of E,, structures, or to the
existence of F, maps, is through the use of Dyer-Lashof operations. These operations,
first defined by Shoro Araki and Tatsuji Kudo for p = 2 in [KA56], and extended to
odd primes by Eldon Dyer and Richard K. Lashof in [DL62], are homology operations
applying to the mod p homology of any E, or E, spectrum. Since the first n operations
Qo,...,Qn_1 are defined for, and natural with respect to maps of, E,, spectra, these
may be used to place constraints on the existence of such structures.

In this text, we will study the mod 2 homology of the real bordism spectra MO,
MSO, MSpin, and M String, together with their Dyer-Lashof operations. We will then
use this information to prove the following:

1. The orientation MO — HIF does not admit an E5 section.

2. The orientation M SO — HZ does not admit an E5 section.



Chapter 1. Introduction

3. The orientation M Spin — ko does not admit an Fy section.
4. The orientation M String — tmf does not admit an F17 section.

See Proposition 5.1.3 and Proposition 5.1.4.

In [BFV07], Morten Brun, Zbigniew Fiedorowicz, and Rainer M. Vogt showed that
topological Hochschild homology defines a functor from F,; spectra to E, spectra.
Thus, if there exists an FE, 41 section of, say, MO — HIFs, then there is an induced
E,, section of THH(MO) — HF,. It is possible, however, that there might exist
sections of THH (MO) — THH (HF3) which do not arise in this way, and these sections
might preserve more of the E., structure. In order to place bounds on this, we will
use the Bokstedt spectral sequence to determine the mod 2 homology of T"HH(MO),
THH(MSO), THH(MSpin), and THH (M String), as well as the relative topological
Hochshcild homology spectra THH (MO, HF3), THH (M SO, HZ), THH (M Spin, ko),
and THH (M String, tmf). We will then use this information, together with Dyer-Lashof
operations, to prove the following.

1. THH(MO) — THH(HTF3) does not admit an F3 section.

(M

2. THH(MSO) — THH(HZ) does not admit an E5 section.

3. THH (M Spin) — THH (ko) does not admit an Eg section.
(

4. THH (M String) — THH (tmf) does not admit an Fj7 section.

See

The approximate structure of this text is as follows. In Chapter 2, we define the
classifying spaces BO, BSO, BSpin, and BString, as well as their Thom spectra, and
we describe the mod 2 homology of these in terms of the Husemoller-Witt decomposition
of bipolynomial Hopf algebras. In Chapter 3 we define operads and E, operads, then
show how the linear isometries operad gives an F, structure to the real bordism spectra.
We also discuss Dyer-Lashof operations and Steenrod (co-)operations, and describe
how these act on the homology of MO and HIFs. In Chapter 4 we define topological
Hochschild homology, and discuss how the tensor product of operads is used to make it a
functor from E,, 1 spectra to E, spectra. In Chapter 5, we do a number of computations
to establish our main original results,

1.1 Notation

Throughout this text, F;, denotes the field with p elements for p a prime, Z,) will denote
the integers localized at the prime (p), and all homology and cohomology is taken with
coefficients in Fo unless otherwise stated. In addition, all spaces are assumed to be
compactly generated weak Hausdorff, and all spectra lie in a modern category of spectra
with a symmetric monoidal smash product.

1.2 Acknowledgements

I would like to thank my supervisor, John Rognes. Thank you for all the teaching and
guidance throughout the last two years, for your patience and support. You have truly
made this an incredible experience. I would also like to extend a heartfelt thanks to
everyone on the eleventh floor of NHA, and to all of the friends I have found there. You



1.2. Acknowledgements

all really made these years feel special. I would like to thank my family, for all the love
and support they have provided during my thesis and all of the years before, and for
listening to all of my nonsense when I talk about math. Finally I would like to thank
my dog Lexi, who will not be reading this but without whose walks I would have seen
so much less of the sun throughout this process. Thank you all.



Chapter 1. Introduction



Chapter 2

The Bordism Spectra

2.1 Grassmann Manifolds

Let us begin by defining the spectra BO and MO and describing their homology,
following the treatment in Milnor and Stasheff [MS74].

Definition 2.1.1. [MS74, p. 56] Let 0 < n,m. As a set, the Grassmann manifold
G (R™™) is defined to be the set of n-dimensional linear subspaces of R"*™ and the
Stiefel manifold V,,(R™™™) is defined to be the set of n-frames of R"*. To topologize
these, consider V,,(R"*™) to be a subspace of (R"*™)" and G,,(R"*™) to be a quotient
space of V,,(R™), where the quotient map sends each n-frame to the subspace that it
spans.

The inclusion R?™™ « R?"+™ @ R = R*™+! induces an inclusion G, (R**™) —
G (R"m+1) The colimit of these inclusions is denoted G, (R*). Similarly, there is
an inclusion G, (R"*™) < G, 1(R"*1+™) given by sending an n-plane ¢ C R*™ =
R” @R™ to the image of the composite /GR — R*"GR™ R — R*GRGR™ = RH1H+m,
These then induce inclusions G, (R*>) < Gp41(R*°), and the colimit of these is denoted
Goo(R*). The spaces G,,(R>) turn out to be the classifying spaces of the orthogonal
groups O(n), and are thus often denoted BO(n), or simply BO in the case n = co.

The spaces Gp,(R"™™) have canonical n-dimensional vector bundles, often called
tautological vector bundes, whose total spaces are E,(R"™™) = {(v,f) € R"t™ x
Gp(R™™) | v € £}. The map 77, : E,(R""™) — G,(R"™) is given by projection
onto the second factor, and each fiber of this map inherits a vector space structure as
a subspace of R"*™. As before, there are inclusions E,(R"*™) — E,(R"**+1) and
the colimit of these is denoted E,(R*°) or E,. One may check that the projections
E,(R"™™™) — G,,(R™™) give rise to a map v" : E,, — BO(n), and that " inherits the
structure of a vector bundle, called the universal bundle [MS74, p. 60].

Now let DE,, and SE, denote the disk and sphere bundles of v", i.e. the space of
vectors v of norm |v| < 1 and |v| = 1, respectively. The Thom space of 4" is then defined
to be Th(y") = DE, /SE,. Now let ¢; denote the trivial line bundle over BO(n) and
note that the pullback of 4**! under the inclusion BO(n) < BO(n + 1) is isomorphic
to €1 ®~". Thus there is an inclusion R x E, < F, 1, and this induces, after a suitable
rescaling, a map XTh(y") — Th(y"*!). The Thom spectrum MO may now be defined
by letting M O(n) = Th(y"), and letting the structure maps XM O(n) - MO(n+1) be
the maps just defined.
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2.2 Cohomology of BO(n) and the Thom Isomorphism

The cohomology of BO is best understood in terms of certain elements called Stiefel-
Whitney classes.

Definition-Proposition 2.2.1. [MS74, p. 37-38, Chapter 8 To each vector bundle
& E(§) — B(&) over a paracompact base space B(§) there is associated a sequence of
cohomology classes w;(¢) € HY(B(£);Fy), i > 0, called Stiefel-Whitney classes. These
satisfy and are uniquely characterised by the following axioms.

1) We have wy(§) = 1 € HY(B(€);F2). If € is an n-plane bundle, then w;(£) = 0 for
> n.

2) (Naturality) If a map f : B(§) — B(n) is covered by a bundle map between vector
bundles £ and 7, then f*(w;(n)) = w; (&) for each i.

3) (Whitney Product Theorem) If £ and n are vector bundles over the same base
space B, then w;(§ ® 1) =3 ;5= ij(f) U wp(n).

4) For the canonical line bundle 7} over RP! = G1(R?), the class w1 (v;) is nonzero.

We will also need the following basic result.

Corollary 2.2.2. If € is a trivial vector bundle over a base space B, and n is any vector
bundle over B, then w;(e ®n) = w;(n).

The mod 2 cohomology of BO(n) may now be described as a polynomial algebra in
the Stiefel-Whitney classes associated to the universal bundles ™.

Proposition 2.2.3. [MS74, Theorem 7.1]
H*(BO(n)) = Falw; | 1 <i<nl.

Let i, : BO(n) — BO(n + 1) be the inclusion, and note that i} (y"™!) = ¢ & ",
where € is the trivial line bundle. Thus i}, : H*(BO(n+1)) — H*(BO(n)) is the quotient
map sending wy,+1 to 0. By the description in [MS74, Chapter 6], BO(n) < BO(n+ 1)
may be realized as an inclusion of subcomplexes, so that H*(colim,_,,cBO(n)) =
lim;, o0 H*(BO( ))/lim} ., H*1(BO(n)). Since H*(BO(n + 1)) — H*(BO(n)) is
surjective, lim}_, _ H*'(BO(n)) = 0, so that H*(BO) = Fa[w; | i > 1].

The cohomology of BO may be related to that of MO via the so-called Thom
isomorphism theorem.

Theorem 2.2.4. [MS74, Theorem 10.2] Let {: E — B be an n-plane bundle. Let
Ey denote the space of nonzero vectors in E, and, for any fiber F, let Fy denote the
space of nonzero vectors in F. Then there exists a unique class u € H"(E, Ey) such
that the restriction of u to H"(F,Fy) = Fy is nonzero for every fiber F. The map
—Uwu: H*(E) - H*™(FE, Ey) is an H*(E)-module isomorphism.

Since H*(Ep, (Ey)o) & H*(DE,,SE,) = H*(MO(n)) and H*(BO(n)) = H*(E,),
the Thom isomorphism theorem gives isomorphisms H*(BO(n)) = H*t"(MO(n)).
Further, it is not difficult to check that the map H**'(MO(n+1)) — H*+1(EMO( ) =
H*(MO(n)) sends u to u, so that we get an induced isomorphism H*(BO) = H*(MO).

6
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2.3 Products and Homology

The Whitney sum of vector bundles induces a product pi,,: BO(m) x BO(n) —
BO(m + n) which is covered by a bundle map ¥™ x v — 4™*". This then induces
a homomorphism 4, ,,: H*(BO(m +n)) — H*(BO(m)) ® H*(BO(n)). Since iy, is
covered by a bundle map, uy, ,(w;) = > w; ® wy, where the sum is taken over all j, k
with0<j<m,0<k<n,and j+ k=1.

In Section 3.2 we will see that the Whitney sums induce a product p: BOxBO — BO
which is associative, commutative, and unital up to homotopy. The homomorphism
p*: H*(BO) — H*(BO) ® H*(BO) is then given by p*(w;) = >, —;wj ® w. In
the dual case of homology, u gives H,(BO) the structure of an Fy algebra via the
Pontryagin product, and the diagonal A: BO — BO x BO induces a homomorphism
A,: H.(BO) — H.(BO)®H,(BO) dual to the cup product. We then have the following.

Proposition 2.3.1. [May12, Theorem 21.4.5] Let b; € H.(BO) be the image of the
unique nonzero class in H;(BO(1)) = H;(RP*>) under the inclusion BO(1) — BO.
Then H*(BO) = Fg[bi ’ 1> 1], and A*(bl) = Zj+k:i bj ® by..

Note that since H x (BO(1)) = Fa[w1], b; is dual in the monomial basis (of H,.(BO)))
to wi.

In the case of MO, the Whitney sum may be used to define a product MOAMO —
MO such that the Thom isomorphism H,(BO) = H,(MO) is an isomorphism of Fo-
algebras. Under this identification, we will also write H.(MO) = Fa[b; | i > 1].

2.4 Hopf Algebras

The product on BO induces a product in its homology, and together with the map
H,(BO) — H.(BO) ® H.(BO) which is dual to the cup product it makes H,(BO) into
a kind of object known as a Hopf algebra. Thus to understand its structure, it is best
to first consider Hopf algebras more generally.

We begin with some definitions, mostly following the treatment of Milnor and
Moore in [MM65]. For the rest of this section R is a commutative ring and all tensor
products are taken over R. Given graded R-modules A and B, the twisting isomorphism
T:A® B — B® A is defined by 7(a ® b) = b ® a. Note that in most topological
applications, 7 includes a sign (—1)'“””', but in our case it will be convenient to work
with an unsigned twist. Note also that the signed and unsigned twists are equal in the
cases where R = IFs or A and B have no odd degree elements.

Definition 2.4.1. [MM65, Definition 2.1] A coalgebra over R consists of a non-
negatively graded R-module A together with of graded R-module homomorphisms

A:AARA
e:A— R

such that the following diagrams commute.

A—8 L A®A

JA lA@id

Ao A% Ao A A
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A
e
Then A is called a comultiplication and € is called a counit for A.

In addition to coalgebras, we will also need to be able to speak of comodules.

Definition 2.4.2. [MMG65, Definition 2.2] Let (A, A, €) be a coalgebra over R. A left
A-comodule consists of a non-negatively graded R-module M together with a graded
R-module homomorphism v : M — A ® M such that the following diagrams commute.

M—Y s Ao M

iw |asia

Ao M %% Ao Ao M

[~

A®MWR®M

Just as the isomorphism R ® R = R can be used to consider R to be an R-algebra,
one may also consider R to be an R-coalgebra. Thus we may consider augmentations of
both algebras and coalgebras.

Definition 2.4.3. [MM65] Let (A4, 1,n) be an R-algebra. An augmentation of A is an
algebra homomorphism € : A — R. Let (A, A,€) be an R-coalgebra. A coaugmentation
of A is a coalgebra homomorphism n: R — A.

We now have what we need to define a bialgebra.

Definition 2.4.4. [MMG65, Definition 4.1] A bialgebra over R consists of a non-
negatively graded R-module A together with graded R-module homomorphisms

prARA—A
n:R— A
A:A—> AR A
e:A—> R

such that
1. The triple (A, u,n) forms an R-algebra with augmentation e.
2. The triple (A, A, €) forms an R-coalgebra with coaugmentation 7.

3. The following diagram commutes.

A® A al A A A® A

lA@A u®uT

AAQARA — 99704 Ao A0 A A




2.4. Hopf Algebras

Just as the tensor product of two algebras can be given a product and unit making
it an algebra, the tensor product of two coalgebras can be given a coproduct and counit
making it a coalgebra. Combining these, we then get a bialgebra structure on the tensor
product of bialgebras. Concretely, if (A,A4,e4) and (B, Ap,ep) are coalgebras, the
coproduct on A ® B is given by

A2 B 985 Ao A9 BoB ¥ Ao B Aw B

and the counit is given by
A9B““P Ro RS R.

With this convention, point (3) in Definition 2.4.4 is equivalent to either A being an
algebra homomorphism or p being a coalgebra homomorphism. (Unitality follows from
n and € being (co)augmentations.)

A Hopf algebra is a bialgebra together with a certain conjugation endomorphism.

Definition 2.4.5. Let (A, p,n, A,€) be an R-bialgebra. A conjugation on A is an R-
module homomorphism ¢: A — A such that

p(id ® ¢)A = p(c ®id)A = ne.
A bialgebra together with a conjugation is a Hopf algebra.
For many bialgebras, this extra structure is in fact automatic.

Proposition 2.4.6. [MM65, Proposition 8.2] Let (A, u,n, A, €) be an R-bialgebra. If A
is connected, i.e., if n: R — Ay and €: Ay — R are inverse isomorphisms, then there
exists a unique conjugation c: A — A.

Proposition 2.4.7. [MM65, Propositions 8.6, 8.7, 8.8] Let (A, u,n,Ae,c) be a
connected Hopf algebra. Then the following diagrams commute.

AQA 2 A A A

| N Z

A AR A A®RA
lc lu iT lA
A 4 AQA —C A A

Thus ¢ is an antiautomorphism. In addition, if (A, u,n) is a commutative algebra or
(A, A, €) is a cocommutative coalgebra, then ¢® = id.

One of the most important properties of Hopf algebras is that their duals also inherit
Hopf algebra structures, allowing one to work equally well with either A or A*, or in our
case, with homology or cohomology.

Proposition 2.4.8. [MMG65, Proposition 4.8] Let (A, u,n, A, €,¢) be a Hopf algebra with
each A, projective and finitely generated. Then (A*, A* €, u*,n*, c*) has the structure
of a Hopf algebra.

In order to understand the structure of Hopf algebras, it is often useful to consider the
the quotient module of indecomposables and its dual notion, the submodule of primitives.



Chapter 2. The Bordism Spectra

Definition 2.4.9. [MM65, Definition 3.7] Let (A,u,n) be an R-algebra with
augmentation € : A — R. The augmentation ideal of A is the defined to be I(A) = ker(e).
The module of indecomposables of A is Q(A) = coker(I(A) @ I(A)) £ I(A)).

Let (A, A, e) be an R-coalgebra with coaugmentation 7 : R — A. Define J(A) =

coker(n). The module of primitive elements of A is P(A) = ker(J(A) 2, J(A) @ J(A)).

Note that a Hopf algebra homomorphism A — B induces maps Q(A) — Q(B) and
P(A) — P(B), so that @ and P are functors.

In addition to BO, we will also consider certain n-connective covers of BO, that
is, spaces BO(n) together with covering maps BO(n) — BO inducing isomorphisms
mi(BO(n)) = m(BO) for i > n and with m;(BO(n)) = 0 for i < n. For n = 2,4,8, the
homology of BO(n) is best understood as a sub-Hopf algebra of H,(BO), and for this
purpose it is helpful to view H,(BO) as a certain tensor product of Hopf algebras known
as the Husemoller-Witt decomposition, so let us define this.

Definition 2.4.10. Let p be prime, let R be a Z,-algebra and let d > 1. Define a
bipolynomial Hopf algebra B[d] = B®[d] by letting B[d] = R[b; | i > 1] as an algebra,
with |b;| = di. Define the coproduct by A(b;) = 37, 4—;bj ® by, with the convention
that by = 1, and define a counit via € : B[d] — Bld]p =

Clearly the indecomposable elements of B[d] are given by QB[d] = R{b; | i > 1}.
For the primitive elements, the standard basis for PBJ[d] is given by the following.

Proposition 2.4.11. [Hus71, Proposition 4.2] Forn > 1, define elements gy, inductively
by the Newton relations,

n—1

4n = Z(—l)iﬂbi%ﬁ + (=1)"*nb,,.

i=1
Then PB[d] = R{q; | i > 1}.

Husemoller constructed sub-Hopf algebras B(y,)[d] C Bl[d] as the kernel of a certain
homomorphism B[d] — @ rprime B[¢d]; see [Hus71, Notation 6.3]. Using a Hopf algebra
homomorphism f,.: B[rd] — B[d] satisfying f,(q;) = gri, one may also consider B, [rd]
as sub-Hopf algebras of B[d] for r > 1 [Hus71, Proposition 5.1]. He then shows that
By lr] is a bipolynomial Hopf algebra generated by certain elements ay,;, and for our
purposes we may consider this to be the definition of By,)[rd]

Definition-Proposition 2.4.12. [Hus71, Propositions 8.2, 8.3] Let r > 1. Then there
exist elements a,; € B[d] for j > 0 with [a,;| = rp’ that are uniquely defined by
Grpi = g:o piaffi_l. Let B,)[rd] denote R[a,; | j > 0]. Then B,[rd] is a sub-Hopf
algebra of B[d].

Note that although the formula g,,;, = g:O piafi-_i is insufficient to define the a, ;
over any ring with p-torsion, it does define the a, ; over Z,), and taking a tensor product
with R gives unique elements in each B[d].

The Husemoller Witt decomposition is then given by the following.

Proposition 2.4.13. [Hus71, Theorem 6.5] The inclusions Blkd] — B[d] for k coprime
to p induce an isomorphism of Hopf algebras

&) B lkd] = Bld.
kE>1,ptk

10
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Table 2.1: The primitive elements g; and the generators ay, ; in BZ®[1] in degrees 0 through 6.

q = b1

ga = b3 — 2by

g3 = b3 — 3b1by + 3b3

qs = b} — 4bTby + 4b1bs + 2b3 — 4by

g5 = b3 — 5b3by + bibs + 5b1b3 — 5b1by — Hbabz + 5bs

gs = bS — 6b1by + 6b5bs + 90262 — 6b3by — 12b1bobs + 6b1bs — 2b3 + 6baby + 3b2 — 6bg

aio = by

ai,1 = —by

a1g = —biby + bibs — by

aso = b3 — 3byby + 3b3

a1 = —by + 3bybabg — 3b3by — 3b% 4 3boby + 3b1bs — 3bs
aso = b} — 5biby + 5b1b3 + 5b3bs — 5babs — 5b1by + 5bs

Thus, in particular, B[d] = Rlax; | j > 0,k > 1,p 1 k| as an algebra. Note also that

if R is an F), algebra, then q;,; = aiio +.o akj; = CLZTO, which gives a much simpler
description of the primitives ¢; than the generators b; allow.

2.5 Connected Covers of BO

We are now ready to consider the homology of BO and its covers in this new context,
using p = 2 and R = Fy. To begin with, one sees that H,(BO;Fs) = BF2[1], and that
we may thus use this new basis to write H,(BO) = Falay; | j > 0,k > 1,21 k] as a Hopf
algebra. (H*(BO) is also isomorphic to B2[1], and Proposition 2.3.1 is a consequence
of the more general fact that the Hopf algebras B[d] are self dual.)

In addition to BO, we will consider the connected covers BSO = BO(2), BSpin =
BO(4) and BString = BO(8). The cohomology of these may be described in terms of
the action by the Steenrod algebra, discussed in Section 3.4.

Proposition 2.5.1. [Koc83, Corollary 2.6] Let 1 < n < 3. Then the ideal (Awy ™) C
H*(BO(2"~Y)) is a Hopf ideal, where w; denotes the i’th Stiefel-Whitney class and A
denotes the Steenrod algebra, and the covering map BO(2") — BO(2"™1) induces an
isomorphism of Hopf algebras

H*(BO@2"™))/(Awgn ) = H*(BO(2")).

Note that this pattern does not continue. In fact, by [Koc83, Theorem 2.9], there is
no space X with a map X — BO(8) identifying H.(X) with H,.(BO(8))/(Aws). For
1 < n < 3, however, we may view H*(BO(2")) as quotient Hopf algebras of H*(BO).
Dualising to homology, we instead get a sequence of sub-Hopf algebras. To describe
these, we must first define some functions o, p : N — N.

11



Chapter 2. The Bordism Spectra

Definition 2.5.2. Given k > 0, write k = ;% r;2¢ for m > 0 and 0 < r; < 1. The bit
sum of k is then a(k) = > 7. Given n > 0, define p, (k) = max(n + 1 — a(k),0).

The homology of BO(2") is then given by the following.

Proposition 2.5.3. [Bak85, Theorem 1.13] Let 0 < n < 3. Then the map BO(2") —
BO induces an isomorphism of Hopf algebras

L(BO@2™) = R Falal" | j = 0].

k>0
oAk

In particular, this gives the following descriptions of H,.(BSO), H.(BSpin), and
H,.(BString):

H.(BSO) =Falay; | 21k, k > 3,5 > 0] @ Faai; | j > 0]
H.(BSpin) = Falay; | 24k, k > 7,(Fm)(k = 2" +1),5 > 0]

® Fafadm g ; | m>1,5> 0]
® Falaj ; | j > 0]

H.(BString) = Falak; | j = 0,k > 15, (k) > 4]
®Falai ;| j>0,k>7,a(k) =3]
®@Falap; | 7 >0,k >3,a(k) =2]
® Falai; | j > 0]

Note that rather then considering connected covers of BO directly, one may instead
take connected covers of the spaces BO(n) and take a similar colimit. This gives
another way of constructing the covers of BO, and from this we may define Thom
spectra MO(2™). Since the Thom isomorphism theorem still applies, we see that
H,(MO(2")) = H,(BO(2")) just as in the BO case, and we will use this identification

to also write H, (MO(2")) = Fala} 7" | j > 0,k > 1,21 k).

Note 2.5.4. Just as H,(BO) = BF2[ ], one may show that H,(BU) = B2[2]. Many of
the results cited throughout this text are written about the homology of BU, not BO.
However, there is a non-grade preserving isomorphism of Hopf algebras B[2] — B[1],
and this isomorphism can, in many cases, be used to convert results about BU to results
about BO.
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Chapter 3

Operads and Operations

3.1 Operads

There is a product ¢ : BO x BO — BO representing the Whitney sum of vector bundles,
and this product is not commutative. It does, however, have a commuting homotopy
H : ¢ ~ ¢1, where 7: BO x BO — BO x BO is the map (a,b) — (b,a). This is enough
to ensure, for instance, that H,.(BO) becomes a commutative ring, but it is not all the
information that can be gleaned. We could, for instance, construct a second homotopy
H: ¢ ~ ¢7 by precomposing H by 7 x f, where f: I — I is given by t — 1 —t. This new
homotopy will in general not be the same as H, but we may ask if there is a homotopy
G between them. If such a G does exist, then we may of course construct a G and so
on and so forth. In order to keep track of these kinds of commuting homotopies, we will
need some additional machinery, and the concept of an operad provides this.

Definition 3.1.1. [May72, Definition 1.1] [Man22, Definition 2.1] An operad O in the
category of topological spaces consists of a sequence of spaces O(n) for n > 0 together
with composition maps I : O(n) x [T, O(ji) — O(3 i, ji) for each n and ji, ..., jn, &
unit map 1 : * — O(1), and a right action of the symmetric group ¥, on O(n) for each
n such that the following axioms are satisfied:

1. (Associativity) The following diagram commutes for all m, ji,...,jm, and
ki,... kj, where j =Y i, k=31 ki, ti = 3471 jo, and s; = S0 ke

(O(m) x 1721 O()) x TH-, Ok;) —— O(m) x T2, (OG) x T4 Olhke))

lfxidx...xid Jidxl“x...xl“

O(j) x [T, O(ki) O(m) x [T, O(s:)
[r Ir
O(k) O(k)

2. (Unitality) The following diagrams commute for all m.

1xid
—

% x O(m) O(1) x O(m) —— O(m)

(a3
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O(m) x ™' L oy @ 01 —L— O(m)

IR

3. The composition map I': O(m) x %, O@i) — O(@) is (X5, x ... x Xj,.)-
equivariant for each m,ji,...,jm and j = >, j;, where (£;, x ... x ¥;, ) acts
on O(m) x [T%, O(j;) via its action on [, O(j;) and acts on O(j) via the block
sum inclusion (X; x ... x X, ) <= X;.

4. The following diagram commutes for all m,ji,...,Jm, and o € X,,, where
J = >it1Ji, ¢ permutes the O(j;) factors according to o, and oy, ;. € %;
permutes blocks of size ji, ..., jm by o.

O(m) x O(j1) X ... x Ojm) —Z9L9 0 O m) x O@G1) % ... x O(jm)

lid X Co

T O(m) X O(jafl(l)) X ... X O(jafl(m))
r
() T ()

The archetypal example of an operad is the endomorphism operad £x. Given a space
X, the endomorphism operad is defined by Ex(n) = Map(X"™, X). The composition
maps I' are then defined by composition of maps, the identity 1 is the inclusion of the
identity on X, and the symmetric group X, acts on Ex via the left action on X", i.e., by
permuting arguments. With this example in mind, the axioms of the previous definition
simply express that:

1. Composition of functions is associative.
2. foid= f=ido f for any f.

3. When composing operations as in f = go(hy X ... X hy,), permuting the arguments
of each h; is equivalent to permuting the arguments of f in blocks.

4. When composing functions as in f = go (h; X ... X hy,), permuting the h; and the
arguments of ¢ is equivalent to permuting blocks of the arguments of f.

In addition to the composition and identity maps, the endomorphism operad comes
with action maps &,: Ex(m) x X™ — X defined by & (f, 21, ...y 2m) = f(T1,. .., Tm)-
Given a morphism of operads O — E&x, i.e., a sequence of X,-equivariant maps
O(n) — Ex(n) commuting with composition and identity maps, we get induced action
maps O(m) x X™ — X. In this case we say that X is an O-algebra or an O-space.
Alternatively, we may define O-spaces without making reference to £x as follows.

Definition 3.1.2. [Man22, Definition 4.1] Let O be an operad in the category of
topological spaces. An (O-space consists of a space X together with action maps
Em: O(m) x X™ — X for m > 0 such that the following axioms are satisfied.

14
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1. For each m > 0, the map &,: O(m) x X™ — X is ¥, equivariant, where 3,
acts diagonally on O(m) x X™ via the right action on O(m) and the right action
by inverses on X™ (i.e. the action given by (z1,...,2y)0 = o Y (x1,...,2,) =
(To(1)s -+ Ta(n))), and Xy, acts trivially on X.

2. The following diagram commutes for each m, j1, ... jm, where j = >"1"; j;.

(O(m) x TLL; O(i)) x X7 —— O(m) x [T, (O(ji) x X7')

ll“xid lidxgjl X XEj
O(j) x X7 O(m) x X™

lfj lﬁm

X X

3. The following diagram commutes.

LA o)y x X S X

o

* X X

Note that although the definitions here are written in terms of spaces, they apply
just as well in categories of spectra that have a symmetric monoidal smash product,
or more generally to any symmetric monoidal category. Simply replace the cartesian
product of spaces with the smash product (or the monoidal product) and replace the
one point space * with the sphere spectrum S (or the unit of the monoidal product).

Apart from the endomorphism operad, perhaps the simplest operads are the
commutative operad Com and the associative operad Ass. The commutative operad
is defined simply by Com(m) = * with the only possible compositions, identity, and X,
actions. The triviality of the action by X5 implies that any pairing defined by it must
be commutative, and in fact it is not difficult to show that giving a space the structure
of a Com-algebra is equivalent to giving it the structure of a commutative monoid. If
we allow for noncommutativity, we get the associative operad Ass, defined by letting
Ass(m) = ¥,,. The action by ¥, is then given by composition, and the composition
I': %, x [t X5, — X; is given by (0,01,...0m) — 0j,,.j.(01,...,0m). As in the
commutative case, one may show that an Ass-algebra structure on a space is equivalent
to the structure of a monoid.

3.2 E, Operads and Commutativity

Where the associative and commutative operads parametrize operations that are strictly
associative and commutative, the FE,, operads are designed to parametrize operations
with some degree of associativity and commutativity up to homotopy.

Definition 3.2.1. [BV68, Example 2.5][Man22, Construction 3.5] Let n > 1. The
Boardman Vogt little n-cubes operad C, is defined as follows. The space C,(m)
consists of ordered m-tuples (f1,..., fm) of embeddings f;: [0, 1]™ — [0,1]" of the form
filxr, .o ) = (y1 + @121, ., yn + apxy) for 0 < y; < 1 and 0 < a; < 1 — y; such
that the interiors f;((0,1)™) are parwise disjoint. This set is topologized as a subspace
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of Map([0,1]™,[0,1]™)™. The identity is given by id: [0,1]™ — [0,1]". The group %,,
acts by reordering the m embeddings. Composition is given by

F((fla . ‘7fm)7 (9171 ot 7gl7j1)’ ] (gm717 st )gm,jm)) =
(figia, -5 igigis - fmGms - - fmGmjm)

Given an embedding f: [0,1]" — [0, 1]", one constructs f x id: [0, 1]** — [0, 1]* !,
and this induces a morphism of operads C, — C,41. Taking colimits of the relevant
spaces and maps, one obtains the little co-cubes operad Cy

The natural setting of the little n-cubes operads is in describing the products in an
n-fold loop space. Given a pointed space (X, xp), one may define an action by C, on
Q"X in the following way. Viewing points of Q"X as maps ~v: [0,1]" — X sending the
boundary to xzg, define &,,: C,(m) x (Q"X)™ — Q"X by

) = vi(v)  filv) =u
Em((fL- s fm)s Vs oY) (W) {xo w ¢ U im(f;).

The point in C;(2) given by ¢ +— t/2 and t — 1/2+t/2 then represents the usual product
on a loopspace, and the fact that the product in Q?X is commutative up to homotopy
is simply a consequence of C2(2) being path connected. In general, the spaces of C,
become more and more highly connected as n increases, culminating in Co, consisting of
contractible spaces.

Proposition 3.2.2. [May72, Theorem 4.8][Man22, p. 12] For 1 <n < oo, let C(m,R")
denote the space of m ordered parwise distinct points in R™.  Then Cp(m) is Xp,-
equivariantly homotopy equivalent to C(m,R™).

In particular, we have that C;(m) ~ Ass(m) while Coo(m) >~ Com(m), corresponding
to the least and greatest degrees of commutativity we might expect. We see also that
Cn(2) ~ S" 1 so that a C,-algebra in some sense extends the older notion of an H,,-space,
see f.ex., [Bro60].

While the little n-cubes operads are a useful model for describing commutativity
of operations, there are many contexts, such as that of BO and MO, in which other
operads are more practical to work with. Hence we extend our view somewhat to the
notion of F,, operads.

Definition 3.2.3. [Man22, Definition 3.6] An operad O in the category of topological
spaces is an FE, operad if there exists a zigzag of morphisms of operads relating O to
the little n-cubes operad C,, such that the m’th component map of each morphism is a
Ym equivariant homotopy equivalence for each m. An F,, space is then an O-space for
O any FE,, operad.

An operad O in the category of spectra is an FE, operad if there exists a zigzag
of morphisms of operads relating O to C,, such that the m’th component map of each
morphism is a weak equivalence for each m. An FE,, spectrum is then an O-spectrum for
any E, operad O.

Let f: A — B be a morphism of operads. An action £ of B on a space X
may then be pulled back along f to define an action f*(£) of A on X by letting
FE)m = &n(fm xid): A x X™ — X. A map of E, spaces is then a morphism of
operads f: A — B between E,, operads together with a map of spaces g: X — Y from
an A space to a B space, such that ¢ is a map of A spaces, where the A space structure
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on Y is the pullback of the B space structure along f. Maps of E, spectra are defined
analagously.

In the case of E,, operads in spaces there is a somewhat simpler characterization
then the definition in therms of little co-cubes.

Proposition 3.2.4. [Man22, Proposition 3.7] An operad O in spaces is an Es operad
if and only if O(m) is contractible and has the ¥, -equivariant homotopy type of a free
Ym-cell complex, i.e. a space built of cells of the form (S, x D", X, x S*71).

In our case, we will make use of the Boardman-Vogt linear isometries operad. See
[BV68] and [May77, Chapter 1.1]. Let Z((R™)¥,R") be the space of linear isometries
(R™)* — R™ and let £(k) = lim,, 00 colim,, o Z((R™)*, R™) denote the space of linear
isometries (R*)* — R>. Then defining compositions, identity, and ¥, actions as in the
case of the endomorphism operad gives £ the structure of an F, operad.

Now, the quotient of the orthogonal group O(R™ & R™) by O(R") & O(R™) may
be identified with G, (R™™) by identifying f € O(R"™ & R™) with the subspace
f(R" & {0}) € R*" & R™ = R".  Note that under this identification, the
maps G, (R"™™) — G, (R — G (R are induced by the inclusions
OR" @ R™) — O(R™ @ R™) — OR" @ R™*Y). For m,n,k > 1, define a map
Omnk: Z(R™F R?) x OR™ @ R™)* — O(R" @ R") as follows. Let f € Z((R™)*,R"),
and let g1,...,9xr € OR™ @ R™). Let V = im(f) € R®" @ R", and let V- denote
its orthogonal complement. The map émnk( fyg1,--.,9x) is then given by letting the
following diagram commute.

0m,n,k(f7917~~7gk)

R™ p R" R™ ¢ R"
VeVievevt VeVievev:t
foidd fdid | = ~|f

(Rm)k oy VJ_ o (Rm)k oy VJ_ (Rm)k ey VJ_ o (Rm)k ey VJ_

The maps O, then induce maps O, Z((R™)F R?) x Gp(R™T™)E
Gn(R™™). These now fit together to define 0, : Z((R™))F, R®) x Gy, (R™T™)F —
Goo(R*), and these in turn fit together to define 8y : L(k) X Goo(R*™) = Goo(R*>). This
defines an operad action of £ on BO = G (R™)

Thus BO is an Ey space. By [LMS86, Theorem IX.7.1], MO inherits an E
structure from BO, and is thus an Eo, spectrum. The E,, structure on BSO, BSpin,
BString, and their associated Thom spectra are defined completely analogously.

3.3 Dyer-Lashof Operations

Associated to the homology of any E, spectrum are certain operations, called Dyer-
Lashof or Araki-Kudo operations, arising from the geometry of the F, operad. Since
these operations are natural with respect to maps of F,, spectra, they may be used to
place bounds on the existence of such maps.
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Definition-Proposition 3.3.1. [Law20, Theorem 5.2] For X any E,-spectrum, for
n > 1, there exist specific functions Q; : H;(X) — Ha;j4i(X), called Dyer-Lashof
operations, for each 0 < i <n — 1 for which the following hold:

1. @Q); is natural with respect to maps of E,, spectra.

Q; is an Fo-module homomorphism for 1 <7 <n — 2.
Qo(z) = 22, for x € H.(X).

Qi(1)=0for1 <i<n-—1

oo RN

(Cartan Formula) For z,y € H,(X) and 1 < i < n — 2, Qi(xy) =
2 jak—i @5 (2)Qr(y)

6. (Adem Relations) For € H,(z) and 0 < i < j < n —1, Q;(Qi(z)) =
> (Qkk__l]__ll) Qj+2i—2k(@k (z))

7. (Stability) 0Qp = 0 and 0Q; = Q;—10 for 1 < i < n — 1, where o: H,(Q2X) —
H,1(X) is the homology suspension.

8. If the E, structure on X extends to an F,, 1 structure on X, then the Dyer-Lashof
operations associated to the E, structure agree with those associated to the Fp 1
structure.

Note that linearity and the Cartan formula do not in general hold for the topmost
operation (),_1. In this case there exist similar formulas involving a bilinear map
[, =] Hi(X) ® Hj(X) = Hjyjimn-1)(X) called the Browder Bracket. If, however,
the E, structure on X extends to an E, 11 structure, then both linearity and the Cartan
formula hold for @,,—1 as well. Note also that if X is an E-spectrum, then H,(X) has
Dyer-Lashof operations Q; for all i > 0. In this case one often writes Q*1*l(z) = Q;(x),
so that @7 is the operation that raises degrees by j.

The Dyer-Lashof operations on BO were first determined by Kochman in terms of a
recursive algorith, but the following closed formula is due to Priddy.

Proposition 3.3.2. [Law20, Theorem 5.15|[Pri75, Theorem 2.4] In H.(BO) =
Folb; | @ > 1] we have, for each n > 1,

> Qilbn) = (i i (k s 1) bk+jbn—j> (;iobj) : :

>0 f=n j=0 J

By [LMS86, Proposition IX.7.4], the Thom isomorphism H.(BO) — H.(MO)
preserves Dyer-Lashof operations, so that this also gives a description for MO.
Although this is somewhat unhelpful when working with the a; ; generators, it does

have the useful consequence that Q;(b,) = (n+qiil)b2n+i modulo decomposables.

3.4 Steenrod (Co)operations

Just as the Dyer-Lashof operations act on the homology of any E, spectrum, there
exist operations, called Steenrod squares, which act on the mod 2 cohomology of any
spectrum. These squares generate an associative, but not commutative, algebra known
as the Steenrod algebra A, over which all cohomology (with Fa coefficients) is a module.
For our purposes however, we will be more interested in the dual Steenrod algebra A,
under which homology becomes a comodule.
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Definition-Proposition 3.4.1. [SE62, pp. 1-2] For i > 0, there exist natural
transformations of functors Sq¢¢ : H*(—) — H**(-), where H*(—) is viewed as a
functor from topological spaces (or spectra) into the category of graded Fa-modules.
The homomorphisms S¢' satisfy the following properties.

1. (Cartan Formula) For z,y € H*(X), Sq¢'(x Uy) = >, —; S¢’ (x) U Sq(y).

2. For s : H*(X) — H*T}(X) the usual suspension isomorphism and z € H"(X),
Sq'(s(x)) = 5(5¢"(2))-

3. For z € H"(X), S¢°(x) = z, and, if X is a space, Sq"(x) = 2% and S¢’(x) = 0 for
1> n.

4. Sq' is the Bockstein homomorphism associated to the short exact sequence

0—2Z/2—7/4—Z]/2— 0.

5. (Adem Relations) For 0 < i < 2j, we have

. . [i/2) j—k;—l ik k
1 J — 1+j—
Sq'Sq ;}(i_% )Sq Sq*.

The Steenrod operations interact with Dyer-Lashof operations via the so-called
Nishida relations. Note that here too the top Dyer-Lashof operation @),_1 is a special
case.

Proposition 3.4.2. [Law20, Theorem 5.18][NIS68] For X an E, spectrum, and for
r>0and 0<s<n-—2,

5q,Q° = Z (8 - r)QS_THSQZ;: Hy(X) = Hi—rys(X),

~\r—2
where Sq: Hy(X) = Hy—(X) is dual to Sq".

Since mod 2 cohomology is represented by the Eilenberg-Mac Lane spectrum HTF,,
such operations are represented by classes in H*(HIF53), by the Yoneda lemma . After
identifying an operation with the cohomology class representing it, one has the following
by a result of Serre in [Ser52].

Proposition 3.4.3. [Swi02, Theorem 18.15] Define a finite sequence of integers I =
(i1,...1n) to be admissible if I = (0) or if each i is positive and iy > 2ipm41 for
1 <m < n-—1, and let Sq' denote the product Sq' ...Sq'. With this notation,
one has

H*(HFy) = Fo{Sq’ | I is an admissible sequence}.

The Steenrod algebra is then by definition A = H*(HF2), and the fact that the
Sq' give operations on cohomology can be rephrased as saying that for any space (or
spectrum) X, H*(X) has the canonical structure of an A-module.

Dualising, we write A, = H,(HF2) for the dual Steenrod algebra. It turns out that
A, may be given the structure of a Hopf algebra, and this structure is described by the
following.
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Proposition 3.4.4. [Mil58, Theorems 2, 3] As an algebra, A, = H,(HFy) =Fy[&; | i >
1], with & € Hyi_1(HF2). The coproduct on A, is given by A(&;) = 30,4k, §]2k ® &k,
where as usual we use the convention that £y = 1.

Let ¢ : A, — A, be the conjugation and set ; = c(&;). We then have A, =T3¢ | i >
1] and A(G) = 3045 G @ -

Note that there is some inconsistency between sources on which generators are
denoted &; and which are denoted (;. In particular, the notation used here is not the
same as is used in [Mil58] for p = 2.

Given a space (or spectrum) X, we have an action by the Steenrod algebra that
takes the form of a map A® H*(X) — H*(X). In the homology case, there is a map
Y Ho(X) = Ay ® Hyo(X) making H,(X) into a A,-comodule. If H,(X) happens to be
bounded below and finitely generated in each degree then this is simply the dual of the A-
module structure on H*(X). In the case of HF3, the A-module structure on H*(HF3) =
A is the obvious one: the action A® H*(HFy) — H*(HIF3) defining the module structure
is simply the product in A. Thus the coaction H.(HF3) — A, ® H.(HF3) is simply the
coproduct in A,. In the case of BO and MO, the comodule structures are given on the
b; by the following.

Proposition 3.4.5. [Swi73, Theorem 2] Let X denote the formal sum Yy ;2q&;. Then
the coaction Yo : H(BO) — A, ® H.(BO) on H.(BO) =TFs[b; | i > 1] is given by

1

Ypo(b) =Y (X7)i_j @b;,

J=0

where (X7);_; denotes the degree i — j component of X7.
The coaction Yo : Hi(MO) — A, @ H (MO) on H.(MO) = TFa[b; | i > 1] is given
by

(2
Yuo(bi) = Z(Xj+1)i—j ® b;.
§=0

Note that although the Thom isomorphism gives H,(BO) = H,(MO) as algebras,
this map does not respect the A,-coaction. Instead, these can be related by the inclusion
BO(1) — MO(1). Since the 0-sphere bundle SE; — BO(1) has SE; = S*° ~ x, this
map induces an isomorphism on homology given by b; — b;_1, where the degree shift is
due to MO(1) being the first level of the spectrum MO, and this isomorphism respects
the A,-coaction by naturality.

One may show that the coactions on H*(BO) and H*(MQO) are map of algebras, so
that the above proposition is in principle a complete description. In addition, since the
inclusions H,(BO(2")) C H,(BO) are induced by the covering maps BO(2") — BO,
naturality also allows us to apply the the above proposition to BSO, BSpin, and
BString, along with their associated Thom spectra.

As an Eilenberg-Mac Lane spectrum over a commutative ring, HF2 has the structure
of an F, spectrum, and the dual Steenrod algebra thus has Dyer-Lashof operations of
its own.

Proposition 3.4.6. [Bru+86, Theorems I11.2.2, 111.2.4] The Dyer-Lashof operations
on A are given by the following formulas.

1.

-1
T+&+) Q&) = (Z fj)
i=0

J=0

20



3.5. Integral Liftings

2. Foralli>0,5>1,

Qoit14i-4(&) i=0,1 mod 2/
0 otherwise.

Qi(G5) = {
3. Q2¢_3(§1) = Q fO’f”i Z 2.
Inherent in this result are the following useful useful facts, which we will have

significant use for later. Note that point (2) below follows from point (1) because the
conjugation in A, is its own inverse.

Corollary 3.4.7. 1.
-1
G=11>4
§=0

Q1(Gi) = Git+1

2t—1

2t—1

3.5 Integral Liftings

3.5.1 Lifts of Dyer-Lashof Operations

The formulas given so far for the Dyer-Lashof operations and Steenrod cooperations on
H,(BO) and H.(MO) were given in terms of the generators b;, but in order to work
in the homology of BSO, BSpin, BString, or any of their Thom spectra, we will need
to understand these operations in terms of the elements a ;. For this purpose, the
primitive elements g; offer a useful middle ground, with one small caveat: the formula
Qroi = ZLO 2’@%{; ' which can be used for many calculations when taken over L) or Q,
reduces simply to qo; = a%fo when taken over Fy, leaving most generators uninvolved.
To remedy this, one may first do calculations in BZ® (1], then map down to the case of
Fy coefficients at the end. Of course, Dyer-Lashof and Steenrod (co-)operations are not
a priori defined in this context, but by the work of Lance in [Lan83] they may be lifted
to it anyway.

Lance writes his results in terms of the mod p homology of BU for odd primes p,
but the proof adapts quite readily to the case of BO with p = 2. The main tools are the
following lemma together with Kochman’s description of the Dyer-Lashof operations in
BO and BU.

Lemma 3.5.1. [Lan83, Lemma 2.1] Let p be prime and let T; be the j'th Witt
polynomial, given by Tj(to,...,t;) = gzopitf]ﬂ. Let go,91,... be polynomials or
formal power series in indeterminates to,t1,... with integral coefficients such that
gi(t) = gj_1(tP) mod p’ for j > 1, where t = (to,t1,...) and tP = (th, 4}, ...). Then
the equations
9i(t) = Tj(do(t), ..., &;(t))

inductively define polynomials or formal power series ¢; with integral coefficients for
Jj=0.
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_ Recall that H.(BU;F),) = BFr[2] for p any prime, so we may write Fo[b; | i > 1] with
|bi| = 2¢ and denote the standard basis for the primitive elements by {g;}i>1.

Proposition 3.5.2. [Koc73, Theorem 97| There is an algorithm for computing Q" (bn) in
H.(BU;F,) for p an odd prime or Q" (b,) in H.(BU;F3) using the following properties.

1.

The maps Q": H.(BU;Fp) — H,ior(p—1)(BU;F,) and Q*: H,(BU;Fy) —
H,2/(BU;Fy) are linear for all v > 0.

Q" (by) = 0 over F,, and Q% (by) = 0 over Fy for n >1r > 0.

(Cartan Formula) For z,y € H.(BU;F,) or z,y € H.(BU;F2), Q"(zy) =
Ei—i—j:r Q" (z)Q’(y).

(CoCartan Formula) For x € H,(BU;Fy) or v € Hy(BU;F2), if A(z) = Y a'®a”,
then A(Q"(2)) = X4 j=r Q'(2") @ Q7 (2").

Q" (by) = b2 in H.(BU;F,) and Q*™(b,) = b2 in H.(BU;Fy).

n

Nishida Relations) P:Q" = .. r(p_l)__(?’_l)s Q" *TP! as operations on
* (2 s—pt *

H.(BU;F,) and S¢iQ" =32, (1 =5)Q"*%'Sq. as operations on H,(BU;Fs)

Q"(Gn) = (1)) dntrp-1) in Ho(BU;F,) and Q¥ (Gn) = (1_1)dnsr in

Q" (b,) = (—1)rtntl (T;1)5n+r(p_1) modulo decomposables in H,(BU;F,) and
Q% (bn) = (" )bntr modulo decomposables in H,(BU;Fs).

This theorem can also be used to describe Dyer-Lashof operations in H,.(BO;Fs).
One way to see this is to use that there is a non-grade preserving homomorphism of Hopf
algebras f: H,(BO;Fy) — H,(BU;F) sending b; to b; and ¢; to §;. The homomorphism
f respects Dyer-Lashof operations in the sense that Q%" (f(x)) = f(Q"(x)), as can be
seen most easily by comparing the descriptions in [Law20, Theorem 5.15], and it respects
Steenrod operations in a similar manner, by the Wu formula . Thus the version that
applies to H,.(BO;TF3) is the following.

Corollary 3.5.3. There is an algorithm for computing Q" (b,) in H.(BO;Fq) using the
following properties.

1.
2.
3.
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The maps Q": H,(BO;F9) — H,.,(BO;F3) are linear for r > 0.
Q"(by) =0 forn>r>0.

(Cartan  Formula) For z,y € Hy(BO;Fs), and r > 0, Q"(zy) =
Ditj=r Q' (z)Q’ (y).

(CoCartan Formula) For x € H.(BO;Fs) and r > 0, if A(z) = Y2’ @ 2" then
AQ(2)) = Eiyj=r Q'(2) © Q7 (2").

Q™ (by) = b2 forn > 1.

(Nishida Relations) SqiQ" =3 ([ 5,)Q"*T'Sq..
Q" (qn)

Q" (by)

(:L:i) qn+r-

-1
("%

)anr,« modulo decomposables.
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We now consider the construction and verification of the lift itself in the case of
H,.(BO;F5), following the proof of [Lan83, Theorem 4.2]. To avoid confusion, denote
the generators of BZ®[1] by b; and ay,j, and denote the standard primitive elements
by §i, so that the quotient map BZ®[1] — BF2[1] = H,(BO;F,) sends b;, ay,j, and
G to b;, apj, and ¢;. Now note that in BZ(2>[1], the primitive elements are given by
Groi = Tj(ak0, - - ax ) for j >0, k> 1, and k odd. Let a = {a; | 7 >0,k > 1,21k}
and define g j(a) = > 72, (k;j:ll)@kzur € Zllak,]]. Note that Tj(axo,--.,ax;) =
T]-_l(&z’o, ... ,d%’j_l) modulo 27. This, together with the the identities

r—1 ;
p— ]
r<k2j1> =0 mod 2

2r—1 r—1 ;
. — . = 27
(kQJ - 1> (k;za—l . 1) 0 mod 2,

ensures that gx ;(a) = grj—1(a?) mod 27. Thus we may inductively define power series

and

Q(&k,j), and thus an algebra homomorphism Q: Zeplak,;] — Zylla,j]], by requiring
that

Ti(Q(ako), - - - Qlany)) = gr.j(a).

Setting Q" () to be the degree ||+ term of Q(z), we get Zy-module homomorphisms
Q": BX)[1] — BZ®[1] raising degrees by r. These will be our lifted Dyer-Lashof
operations.

Thus it remains to show that the homomorphisms Q"“ reduce mod 2 to the Dyer-
Lashof operations. We do this be checking that Q" satisfies each of the requirements for
Kochman’s algorithm in Corollary 3.5.3 modulo 2. To begin with, (1), (3), and (7) are
satisfied by construction. Tensoring with Q, we see that the coCartan formula (4) follows
in BY[1] since BY[1] is primitively generated and the Q" satisfy the Cartan forumula
and send primitives to primitives. Since BZ@) [1] has no torsion, the coCartan formula
follows in BZ®[1] as well. Since Q"(g,) = 0 for n > r > 0 by construction, it follows
by the Cartan formula and B?[1] being primitively generated that Q" (x) = 0 for any z
with |z| > r > 0, so (2) holds. Point (8) follows from (7), the Cartan formula, the fact
that ¢, = (—1)”+1n3n modulo decomposables, and the following identity:

n+r<r—1>+<r—1> :2<r> 0 mod 2.
n n—1 n n

It remains to show (5) and the Nishida relations (6). Lance’s proofs of these are
significantly more involved, but the arguments apply just as well to the H,(BO;F;) case
here too.

Thus the homomorphisms QT reduce modulo 2 to Dyer-Lashof operations. In other
words, we have the following.

Proposition 3.5.4. There exist Zy)-module homomorphisms Qi BZ(2>[1]j —
BZ(Z)[1]2j+i for i, > 0 which satisfy and are uniquely defined by the following.

1. For any i >0 and 2,y € B[], Qulry) = %0y Q5(0) Qly).

2. Foranyi >0 andj > 1, Qi(4;) = (iﬁzl)ﬁzjﬂ
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Chapter 3. Operads and Operations

The maps Qi: BX®[1); — BZ®[1]a4: reduce modulo 2 to the Dyer-Lashof operations
Qi: Hj(BO) — Ha;i(BO,).

When making use of this lifting, we will often take the additional step of tensoring
with Q and working in BQ[1] for convenience. Thus, if we wished to calculate Q1 (a1 1),
we would use that in BQ[1] we have

Q1(a11) = O (162 - 1@%) = ~Q1(d2) — Qo(d1)Q1(41) = g5 — Gads,

so that in H,(BO) we must have Q1(a1,1) = g5 — 293 = as0 + ailag,().

3.5.2 Lifts of Steenrod Co-operations

The case of Steenrod co- operations is similar in spirit, as done by Baker in [Bak85,
Sections 2, 3]. First, let A, = L [{, | i > 1] with |§] = 2! — 1. Define a Z9)-
algebra homomorphism A: A, — A* Q) A, by A(§) = > jtk=i éfk ® &,. We may now
define homomorphisms V5o, Yo : BX® 1] — A, ®Z, BZ®[1] by simply interpreting
the formulas in Proposition 3.4.5 as using integral coefficients. Clearly these reduce
modulo 2 to the usual coaction, so it only remains to determine the value of &Bo(@-)
and ﬁMo (g;), for which Baker makes use of a description of @Bo and @Mo in terms of
power series.

Proposition 3.5.5. [Propositions 2.6,3.5][Bak85] Define formal power series

= > &1 € A1),

>0

and

=3 b1 € BE@[1)[[T]).

>0
Then the homomorphisms Vo, o : BX®[1][[T]] — (A. Rz ) BZ@[1))[[T)] satisfy the
following.

3

VBo (Z(—l)"qiTi) =T(é§11){&> S (=1Y(TY @4

i>1
; i (5® D'(T) LY oA
Ymo (;( 1) qZT) 7@@ ) (];( Ty @4 —1® 1) +1®1
Here (£®1)(T) = Zzl(&@l)TQi € (A, ®2Z BEZ[1))([T]], and (1) (T) is the formal
derivative of (£ @ 1)(T') with respect to T

Proof. Baker initially gives a proof in the case of BU which directly translates to BO,
then indicates how the proof may be adapted to MU, so we here consider the details of
the case of M O. First note that the Newton polynomials in Proposition 2.4.11 describing
the relationship between the b; and the ¢; may be rewritten as

o V(T
S (-1)iGT = -T b((T)).

i>1
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Now let b(T) = Th(T). We then have from Proposition 3.4.5 that

baro(bi) =Y (ET) T pin @ by,

0<j
where (£(T)7T1)pis1 denotes the term of ((T)7T1) of T-degree i + 1. Thus
dao(b)(T) = (L@ b) o (€ © 1)(T),
where o denotes the usual functional composition of power series. Since

b'(T)

i§>jl<—1>‘@:r’i =Ty =T ) " 1
we may then calculate
Yo (Z<_1qu)
i>1
o 155
(@b o(Ee1)(T)
“ M lenecenm !
_ e een®) o0 |
(1®b)o (§x1)(T)
(e 1)(T) (1®b) o (E®1)(T)
Ea (D) (‘(’f“)m T@h)o 1><T>> et

o um)
~Teonm |

_peo(@)
~eenm (

STV 04 -1® 1) +1®1

Jj=1
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Chapter 4

Topological Hochschild Homology

4.1 Simplicial Objects

The topological Hochschild homology of an FE7 spectrum and the delooping of an FE;
space may be constructed by glueing together spaces of the form X,, x A™ along the
faces of A™. The structure that allows for such a construction is that of a simplicial
space, so let us begin by defining this.

Let A be the category whose objects are the linearly ordered sets [n] = {0,1,...,n}
for n > 0 and whose morphisms are the weakly increasing functions between these sets.
Define a functor F': A — Top by letting F([n]) = A" = {(to,...,t,) € R | S jt; =
1, to,...,tn, > 0}, the standard n-simplex, and letting F'(u: [q] — [p]) be the affine
linear map sending the vertex v; to v,,. Among these maps, two kinds are of particular
interest. For 0 <14 < n, define the i’th face map 6°: [n — 1] — [n] by

: J J<i
6(j) = { .
g+ g=4
and define the i’th degeneracy map o*: [n + 1] — [n] by
”» J J<t
o'(j) = { .
=1 j>1

In terms of simplices, F'(§%) then defines the inclusion of an n — 1-dimensional face into
A™ and F(o?) defines a map A" — A" that collapses one of the edges. In fact, these
are the only maps one needs to consider in light of the following lemma.

Lemma 4.1.1. /[Mac94, Lemma V.III.5.1] Let u: [q] — [p] be any morphism in A.
Then i has a unique factorization p = 6 ... 8%c9 ... oIt with 0 < iy < ... < iy < p,
0<n<...<pu<qandg—t+s=np.

With this in mind, there are now two equivalent definitions of a simplicial object.

Definition 4.1.2. A simplicial object in a category C is a (contravariant) functor
S: A°P — C. A map of simplicial objects is then a natural transformation of functors.

Alternatively, a simplicial object in a category C consists of a family of objects
{Sn}n>0 together with face maps d;: S, — S,—1 and degeneracy maps s;: Sy, — Spt1
for 0 < i < n such that the following are satisfied.

1. dld] = djfldi for i < 7.
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2. 585 = sj418; for 1 < j.

ijldi 1< ]
3. diSjZ id ’i:j,i:j-l-l
dei—l 1>j5+1

A map of simplicial objects is then a family of maps commuting with the face and
degeneracy maps.

Definition 4.1.3. Given a simplicial space X,, i.e., a simplicial object in the category
of topological spaces, the geometric realization |X,| is the quotient of [ X,, x A™ by
the relations (d;(x),y) = (x,(y)) and (s;(x),y) = (x,0%y). This defines a functor from
the category of simplicial spaces to topological spaces.

Alternatively, one may define | X,| as a colimit of spaces |X,|,, where |Xq|g = Xo
and | X,|, is defined by a pushout

H;L:_ol(Xn—l X An) U H?:O(Xn X Anil) — ‘XO‘TL—l

| l

X, x A7 | Xl

Here the lefthand vertical arrow is given by s; x id on the ’th X,,_1 x A™ component
and id x 87 on the j'th X,, x A""! component. The upper horizontal arrow is given
id x o on the i'th X,,_1 x A" component and d; x id on the j'th X,, x A"~! component,
followed by the inclusion X, 1 x A" ! — |X,|,_1. This definition then immediately
generalizes to the geometric realization of a simplicial spectrum by replacing products
with smash products and A™ by A”}.

In addition to spaces and spectra, one may also consider geometric realization as a
functor from simplicial O-algebras to O-algebras in light of the following.

Proposition 4.1.4. [Man22, Theorem 7.5 Let O be an operad in the category of
topological spaces or spectra and let Xo be a simplicial O-algebra. Then |X,|, the
geometric realization of the underlying space or spectrum, has the canonical structure
of an O-algebra.

On the algebraic side of things, a simplicial R-module may be used to construct a
chain complex whose homology has a number of nice properties.

Definition 4.1.5. Let R be a commutative ring and let M, be a simplicial R-module.
Define a chain complex (M,,d) whose component modules are those of M, by letting
d: M, — M, _1 be given by

n
d=> (-1)d;.
i=0
Then M, is the chain complex associated to M,, and H,(M,) is the homology of M,.

Given simplicial R-modules A, and B,, there is a product simplicial R-module
(A x B)e with (A x B),, = (A,) ®r (Bn). The associated chain complex (A x B),
is then not the same as the tensor product A. ®pr By, but they are closely related by the
Eilenberg-Zilber theorem.
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Proposition 4.1.6. [Mac94, Theorems 8.1, 8.5, 8.8] Let Ay and Be be simplicial R-
modules for R a commutative ring. There exists a natural chain equivalence

(4 B). é (4@ (B.).

The component maps f: Ap @ By — @, 4,—, Ai ® Bj are given by
= Y d(a)@dy(b
i+j=n

Here d denotes the "last" face operator, i.e., dp: Ay — Apm—1 for any m.
The component maps g: Am @ By — Apmin ® Bty are given by

gla®@b) = D (=1)*") (s, .. 5,,0) @ (S, - - - Sy b)-

(nv)
Here the sum is taken over all (m,n) shuffles (u,v), i.e. permutations of {1,...,m+n}
whose restrictions p: {1,...,m} — {1,....m+n} and v: {m+1,...,m + n} —
{1,...,m+n} are order preserving.

Given a product (A x A)g — A, we can then precompose its induced map
in homology with the shuffle map g and the homology product H.(A) ® H.(A) —
H,.(A, ® A,) to define a product in homology H,(A) ® H.(A) — H.(A).

4.2 Topological Hochschild Homology

Definition 4.2.1. [Lod98, p. 9] Let R be a commutative ring, let A be a (not necessarily
commutative) R-algebra, and let M be an A-bimodule. Define a simplicial R-module
Co(A, M) by letting C, (A, M) = M ®@p A®™ with degeneracy and face operators given

by
mar ®as Q...Q an 1 =0
di(m®a1®...0a,)={m®a1®... Qa4 Qa, 1<i<n-—1
apm@a; ... R anp_1 T=n

simMRa1®...0a,) =MRa1®...00,1Ra41®...R0a,

The Hochschild homology of (4, M) is then H,(A, M) = H,(Ci«(A,M)). In the case
M = A we write HH,(A) = H.(A, A).

If A happens to be commutative, then there is a product Ce(A, A) ® Ce(A, A) —
Ce(A, A) given by (ap ® ... @ ap)(ay ® ... ®@al) = apa) ® ... R apal,, so that HH,(A)
gains the structure of a commutative R-algebra.

In the case that A is projective, there is another useful description of HH,(A).

Definition 4.2.2. Let A be an R-algebra M be a right A-module, and N be a left A-
module. Let C’b‘"(A) =M ®pr A®! @p N and denote an element mQ@a; @...Qar®@n €
Ctar (M, A, N) by m[a1|...|an)m. Define face and degeneracy maps by

maylai|...|agn i=0
di(ma1]...|agn) = { mlay|...|a;aiz1]|...aln 1<i</4
mlai|...|ap—1]am i=Y
si(mlaq]...|agn) = mla1]|...|ai|l]lait1] ... aeln

Then C%7 (M, A, N) is a simplicial R-module, called the two sided bar construction.
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The bar construction has a number of useful versions in various categories, but in
the case of Hochschild homology, the its main use is this. In the case M = N = A,
Char(A) = Cb7(A, A, A) has an "extra degeneracy" given by

s(aplar] ... |aglags1) = 1ao| - . . |ag)ars1.

The property that sd; = d;s makes s a contracting homotopy for C?*(A) such that,
if A happens to be projective, C%(A) provides a projective resolution of A. If A is
projective as an R-module, then it is also projective as a module over the enveloping
algebra A¢ = A ®@p AP, where the (left) module action is given by

(a} @ ah)(aolar]. .. |aglagsr) = ajaolar] . . . |aglaps1db
Since M ®4e C%7(A) = C.(A, M) for any A-bimodule M, this gives the following.

Proposition 4.2.3. [Lod98] Let R be a commutative ring, A be an R-algebra, and M
be an A-bimodule. Then
H. (A, M) = Torl"" (M, A)

The geometric analogue of Hochschild homology is the geometric realization of a
corresponding simplicial spectrum, called topological Hochschild homology, or T'H H.

Definition 4.2.4. [EKMM, Definition IX.2.1] Let A be an S-algebra and let M be an
A-bimodule. Let u: ANA — A and n: S — A denote the product and unit of A and
let ¢: ANM — M and ¢;: M N A — M denote the left and right actions by A on
M. Define a simplicial spectrum T'H Ho (A, M) by letting THH,, (A, M) = M A AN and
letting the face and degeneracy operators be given by

ép Aid" L i=0
di=QidAid P ApAid 1<i<n-—1
(¢ Aid™ )T i=n

s; = id Aid A Aid™,

where 7: MAA"IAA — ANMAAN"1 is the commuting isomorphism. The topological
Hochschild homology of A relative to M is then given by THH (A, M) = |THH.(A, M)|.
In the case M = A we write THH(A) =THH(A, A).

Just as in the algebra case, if the product on A is strictly commutative, then THH (A)
also inherits the structure of a commutative S-algebra.

One might hope for a close relation between the homology of THH(A) and the
Hochschild homology of H.(A), and indeed this relation appears in the form of the
Bokstedt spectral sequence.

Proposition 4.2.5. [EKMM, Theoremm I1X.2.9] Let E be a commutative ring spectrum,
let A be an S-algebra, and let M be a cell A°-module. If E.(A) is E.-flat then there is
a spectral sequence of the form

E2, = HE:(E.(A), E.(M)) = Ep o(THH(A,M)),

where Hfg denotes Hochschild homology over the ring E, with homological degree p and
internal degree q. The composite map

E.(M)— E§, — E3S — E.(THH(A; M))
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is the E.-module homomorphism i, induced by the inclusion M = |THH4(A; M)|op —
THH(A,M). If A is a commutative S-algebra then the spectral sequence

E},=HHC:(E(A)) = Epo(THH(A))
is a spectral sequence of differential E.(A)-algebras, and the composition
E.(A) = B}, = EYS, = E.1(THH(A))/im(i.)
is the E,-module homomorphism o induced by the composition
SAXYN(SAA) = D(ANA) = ANANAL — |[THHL(A); — THH(A).

Here the map E.(A) — E}, = HH,(E.(A)) is given by a — [1 ® a] € HH,(E,(A)).

4.3 THH of E, Spectra

If we are not so lucky as to be working with a strictly associative and/or commutative
S-algebra, there is still a way to make use of T'"H H by replacing an F,, spectrum with an
FE,_1-algebra in S-algebras. The key ingredient in this procedure is the tensor product
of operads.

Definition 4.3.1. [BV79, p. 120] Let A and B be operads in the category of topological
spaces. The tensor product of A and B is then an operad AR B together with morphisms
fi A= A®Band g: B — A®DB such that the following interchange diagram commutes,
and such that A ® B is the initial object among such operads.

A(n) x B(m) B(m) x A(n)
fnXgm gmX fn
(A2 B)(n) x (A® B)(m) (A® B)(m) x (A2 B)(n)
idx A idx A
(A® B)(n) x (A® B)(m))" (A® B)(m) x (A® B)(n))™
r r
(A® B)(nm) g (A ® B)(mn)

Here A denotes the diagonal map in each case, and o € ¥, is the permutation sending
m+j+1ltojn+i+1for0<i<n-—1and0<j<m—1. Thus an operad action
by A® B on a space X determines and is uniquely determined by an A-action and a
B-actions such that, for any a € A(n) and b € B(m), the following interchange diagram
commutes.

(Xn)m _ (Xm)n bn xn
xXm v X

In other words, an A ® B-algebra is equivalent to an A-algebra in the category of B-
algebras.
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Note that in the case A is the associative operad Ass, the structure of an Ass ® B-
algebra is equivalent to the structure of a monoid in the category of B-algebras. In
[BEVO07], the authors show that Ass ® C, is an FE,,11 operad, and they then use that to
prove the following.

Proposition 4.3.2. [BFV07, Theorem 3.4] Let f: A — M be a map of E,+1 spectra.
Then there exists a commutative diagram of Eny1 spectra and maps of Eny1 spectra

Ya Xa A
if Y lf pe Jf
Yur X M

such that the horizontal arrows are homotopy equivalences, Y4 and Yy are Ass @ C,-
algebras, and fy is a map of Ass @ Cy-algebras.

Thus if we are given F, 1 spectra A and M and an E,+; map A — M, we can first
replace these with Ass ®C,, spectra Y4 and Y. These are then monoids in the category
of Cp-algebras, so they may be used to define a simplicial C,-algebra THHq(Ya, Yar),
whose geometric realization is then a Cp-algebra T'H H (Y4, Ys), which one may also call
THH(A; M).

Given an F,;1-spectrum A, we then get an E,, spectrum T'HH(A). One would hope
that the Bokstedt spectral sequence then also becomes an algebra spectral sequence as
in the strictly commutative case, and indeed it is.

Proposition 4.3.3. [AR05, Theorem 4.3] Let A be an Es-spectrum. The Bockstedt
spectral sequence

Epg = HHy(H(A) = Hyio(THH(A))

is a spectral sequence of Ai-comodule Fy algebras. If A is an Es-spectrum then EI , is
a spectral sequence of commutative H,(A)-algebras in A.-comodules.
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Computations

5.1 Orientation Maps

Let u: MO — HF5 denote the orientation map, i.e., the map represented by the
cohomology class 1 € H*(MO). This map may be realized as a map of E-ring spectra
[Law20, Proposition 5.29]. Thom showed in [Tho54] that MO splits as a wedge sum of
suspensions X! HF, and this result then gave an essentially complete description of the
of the unoriented bordism ring m,(MO). This splitting does not necessarily preserve the
E structure of MO, but Mahowald showed in [Mah77] that HF5 is the Thom spectrum
of a map Q252 — BO, from which one gets an Fs section HFy — MO.

For the connected covers M SO, M Spin, and M String there is a similar story. Let
A, denote the subalgebra of A generated by Sq',...,S¢*". Then the quotient algebras
A/ /Ao, A/J Ay and A// Az may be realized as the mod 2 cohomology of Eo, spectra HZ,
ko, and tmf [ARO05, p. 1257]. The map w then lifts to orientation maps M SO — HZ,
M Spin — ko, and M String — tmf, which are also F,, maps, and which we will also
denote by u[AHR10, Theorems 6.1, 12.3]. Wall showed in [Wal60] that M SO splits
2-locally as a wedge sum of suspensions of HZ and HIFs, and Anderson, Brown, and
Shapiro produced a similar splitting for M Spin in [ABP67] . For MString no such
splitting is known. See Fig. 5.1. We aim here to find upper bounds on the possible
commutativity of such splittings by determining which Dyer-Lashof operations it is
possible for a section of u, to respect.

For —1 <n <2let

HFy n=-1

HZ n=0
eon) = ko n=1

tmf n=2.

The homology of eo(n) is then given in each case by the following.

MString —— MSpin —— MSO —— MO

" s
A 7 7
/ / Es |
I I I
\ \ \
\ \ \

tmf ko HZ —— HTF,

Figure 5.1: The orientations u: MO(2"™) — eo(n — 1) and sections of these.
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Proposition 5.1.1. [AR05, Propsosition 6.1] Let —1 < n < 3. Then there is a map of
commutative ring spectra eo(n) — HFy inducing the following identification in homology.

H.(eo(n)) =Fs[¢Z"" " [ i <n+1]@Fs[G | i >n+2]
Thus we have
H.(HZ) =F[(}, o, - . ]
H*(kO) = FQ[C%? C227 <37 . ]

H*(tmf) F2[C187<§7C327C47"']'

In order to understand how the orientation maps look in homology, we will make use
of the Steenrod cooperations. Let € denote the counit of the Hopf algebra structures on
H,(MO) and A, and let ¢ : H,(—) — A, ® H.(—) denote the coaction on homology.

We then have the following commutative diagram.

H (MO) —Y— A, @ Ho(MO) 2925 A, o T,

I
A

Here the lefthand square commutes becuase v is natural, and the bottom triangle
commutes since the coaction ¢ : H,(HF3) — A, ® H.(HF2) is equal to the coproduct
Ac: A — A, ® Ai. To see that the righthand square commutes, we need only that
ux(1) = 1, since € is in both cases the map sending all positive degree terms to 0. This
is simply a consequence of u representing the nontrivial element of H%(MO) = [Fy.

Thus to find wu.(z) it suffices to find the term of the form — ® 1 in ¢ (x). For the
generators b; this is reasonably straightforward. We have from Proposition 3.4.5 that
(b)) = Yh5o(XTT)i; @ by, where X = Y2%) &;, so that

m .
mwnzm%:{% L
0 (Pm)(2m—1=1).

In terms of the generators a;; and (; there is not such a nice formula, although the
previous description can be used to do calculations in low degrees. To do this, use the
formulas in Proposition 2.4.11 and Definition-Proposition 2.4.12 with integral coefficients
to write the elements ay ; as polynomials in the b;, then use point (2) in Corollary 3.4.7
to write each §; as a polynomial in the elements (;. See Table 5.1 for the results of such
a calculation. For the indecomposable elements g;, however, Proposition 3.5.5 gives that
ux(q;) = (X1);, so that in particular, u(gqi_1) = ¢; by Corollary 3.4.7.

Note that although these calculations are done in the case MO — HTF5, they also
give descriptions of the MSO, M Spin, and M String cases by Proposition 2.5.3 and
Proposition 5.1.1.

Before we go on, we recall some important formulas. By Proposition 2.5.3, the mod
2 homology of M ((2")) is given by

Ho (M (2") = Fala?™ | j > 0,k > 1,21 k],
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Table 5.1: The homomorphism u, : H,(MO) — H,(HF2) on generators in degrees 0 through 19.

us(a10) =G

ux(ar1) =0

uw(ar2) = ¢ + 16

us(ar3) = ¢ + G G3

ue(ara) = (% + G + FRbG+ 06 + G + GG
ux(azo) = Co

ui(az 1) = 7 + ¢

ui(ag2) = (PG + (FCa(s

us(as0) = (7 ¢

ux(as 1) = (1% + oG

ux(aro) = C3

us(az1) = G763+ G3

ui(ago) = (¢ + (Tl + ¢G5

us(agn) = G° + GG+ GEG + Gl

ux(a110) = (1G3

u(a13,0) = (53

ux(a15,0) = G4

us(a170) = (11 + (10C + (TG + (1G G + (76 + (7 + G5
ux(a100) = (1°Cs + (1 + (¢

Table 5.2: The homomorphism . : H,(MSO) — H,(HZ) on monomials in degrees 0 through 4.

us(l) =1
u*(aio) = C12
u.(azo) = C2
U*(ail) =0
U*(ail,o) = Cil
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Table 5.3: The homomorphism u,: H,(M Spin) — H,(ko) on monomials in degrees 0 through 8.

u(l) =1
U*(aio) = Cf
u*(aio) = C22
ux(arp) = (3
U*(ail) =0
u*(aio) = C?

Table 5.4: The homomorphism u, : H,(MString) — H.(tmf) on monomials in degrees 0 through
16.

ue(1) =1
u*(aio) = C?
U*(aé,o) = Cél
u*(a%O) = CB%
ux(a15,0) = G
U*(ail) =0
us(ayp) = G°

Table 5.5: Dyer-Lashof Operations in H,(HIF5).

Q2(¢1) = ¢¢

Q3(¢1) = C12C2 Obstruction

Q4($2) = ¢i¢3 Obstruction

Q5(¢2) = (1¢s Obstruction

Qs(G) =G Obstruction
(C3)

G) =G Obstruction
Q16(¢4) = ¢{%¢2  Obstruction
Q17(¢4) = ({%¢5  Obstruction
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for 0 < n < 3, where |ay ;| = k27, p,(k) = max(n + 1 — a(k),0), and o denotes the bit
sum. By Proposition 3.5.4 Dyer-Lashof operations in H,(MO) lift to integral operations
Qr: Zg)lak,j] — Zg)lar,j]. The lifts (), are uniquely defined by the Cartan formula and

A i+r—1Y\_
Qr(%’)=< i1 >(I2¢+r-

The primitive elements are given by
N ~2J i A
Qroi = Qo + .-+ 20 Ay j,

in the integral case and
27
dr2i = Ak o
in the mod 2 case.

On the other side of things, by Proposition 5.1.1, the homology of eo(n — 1) is given
by

gnt1-1
7

H.(eo(n —1)) = Fq| |1<i<n|®@Fy¢|i>n+1]

for 0 < n < 3, where |(;| = 2! — 1. By Proposition 3.4.6, the Dyer-Lashof operations are
given in H,(HF9) by

Qr(G) = {Q2i+1+r4C1 r=0,1 mod 2°

0 otherwise

Qrlc1) = (@5)) ,

r42

and

where, by Corollary 3.4.7,

1
&= (Z Cj) :
=0 2i-1

We will also have significant use throughout the rest of this chapter of the p = 2 case
of the following result from elementary number theory, known as Lucas’s theorem.

Proposition 5.1.2. [Fin47, Theorem 1] Let a = Y7 o c;p® and B = 31, Bip’, where
0<a;,B8;<p—1andn >0. Then

()=11(5) oo

We begin with the simplest case.

Proposition 5.1.3. The Fy-algebra homomorphism u, : H (MO) — H.(HF3) admits
a unique algebra section s that commutes with the Dyer-Lashof operation Q1. s also
commutes Q2, but not Q3. Thus the orientation map u : MO — HFy does not have an
FE, section.
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Proof. In degree 1, the map wu, is an isomorphism given by a1 = ¢1 — (;. Thus a
section s would have to satisfy s(¢1) = ¢1. By Corollary 3.5.3, we have for all i > 1 that
Q1(gzi_1) = (373)qi+1_1 = Qi1_y, while Q1((;) = (i1 by Corollary 3.4.7. Thus by
induction, if s commutes with @1, then it must be given by s((;) = g9i_;. To see that
this does define a section of u,, one could appeal to the existence of an Fy section of
u: MO — HF5, but we have also seen directly that wu.(ggi_;) = (;-

By construction, we have that s commutes with 1. For g, Qos = sQo because
Qo(z) = 22 for any x, and s is an algebra homomorphism. For @2, we have that
Q2(¢;) = 0 for ¢ > 2 by Proposition 3.4.6, while Q2(gei_;) = (22-2:2)q2¢+1 =0fori>2. In
the i = 1 case, we have Q2((1) = ¢}, while Q2(q1) = q4 = ¢f, so this commutes as well.
For @3, however, we have that Q3((1) = & + £2&5 = (?(o, whereas Q3(q1) = ¢5. Thus,

s(Q3(¢1)) = afpaso # aso = Q3(s(C1)).-
OJ

The cases of M SO, M Spin, and M String are all quite similar, and they benefit
from a somewhat more systematic approach.

Proposition 5.1.4. Let 1 < n < 3. Then the Fo-algebra homomorphism uy
H,.(MO(2™)) — H.(eo(n — 1)) admits a unique algebra section s, that commutes with
the Dyer-Lashof operation Q1. The section s, commutes with Q, for 0 <r <27+l — 1,
but it does not commute with Qon+1. Thus the orientation map u : MO(2") — eo(n —1)
does not have an Fant14q section.

Proof. We begin by showing that if s, commutes with @1, then it must be given by
sn(C"T) = q%?j_z for 1 < i < nand s,(() = goi_q for ¢ > n+ 1. We see from
Table 5.2, Table 5.3, and Table 5.4 that u, is an isomorphism in degrees 0 through
27+1 _ 1. and that in these degrees s, must be given by s,(¢Z"" ') = ag?i’_oz = Qon+i-1
for 1 <i < nand s,({;) = g2n_1. As in Proposition 5.1.3 we have that Q1((;) = (i1
and Q1(qqi_1) = qgi+1_1, so the claim follows by induction.

Let so denote the section of w,: H.(MO) — H,(HF3) constructed in Proposi-
tion 5.1.3, and note that each s, is merely a restriction of sg. In particular, s, is
in fact a section of wu,.

To see which Dyer-Lashof operations s, respects, we use that, by Proposition 3.4.6,

Corollary 3.5.3, and Lucas’s theorem, we have

Qitoit1_4C1 i=0,1 mod 27
i(¢5) = 5.1
Q&) {O otherwise (5:1)
i4+2 -2 Giroit1_g ©=0,1 mod 27
(goi 1) = . ol = : 5.2
Qila 1) ( 20 —2 )qHZﬁl 2 {O otherwise (5:2)

From these we see that s,(Q((n)) =0 = Qr(sn(Gn)) for 2 < r < 2™ — 1. Note that s
commutes with Q¢ and @)1, and thus s, does as well. Now, let X,Y be E, spectra and
let z € H,(X). We then have by the Cartan formula that, for all » > 0,

o Qr/2($)2 2 | r
Qr(z%) = {O 2tr (5.3)

Let f: Ho(X) — H.(Y) be an algebra homomorphism and let ¢ > 0 be such
that f(Qr(z)) = Q.(f(x)) for all 0 < r < 4. We then have by Eq. (5.3) that
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f(Qr(2?)) = Q,(f(2?)) for all 0 < r < 2i + 1. Thus, for any j > 0, we have that
f(Qr(z%)) = Q. (f(z%)) for all 0 < r < 275 4+ 2/ — 1 by induction.

In our case, letting f = so and i = 2™ — 1, this gives so(Qr(CZ ™)) =
Qr(so(CZ ™) forall 1 <m < n+1and 0 < < 2vtl-m(gm _ 1) 4 ontl-m _ 1 —
27+l _ 1. Since s, is a restriction of sg, it follows that s, commutes with Q, for all

0<r<ontl_q,

To see that s, does not commute with Qgn+1, note that Qont1((py1) = C%HICT%H ,
Whlle Q2n+1 (QQn+1_1) = q2n+2+2n+1_2. ThUS
2ntl 2 2ntl 92 2
sn(Qan+1) = @1 Goni1_y = AT Agni1_1 7 Ggntiqgn 1 = Qon+2qn+l_p
= Qant1(sn(Cnt1))-
[

5.2 THH of Bordism Spectra

As Topological Hochschild homology is a functor from FE,; spectra to FE, spectra,
the orientations w: MO(2") — eo(n — 1) for 0 < n < 3 induce Ey maps
THH(u): THH(MO(2")) — THH(eo(n — 1)). An E,4; section of u then induces
an F, section of THH (u), but it is possible that TH H(u) could have sections with
higher degrees of commutativity that are not induced by sections of w. In order to
place bounds on this, we will determine the mod 2 homology of TTHH (MO(2")) and
THH(MO(2"),eo(n — 1)), and use this to prove analogues of Proposition 5.1.3 and
Proposition 5.1.4.
We begin with a simple calculation.

Lemma 5.2.1. HH " (Fa[t]) = Falu] @ A(v), where u lies in degree 0 and is represented
by t, and v lies in degree 1 and is represented by 1 ®t.

Proof. Since Fs[t] is projective as an Fa-module, we may make use of the description of
Hochschild homology as HH(A) = Tor2°(A, A) and choose a a simpler resolution, as
in Fig. 5.2. From the resolution in the bottom row we see after tensoring with Fa[t] over
Fo[t]¢ that, as an Fe-module,

Folt] i€ {0,1}

HH;(Fyt]) =
(Ft]) {0 otherwise,

To see how these are represented in the top row, note that o may be taken to be the
identity, so that H Hy[F2[t]] is generated as a module by the classes of t" for various n, as
expected. For HHj, we have that d'(B(t" ®t®1)) = a(d(t"@t®1)) = " @ 1+t" t,
so that S(t" ® t ® 1) = t" ® 1. Tensoring with Fs[t], we then have that HH;(Fq[t]) is
generated as a module by the classes of t" ® ¢t for various n.

The product structure in Hochschild homology is defined by composing the homology
product with the shuffle map in Proposition 4.1.6 and the homomorphism induced by
the product the in simplicial Fo-module Co(A, A). Unpacking these definitions, we get
that the products in H H,(Fs[t]) are given by

A i e AR A e A A e
[ttt = [t (E"@t)] = [(t"®1)@ (t"®1t)] — [t"T @1

The lemma then follows. ]
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TRYRX 22— 2Y R 2+ Q Yz

TRQY —m————— Y

| s l= H

!/

C— Fo[t]®* L Folt] @ Falt] ® Falt] —%— Falt] ® Falt] —%— Falt]
0 —L— Folt] @ Fyft] — L Folt] @ Fot] —L— Faff]

rQyr— tR1+11t)(r®vy)

TRQY —— Y

Figure 5.2: The projective resolution used in the definition of H H,(F3[t]) compared to a shorter
resolution.

Recall that for an S-algebra A, the Fy homomorphism o: H.(A) - H. 1 (THH(A))
is induced by the composition

SAXN(SAA) = S(ANA) - ANANAL - [THHG(A)|; — THH(A)
. We will have significant use of the following facts about o.

Proposition 5.2.2. [AR05, Proposition 5.10] For A any Ey spectrum, the Fo-module
homomorphism o follows a Leibniz rule. In other words, for x,y € H.(A), o(xy) =

zo(y) +o(x)y.

Proposition 5.2.3. Let A be an E,11 spectrum, and let 0 < r < n — 2. Then
Qro =0Qry1-

We can now use the Bokstedt spectral sequence described in Proposition 4.2.5 to
calculate the homology of THH(MO). The proof given here is based on the proof of
[AR05, Theorem 6.2].

Proposition 5.2.4.
H.(THH(MO)) = F2[ak,j |7 >0,k> 1,2J(k]®IF2[aak7j |j>1,k> 1,2J[]€] ®F2[0a1,0]

Here we are identifying elements of H,(MO) with their images under the inclusion
MO = |THH4(MO)|o - THH(MO).

Proof. The second page of the Bokstedt spectral sequence in this case is given by
E? 2 HH,(H.(MO)) = HH.(Falay; | > 0,k > 1,21 k]). Since Hochschild homology
commutes with tensor products (when everything is flat) , we have

EZ, = Q) HH. .(Fafar;]) = Q) (Falur;] © \(vr5))

>0 j>0
k>1 k>1
2k ok

> Folug; | 5> 0,k > 1,24k @ N(vry | >0,k>1,2¢k)
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: o3 :
0 (O\Uz’),m U1,0U1,15 U o V3,05 - - - V1,0V1,1

o2 )
0 (O\ul,l,ul,o V1,15 U1,001,0 0

0 0 1 0 0

Figure 5.3: The E?, term of the Bokstedt spectral sequence.

where uy, ; lies in bidegree (0, k27) and vy ; lies in bidegree (1, k27).

We now claim that the spectral sequence collapses at the E2_ term. Since the
differential in the Bokstedt spectral sequence follows a Leibniz rule, it suffices to check
that d is zero on generators. This may be seen by checking that d(u;x) and d(v; ) lie
in degrees where E2 is trivial. See Fig. 5.3 for the case of the differentials in Ef*

Thus we may write EX° & E2, = Foluy ; | k, j] ® A(vk; | k,j). The elements ug ;
and vy, ; are represented in H H,(H.(MO)) by ay ;j and 1 ® ag, j, so by Proposition 4.2.5
ug,j = ix(ar,j) € Hi(THH(MO)), where i: MO — THH(MO) is the inclusion of the
O-skeleton, and vy, ; = o(ay ;) € H(THH(MO))/im(ix). Thus the associated graded of
H.(THH(MO)) is given by Folag; | j > 0,k > 1,21 k] ® A(oak; | 7 >0,k > 1,21k).
As an Fo-module, this is free, so the additive structure of H,(THH(MOQO)) is given, and
the multiplicative structure is almost given. We have a list of generators, and we see
that there are no relations between products of these generators, with one exception:
the squares of the generators oay ; remain unkown.

In order to determine squares, we use Dyer-Lashof operations. By Proposition 5.2.3,
we have that (cay ;)? = Qo(cay ;) = o(Qiak,;). To calculate these, we will use Lance’s
integral lifting, modulo decomposables, as defined in Proposition 3.5.4. In BQ[1] we
have Ql(&k,j) = Q1(277q) = kqrai+141 = kaygi+141 0 modulo decomposables, so that
in H,(MO) we have Q1(ax,;) = agai+1410 modulo decomposables. Since o follows a
Leibniz rule, it takes decomposable elements to decomposable elements. Thus we get
(aak,j)2 = api+141,0 mod decomposables. The proposition immediately follows. O

Making similar identifications in the M SO, M Spin, and M String cases, we get the
following.

Proposition 5.2.5. For 0 < n < 3, we have

H.(THH(MO(2")) = Fola} " |] >0,k>1,21k
© No@ ™) |5 >0k>1,21ka(k) <n+1)
®F2[U(ak7]~) | 7>0,k> ontl _ 1,21k, a(k) =n+1]
®@Falo(ar,) | 7> 1,k >2""2 — 1,241k, a(k) >n+1].

Proof. The majority of the argument in Proposition 5.2.4 generalizes immediately. The
one major point of difference is in determining the squares of U(G%p;( )) For k such that

a(k) < n, az?(m is a square, so that Q) (a%p;<k)) =0 and o(a %pn(k)) = 0. For k such

41



Chapter 5. Computations

Table 5.6: The homomorphism THH (u).: H,(THH(MO)) — H.(THH(HF2)) on monomials
in degrees 0 through 2.

THH(u)«(1) =1
THH(u)«(a10) =1
THH (u)«(cai,0) = o(¢1)
THH(u).(a11) =0
THH (u).(a} o) = ¢

that a(k) > n + 1, ai‘:;(k)

decomposables.

Note, however, that we must be slightly more careful about which elements are truly
decomposable here. Let B(n) denote the preimage of H.(MO(2")) under the quotient
map BZ®[1] — H,(MO). Thus B(n) is generated by the elements azf;%) together with
the elements of 2BZ®[1]. In addition, the quotient map B(n) — H,(MO(2")) still takes
decomposable elements to decomposable elements, and because H,(MO(2")) is closed
under the Dyer-Lashof operations, B(n) is closed under the lifted Dyer-Lashof operations
Q;. Since the Q; follow a Cartan formula, they take decomposable elements in B(n) to
decomposable elements in B(n). Now let & > 1 be such that k is odd and a(k) > n+ 1.
Then we have that, for j > 0, G = Y7 Qid%fi_ =2 ay,; modulo decomposables in

= ap,j, and we claim that o(ay;)?® = o(agg+1410) modulo

B(n). Thus 2jQ1(dk7j) = k2 dygi+1,1 9 + @, where x is some decomposable element
of degree k2/t! + 1. Now the indecomposable elements of B(n) have an additive

basis given by {2a; ¢}, (i)>1 U {&i;"m }ie. The elements of this basis which become

decomposable when multiplied by 27 are precisely those elements of the form d?f;"(i) for
pn(i) > 1, but these all lie in even degrees. Since x lies in an odd degree, 277z must
then also be decomposable in B(n). Thus Q1 (ay ;) = Ajoi+141,0 modulo decomposables
in B(n), so that Q1(ak;) = agai+1410 modulo decomposables in H,(MO(2")), and
o(ay,;)? = o(aggi+1419) modulo decomposables in H,(THH (MO((2"))).

Finally, let ¢ > 3 be odd. Then there exist unique j > 0 and k£ > 1 with k& odd such
that i = k2771 +1, and (i) = a(k) + 1. Thus o(a;r)) = o(akj)* modulo decomposables
for some j > 0 and k£ > 1 with a(k) > n+ 1 if and only if £ = 0 and a(i) > n + 2. The
result then follows. O

For THH (eo(n — 1)), the cases n = 2 and n = 3 are done in [AR05], and the cases
n =0 and n = 1 are no different.

Proposition 5.2.6. [AR05, Theorom 6.2] Let 0 < n < 3. Then we have

2n+1—m

H.(THH (eo(n —1))) =F2[¢;, | 1 <m <n]@F[Gn | m>n+1]
@ N\ [ 1< m < n) @ Fao(Gosr)]

5.3 Sections of THH of the Orientation

Proposition 5.3.1. Let 0 < n < 3. The Fy-algebra homomorphism THH(u). :
H.(THH(MO(2")) — H.(THH(eo(n — 1))) admits a unique algebra section s, that
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Table 5.7: The homomorphism THH (u).: H (THH(MSO)) — H,(THH(HZ)) on monomials
in degrees 0 through 4.

THH(u).(1) =1
THH (u).(a} o) = ¢
THH (u).(0(aiy)) = o(¢})
THH(u)«(azp) = (2
THH (u).(0(asp)) = o((2)
THH (u).(ai;) =0
THH (u).(al o) = ¢}

Table 5.8: The homomorphism THH (u),: H.(THH(MSpin)) — H.(THH (ko)) on monomials
in degrees 0 through 8.

THH(u).(1) =1
THH (u)s(a1) = {{
THH (u).(o(a1,)) = 0(¢1)
THH(U)*(CL%,O) = 422
THH (u).(0(a3)) = 0(&3)
THH(u)«(azrp) = (3
THH(u)(o(az0)) = o(C3)
THH(u)(al,) =0
THH (u).(at ) = ¢
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Table 5.9: The homomorphism THH (u).: H.(THH(MString)) — H.(THH(tmf)) on
monomials in degrees 0 through 16.

£

=

<

~

*

—~

Q

—~ %

S

— 00

o

~— O
1
AL T
= oo

~—

Il
S
SRS

)
)
)
)
0) = 0(¢)
THH (u).(a3) = ¢3
THH (u).(0(a3 ) = o((3)
THH(u)«(ai50) = G
THH(u)s(0(a15,0)) = ()
THH (u).(af;) =0
THH(u).(a1%) = ¢°

commutes with Q1 and Qan. The section s, commutes with Q, for all 0 < r < 2"t —1,
but it does not commute with Qon+1. Thus the map of spectra w : THH(MO(2")) —
THH(eo(n —1)) does not admit an Egni1yq section.

Proof. We begin by showing that if s, commutes with ; and Q2n, then it must be
given by s,(€277") = a%:r_lig and s,(c(CZT™)) = a(a%y_lig) for 1 < m < n,
$n(Gm) = qam_1 = agm_19 for m > n + 1, and $,(0(Cpt1)) = o(agn+1_1. First, we see
from Table 5.6, Table 5.7, Table 5.8, and Table 5.9 that T'H H (u) is an isomorphism in

degrees 0 through 2"*! — 1, and that a section s, must satisfy sn(C%nHim) = a%ﬁfiqg

for 1 < m < n+1and s,(0(¢n)) = O'(CL%Z;TLSL) for 1 < m < n. Since $,(Cpt1) =

Agnt1_10 = qon+1_1, we must have s,((m) = gam—1 = agm_10 for all m > n + 1 by the
same argument as in Proposition 5.1.3. Thus it remains to determine s, (o((p41)-

We see from Table 5.6, Table 5.7, Table 5.8, and Table 5.9 that s,,(0({,+1)) must be
equal to either o (agn+1_; ) or o(agn+1_19) + ai ;. We claim that if s, commutes with
Q2n, then we must have s,(0(Cut1) = o(agnt1_1 ). First, by Proposition 3.4.6 we have

Q2 (0(Cny1) = 0(Qant1(Cat1) =0

in the case that n > 1 and

Q1(c(¢1)) = o(Q2(C1)) = a(¢) =0

in the case that n = 1, since o follows a Leibniz rule and is thus zero on squares.
Similarly, by Corollary 3.5.3 we have that

ntt4on —1
Qan(0(agn+1_10) = 0(Qany1(gent1 1) =0 (( ontl _ 1 |dert2pn—t )

If n > 1, then (Qn;$2_nl_l) = 0 modulo 2, so that Qan(c(agn+1_10)) = 0. In the case
n =0, q1-1 = q4 = qf, so that Q1(c(a10)) = 0. To calculate Qan (a%nl) we make use
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of the integral lifts again. In BY[1] we have
A A2 A2 on
g2 = a4y + 2Cl171 =q; + 2CLl,l

by Definition-Proposition 2.4.12, so that

Q1(a11) = O (;(?2 - ;ﬁ) = %Ql(@) +Qo((9)1)Q1(41) = G5 — Gods-

Thus we get Q1(a1,1) = ¢5 + 293 = aso + a%’oa&o # 0, and by the Cartan formula

Q¥ (a3) = Q1(a1,1)*" # 0. Thus s,(0(pr1)) must be o(agn+1_q ).

It now remains to check that s,, actually is a section of TH H (u), and to check which
Dyer-Lashof Operations s, respects. To begin with, note that TH H (u). factors as a
tensor product of algebra homomorphisms

H,.(MO(2")) — H.(eo(n — 1))
and

uls No@@s™) 15 >0,k > 1,21k a(k) <n+1)
®F2[0(ak,j) |52 0,k>2"" — 1,24k a(k) =n+1]
@Fafo(ar,) | §> 1,k >2""2 — 1,21k a(k) >n+ 1]
= A(0(Cm) | 1 <m < n) @Fa[o(Cup))-
Here we are identifying H,(MO(2")) and H.(eo(n — 1)) with their images in

H.(THH(MO{(2™)) and H.(THH (eo(n — 1))), and under this identification v/, = w,.
Similarly, the s, we have just defined factors as a tensor product of

s i Hy(eo(n — 1)) — H.(MO(2"™))

with

s \(@(Gn) | 1 <m < n) @ Falo(Cutr)]
— A@ ™) 15> 0,k > 1,2k a(k) <n+1)
@Fafo(ar,) | § >0,k >2"" — 1,24k, a(k) =n+1]
@ Falo(ar,) | § > 1,k >2""2 — 1,24k, a(k) > n+ 1],

where s/, is just the section of u, defined inProposition 5.1.4.

We already know from Proposition 5.1.4 that s/, is a section of w/ and that s/,
commutes with Q, for 0 < r < 271 —1. For s/, we have that u” (5" (0(Cu11))) = 0(Cnt1)
and w/(s/(a(¢Z77™)) = o(¢2 ™) for 1 < m < n by construction. Thus s, is an
algebra section of TH H (u),, and it remains to check for which 7, Q,(sn(c(¢Z ™)) =
$n(Qr(a(CZ ™)) for 1< m <n+1.

First, let 1 < m < n. Then as usual Q,(c(¢Z ™)) = O'(QT_H( 2N CIf s
even, then Qr+1(C2n+l ") =0, and if r is odd, then Q,1(¢2 e ") = Q(r+1) /2(C2nim)2

In either case, s,(Qr1(c(¢3 ™)) =0, and Qry1(sn(0(¢2 ™)) = Qrya(o(ai 7)) =
0 by the same argument. Finally, for 1 < r < 2" — 2, we have

Qr(0(Cas1)) = 0(Qry1(Casr)) =0
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and
r4+2nt -1
Qr(o(agn+1-10)) = 0(Qre1(gant1-1)) =0 (( on+1l _ 1 >Q2n+21+r> = 0.

For r = 2"*1 — 1, we have

2n+1

Qant1-1(0(Cns1)) = 0(Qan+1(Cns1)) = 0(¢F (hyy) =0,

and
2n+2 -9
Q2n+1—1(0(a2n+1—1,0)) = 0(Qan+1(gant1_1)) =0 on+l _ 9 qon+249n+1_2

2
= J(Q2n+1+2n_1) - 0
For r = 2"*1 however, we have

2n+1

Qan1(0(Cny1)) = 0(Qanr141(Cry1)) = 0(CF Cng2) = (T 0 (o).
Since 0((uy1)® = 0(Q1(Car1)) = 0(G2), we then have s,(Qoni1(0(Cnr1)))) =

50 (o (Cnrn)?) = a?7_510’(a2n+1_1’0)2. On the other hand,

2n2 — 1
Q2n+1 (U(a2n+1_170)) = U(Q2n+1_1(q2n+1_1)) =0 on+1 _ 9 gon+2on+1_q

- U(a2n+2+2n+l_170).

Now a(2"t2 + 271 — 1) = n 4 2, so o(agn+249n+1_19) is decomposable in
H.(THH(MO{(2"))). To determine how it decomposes, we split into two cases.
First, assume that n > 1. Then o(agn+149n_1 o) is indecomposable, and we have that

2 vt 427 —1
U(a2n+1+2n—1,0) =0 (Q1(gant149n_1)) =0 o+l 4 on _ 9 Qon+2 4 on+1_q

= a2n+2 +2n+1 _170 .

Thus we have

Qan+1(8n(0(Crt1))) = U(a2n+1+2n—1,0)2 # GT,J(QIU(GWH—LO)Z = sp(Q2n+1(0(Cnt1)))-

Now assume n = 0. Then o(a1,1), o(a1p), and a;o are indecomposable. As we
have previously seen, Qi(a1,1) = aso + a%70a370, so that o(a11)? = o(asp + aioagg) =
o(asp) + CL%OO'(G&(]). In addition, we have

o(a10)? = 0(Q1(q1)) = o(g3) = o(asp).

Putting these together, we have that o (a2 91_10) = o(as0) = o(a11)? + af o (as).
Thus,

Q2(s0(0(C1))) = ola1,1)* + af go(as) # af go(a10)® = s0(Q2(a(())).
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